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PREFACE

The propagation of mechanical disturbances in solids is of interest in many
branches of the physical sciences and engineering. This book aims to present
an account of the theory of wave propagation in elastic solids. The material
is arranged to present an exposition of the basic concepts of mechanical
wave propagation within a one-dimensional setting and a discussion of
formal aspects of elastodynamic theory in three dimensions, followed by
chapters expounding on typical wave propagation phenomena, such as
radiation, reflection, refraction, propagation in waveguides, and diffraction.
The treatment necessarily involves considerable mathematical analysis.
The pertinent mathematical techniques are, however, discussed at some
length.

I hope that the book will serve a dual purpose. In addition to being a
reference book for engineers and scientists in the broad sense, it is also
intended to be a textbook for graduate courses in elastic wave propagation.
As a text the book should be suitable for students who have completed
first-year graduate courses in mechanics and mathematics. To add to its
utility as a textbook each chapter is supplemented by a set of problems,
which provide a useful test of the reader’s understanding, as well as further
illustrations of the basic ideas.

The book was developed from notes for a course offered to graduate
students at Northwestern University. In the spring of 1969 a substantial
part of the text was prepared in the form of typewritten notes for a series
of lectures, while I was a visiting member of the faculty at the University
of California in La Jolla. I am pleased to record my thanks for that op-
portunity. I also wish to express my gratitude to the Rector Magnificus of
the Technological University of Delft and the Trustees of the Ir. Cornelis
Gelderman Fund for inviting me to act as visiting professor in the department
of mechanical engineering at the Technological University, in 1970-1971.
While I was in Delft the larger part of the manuscript was completed. A
sabbatical leave from Northwestern University during that period is
gratefully acknowledged.

Vil



VI PREFACE

For the material of Chapters 5 and 6 I should like to acknowledge my
indebtedness to the lectures and publications of Professor R. D. Mindlin.
Substantial parts of Chapter 3 are based on the dissertation of Professor
A. T. de Hoop, and on the work of Professor E. Sternberg. I am also in-
debted to many colleagues who read chapters of the book, and who provided
me with their constructive criticism. Needless to say, I alone am responsible
for errors of fact and logic.

A special word of thanks goes to Mrs. Ruth H. Meier who for many
years provided excellent secretarial assistance, and who typed and retyped
most of the manuscript as the material was arranged and rearranged.

Let me close with the wish that this book may convey some of the fas-
cinating aspects of wave propagation as a phenomenon, and that it may have
done justice to the elegance of the mathematical methods that have been
employed.

J.D. A.



INTRODUCTION

The propagation of mechanical disturbances

The local excitation of 2 medium is not instantaneously detected at positions
that are at a distance from the region of excitation. It takes time for a
disturbance to propagate from its source to other positions. This phenom-
enon of propagation of disturbances is well known from physical experience,
and some illustrative examples immediately come to mind. Thus an
earthquake or an underground nuclear explosion is recorded in another
continent well after it has occurred. The report of a distant gun is heard
after the projectile has arrived, because the velocity of disturbances in air,
1.e., the speed of sound, is generally smaller than the velocity of the projectile.
More familiar manifestations of the propagation of disturbances are waves
in a rope or propagating ripples on the surface of water. These examples
illustrate mechanical wave motions or mechanical wave propagation.

Mechanical waves originate in the forced motion of a portion of a
deformable medium. As elements of the medium are deformed the dis-
turbance is transmitted from one point to the next and the disturbance, or
wave, progresses through the medium. In this process the resistance offered
to deformation by the consistency of the medium, as well as the resistance
to motion offered by inertia, must be overcome. As the disturbance propa-
gates through the medium it carries along amounts of energy in the forms of
kinetic and potential energies. Energy can be transmitted over considerable
distances by wave motion. The transmission of energy is effected because
motion is passed on from one particle to the next and not by any sustained
bulk motion of the entire medium. Mechanical waves are characterized by
the transport of energy through motions of particles about an equilibrium
position. Thus, bulk motions of a medium such as occur, for example, in
turbulence in a fluid are not wave motions.

Deformability and inertia are essential properties of a medium for the
transmission of mechanical wave motions. If the medium were not deformable
any part of the medium would immediately experience a disturbance in the
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2 INTRODUCTION

form of an internal force or an acceleration upon application of a localized
excitation. Similarly, if a hypothetical medium were without inertia there
would be no delay in the displacement of particles and the transmission of
the disturbance from particle to particle would be effected instantaneously
to the most distant particle. Indeed, in later chapters it will be shown
analytically that the velocity of propagation of a mechanical disturbance
always assumes the form of the square root of the ratio of a parameter
defining the resistance to deformation and a parameter defining the inertia
of the medium. All real materials are of course deformable and possess
mass and thus all real materials transmit mechanical waves.

The inertia of a medium first offers resistance to motion, but once the
medium is in motion inertia in conjunction with the resilience of the medium
tends to sustain the motion. If, after a certain interval the externally applied
excitation becomes stationary, the motion of the medium will eventually
subside due to frictional lossess and a state of static deformation will be
reached. The importance of dynamic effects depends on the relative magni-
tudes of two characteristic times: the time characterizing the external ap-
plication of the disturbance and the characteristic time of transmission of
disturbances across the body.

Suppose we consider a solid body subjected to an external disturbance F(z)
applied at a point P. The purpose of ananalysis1s to compute the deformation
and the distribution of stresses as functions of the spatialcoordinates and time.
If the greatest velocity of propagation of disturbances is ¢, and if the external
disturbance is applied at time ¢ = 0, the disturbed regions at times ¢ = ¢,
and ¢t = t, are bounded by spheres centered at the point P, with radii ct,
and ct,, respectively. Thus the whole of the body 1s disturbed at time
t = r/c, where r is the largest distance within the body measured from the
point P. Now suppose that the significant changes in F(t) take place over a
time ¢,. It can then be stated that dynamic effects are of importance if
t, and r/c are of the same order of magnitude. If ¢, >> r/c, the problem is
quasistatic rather than dynamic in nature and inertia effects can be neglected.
Thus for bodies of small dimensions a wave propagation analysis is called
for if ¢, is small. If the excitation source is removed the body returns to
rest after a certain time. For excitation sources that are applied and removed,
the effects of wave motion are important if the time interval of application
is of the same order of magnitude as a characteristic time of transmission
of a disturbance across the body. For bodies of finite dimensions this 1s the
case for loads of explosive origins or for impact loads. For sustained external
disturbances the effects of wave motions need be considered 1f the externally
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applied disturbances are rapidly changing with time, i.e., if the frequency is
high.

In mathematical terms a traveling wave in one dimension is defined by
an expression of the type f = f(x—ct), where f as a function of the spatial
coordinate x and the time ¢ represents a disturbance in the values of some
physical quantity. For mechanical waves f generally denotes a displacement,
a particle velocity or a stress component. The function f(x—ct) is called a
simple wave function, and the argument x—ct is the phase of the wave
function. If ¢ is increased by any value, say A¢, and simultaneously x is in-
creased by cA4t, the value of f(x—ct) is clearly not altered. The function
f(x—ct) thus represents a disturbance advancing in the positive x-direction
with a velocity c. The velocity c is termed the phase velocity. The propagating
disturbance represented by f(x —ct) is a special wave in that the shape of the
disturbance is unaltered as it propagates through the medium.

Continuvm mechanics

Problems of the motion and deformation of substances are rendered
amenable to mathematical analysis by introducing the concept of a con-
tinuum or continuous medium. In this idealization it is assumed that
properties averaged over a very small element, for example, the mean mass
density, the mean displacement, the mean interaction force, etc., vary
continuously with position in the medium, so that we may speak about tie
mass density, the displacement and the stress, as functions of position and
time. Although it might seem that the microscopic structure of real materials
1s not consistent with the concept of a continuum, the idealization produces
very useful results, simply because the lengths characterizing the microscopic
structure of most materials are generally much smaller than any lengths
arising in the deformation of the medium. Even if in certain special cases
the microstructure gives rise to significant phenomena, these can be taken
into account within the framework of the continuum theory by appropriate
generalizations.

The analysis of disturbances in a medium within the context of the
continuum concept belongs to the time-tested discipline of continuum
mechanics. In achieving the traditional objective of determining the motion
and deformation generated by external excitations the analysis passes through
two major stages. In the first stage the body is idealized as a continuous
medium and the physical phenomena are described in mathematical terms
by introducing appropriate mathematical abstractions. Completion of this
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stage yields a system of partial differential equations with boundary and
initial conditions. In the second stage the techniques of applied mathematics
are employed to find solutions to the system of governing partial differential
equations and to obtain the physical information which is desired. Usually
the goal is to obtain analytical expressions for some of the field variables in
terms of the position and time as well as in terms of the geometrical and
material parameters.

Continuum mechanics is a classical subject which has been discussed in
great generality in several treatises. The theory of continuous media is built
upon the basic concepts of stress, motion and deformation, upon the laws
of conservation of mass, linear momentum, moment of momentum, and
energy, and on the constitutive relations. The constitutive relations charac-
terize the mechanical and thermal response of a material while the basic
conservation laws abstract the common features of all mechanical phenomena
irrespective of the constitutive relations. The general system of equations
governing the three-dimensional motions of elastic bodies is strongly non-
linear. As a consequence very few significant wave propagation problems
can be solved analytically on the basis of this general system of equations.
Fortunately it is a matter of wide experience that many wave propagation
effects in solids can adequately be described by a linearized theory.

Outline of contents

A detailed discussion of the general three-dimensional theory of elasticity
and the process of linearization which results in the equations governing the
classical theory of linearized elasticity falls outside the scope of this book.
It is, however, instructive to review briefly the nonlinear elastic theory
within a one-dimensional geometry. This review is carried out in chapter 1,
where the conditions justifying linearization of the one-dimensional theory
for the express purpose of describing problems of wave propagation are
also examined.

The three-dimensional equations governing isothermal linearized elasticity
of a homogeneous isotropic medium are summarized in chapter 2. Except
for the last chapter the remainder of the book is strictly concerned with
linearized theory and perfectly elastic media. When, in the last chapter, the
treatment goes beyond ideal elasticity and beyond isothermal conditions,
the pertinent governing equations are introduced when needed.

Wave motions can be classified according to the trajectory of a particle
of the medium as the disturbance passes by. Thus we distinguish a puise or
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a single wave from a train of waves. A special case of the latter is a periodic
train of waves in which each particle experiences a periodic motion. The
simplest special case of periodic wave motion is a simple harmonic wave
wherein each particle is displaced sinusoidally with time. Simple harmonic
waves are treated in considerable detail in chapters 1, 5 and 6, not only
because of their intrinsic interest but also because in the linear theory a
general periodic disturbance or even a single pulse can be represented by a
superposition of simple harmonic waves.

In considering wave propagation in three dimensions we can, at a certain
instant of time, draw a surface through all points undergoing an identical
disturbance. As time goes on, such a surface, which is called a wavefront,
moves along showing how the disturbance propagates. The direction of
propagation is always at right angles to the wavefront. The normals de-
fining the direction of wave propagation are called the rays. For a homo-
geneous and isotropic medium the rays are straight lines. If the wave
propagation is limited to a single direction the disturbance at a given instant
will be the same at all points in a plane perpendicular to the direction of
wave propagation and we speak of a plane wave. Other simple cases are
spherical waves and cylindrical waves, where the wavefronts are spherical
and cylindrical surfaces, respectively. It is shown in chapter 4 that there are
two types of plane waves: transverse and longitudinal waves. In transverse
waves the motion is normal to the direction of wave propagation. If the
direction of motion coincides with the direction of wave propagation we
speak of longitudinal waves.

Among the most important aspects of wave motion are the reflection
and transmission of waves. When a wave encounters a boundary separating
two media with different properties, part of the disturbance is reflected and
part is transmitted into the second medium, as discussed in chapters 1 and 5.
If a body has a finite cross-sectional dimension waves bounce back and forth
between the bounding surfaces. Although it is then very difficult to trace
the actual reflections it can be noted that the general direction of energy
transmission is in a direction parallel to the bounding surfaces, and we say
that the waves are propagating in a waveguide. The analysis of harmonic
waves in waveguides leads to some new notions such as modes of wave
propagation, the frequency spectrum, dispersion, and group velocity.
Harmonic waves in waveguides are discussed in detail in chapter 6. Im-
portant wave propagation effects are surface waves propagating along a
bounding surface. Rayleigh waves at a free boundary and Stoneley waves
at an interface are discussed in chapter 5.
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Pulses generated in elastic bodies by distributions of body forces or
surface disturbances are analyzed in chapters 7 and 8 by means of integral
transform techniques. Exact methods of inverting transforms such as the
Cagniard-de Hoop method, as well as approximate means of evaluating
integrals in terms of asymptotic expansions, are also discussed in these
chapters.

In chapter 3 several formal aspects of the theory of dynamic elasticity
are discussed. Among the theorems that are proven, the uniqueness theorem
for the properly formulated boundary-initial value problem is of primary
importance. The chapter also contains a discussion of the decomposition
of the displacement vector in terms of derivatives of displacement potentials.
The displacement potentials satisfy classical wave equations.

In the mathematical literature hyperbolic partial differential equations
which govern wave propagation phenomena have been studied in great
detail. It is well known that the general solution of the wave equation can
be expressed in terms of the external disturbances by means of integrals
over the bounding surface and the interior of a body. In chapter 3 the
relevance of integral representations to problems of elastic wave propagation
is examined.

A complete solution of a wave propagation problem involves a con-
siderable amount of mathematical analysis. For transient waves information
on discontinuities in the field variables at the moving surfaces separating
the undisturbed from the disturbed regions of the body can be obtained in
a fairly straightforward and simple manner by methods which are analogous
to the ray tracing techniques of geometrical optics. In chapter 4 propagating
discontinuities are analyzed within the context of the linear theory of
elasticity.

There are several mathematical methods which are suitable for certain
problems but not for others. For example, if a problem displays dynamic
similarity, convenient and simple mathematical methods can be employed
to obtain a solution, as shown.in chapter 4. Also under certain conditions
numerical schemes based on the method of characteristics offer an efficient
means of obtaining information on the field variables. Some applications
of the method of characteristics are discussed in chapter 4.

When a pulse propagating through an elastic medium encounters an
irregularity such as a void or aninclusion, the pulse is diffracted. In chapter
9 the diffraction of waves is analyzed for the case that the diffracting surface
is a semi-infinite slit. The analysis of diffraction problems requires the in-
troduction of mathematical methods that are suitable for mixed boundary
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value problems. Particular attention is devoted to diffraction by a slit
because a slit may be considered as representing a crack-type flaw in the
medium. As the wave strikes the crack a stress singularity is generated at
the crack tip, which may give rise to propagation of the crack and thus to
fracture of the body.

In chapter 10 we relax some of the restrictions on material behavior in-
herent in the treatment of earlier chapters. In this chapter it is no longer
required that the material behavior be identical in all directions. The field
equations for an anisotropic medium are stated, and time-harmonic waves
in such a medium are briefly discussed. All real materials exhibit some kind
of damping of mechanical disturbances. This effect is included by modeling
the constitutive behavior of the medium as linearly viscoelastic. The prop-
agation- of waves in a linearly viscoelastic medium is discussed in chapter
10. External disturbances are not necessarily of a mechanical nature. As
an example we may think of the sudden deposition of heat in a medium.
Since the heat deposition will give rise to thermal expansion, a mechanical
wave can be generated. The interaction between thermal and mechanical
effects is also examined in chapter 10. In the last section of the book we
analyze a one-dimensional nonlinear problem and we explore some typically
nonlinear effects such as the formation of shocks.

Historical sketch

The study of wave propagation in elastic solids has a long and distinguished
history. The early work on elastic waves received its impetus from the view
which was prevalent until the middle of the 19th century that light could be
regarded as the propagation of a disturbance in an elastic aether. This view
was espoused by such great mathematicians as Cauchy and Poisson and to
a large extent motivated them to develop what is now generally known as
the theory of elasticity. The early investigations on the propagation of waves
in elastic solids carried out by Poisson, Ostrogradsky, Cauchy, Green,
Lamé, Stokes, Clebsch and Christoffel are discussed in the Historical In-
troduction to Love’s treatise of the mathematical theory of elasticity [1]*.
In the latter part of the 19th century interest in the study of waves in
elastic solids gained momentum again because of applications in the field
of geophysics. Several contributions of lasting significance, particularly as
related to the discovery of specific wave propagation effects, stem from the

! Numbers in brackets refer to the bibliography at the end of this Introduction.
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years between 1880 and 1910, and are due to Rayleigh, Lamb and Love.
Since that time wave propagation in solids has remained a very active area
of investigation in seismology because of the need for more accurate in-
formation on earthquake phenomena, prospecting techniques and the
detection of nuclear explosions. Aspects of wave propagation that are
of interest in seismology are discussed in the books by Bullen [2], Ewing
et al. [3] and Cagniard [4].

As far as engineering applications are concerned a substantial interest in
wave propagation effects manifested itself in the early forties, when
the specific technological needs of the time required information on the
performance of structures under high rates of loading. Since then interest
in elastic waves has increased. This interest has been stimulated by techno-
logical developments related to high-speed machinery, ultrasonics, and
piezoelectric phenomena, as well as to methods in materials science for
measuring the properties of materials, and to, for example, such civil
engineering practices as pile driving. By now the study of wave propagation
effects has become well established in the field of applied mechanics.

With regard to other works specifically dealing with the propagation of
waves in elastic solids we mention in the first place the book by Kolsky
[5]. A thorough but rather brief discussion of elastodynamic theory was
also presented by Schoch [6]. A review article which lists most of the con-
tributions to the field until 1964 was published by Miklowitz [7].

Parallel to the study of waves in elastic solids the propagation of waves
was investigated extensively within the context of applied mathematics,
electromagnetic theory and acoustics. Especially the work in acoustics,
beginning with the classical treatise of Lord Rayleigh [8], is closely related.
In this regard we mention the books by Brekhovskikh [9], Lindsay [10]
and Morse and Ingard [11], which actually contain chapters on waves in
elastic solids. To conclude this brief bibliography we mention the mono-
graph on ocean acoustics which was written by Tolstoy and Clay [12].
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CHAPTER 1

ONE-DIMENSIONAL MOTION OF AN ELASTIC CONTINUUM

1.1. Introduction

Some of the characteristic features of wave motion in a continuum can be
brought out by an analysis in a one-dimensional geometry. With one spatial
variable the concepts and principles of continuum mechanics can be
deployed without the encumbrance of geometrical complications to display
the essential aspects of motion of a continuum and to derive the governing
system of nonlinear equations. In one dimension it is subsequently straight-
forward to examine rigorously the conditions for linearization of the equa-
tions, particularly for elastic solids.

One-dimensional linearized elastic theory is governed by a simple partial
differential equation whose general solution can be determined by the use
of elementary mathematics. In section 1.3 it is shown analytically that an
external disturbance applied to an initially quiescent medium generates a
pulse which propagates with a distinct velocity. Any particle in the medium
remains undisturbed until sufficient time has passed for the pulse to reach
the particle. Reflection takes place when a pulse reaches an external bound-
ary of the body. Strictly speaking, a pulse is completely reflected only at
a boundary of an elastic body with a vacuum. At all other boundaries there
is not only reflection but also transmission of the pulse across the interface
into the neighboring medium. Transmission across interfaces between two
media of comparable elastic moduli and mass densities can give rise to
some interesting and typical wave propagation effects, which are discussed
in section 1.4.

A substantial part of the wave propagation literature is devoted to the
study of sinusoidal wave trains. This interest is meaningful because in a
linearized theory a propagating pulse of arbitrary shape can be represented
by a superposition of sinusoidal wave trains. The superposition is achieved
by means of Fourier series or Fourier integrals. In sections 1.6-1.9 the
salient aspects of Fourier analysis are displayed by means of one-dimensional
examples.

10
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1.2. Nonlinear continuum mechanics in one dimension

1.2.1. Motion

In a purely one-dimensional longitudinal motion all material particles
move along parallel lines, and the motion is uniform in planes normal to
the direction of motion. Clearly one length coordinate and time are suf-
ficient to describe the one-dimensional longitudinal motion of a continuum.
Suppose the position of a material point P at a certain time, say ¢t =0,
is defined by the coordinate X. At a later time 7 the position of the particle
can then be specified by

x = P(X,1). (I.1)

The mapping x = P(X, t) is called the material description of the motion.
This description, where X and ¢ are independent variables, is often also
called the Lagrangian description. In eq. (1.1), a value of the independent
variable X identifies the particle for all time and its value equals the reference
position of that particle. A value of the dependent variable x specifies the
present position of the particle whose reference position was X.
Alternatively, the motion may be described in the spatial description.
In this description, which is often also called the Eulerian description, the
independent variables are ¢ and the position x. Values of x and ¢ are related by

X = p(x, 1) (1.2)

In eq. (1.2), a value of the independent variable x specifies a place. The
dependent variable X gives the reference position of the particle presently
situated at position x. The two descriptions of the motion must of course
be consistent with each other, i.e., eq. (1.2) can be obtained by solving (1.1)
for X, and vice versa.

To identify field quantities relative to the independent variables we use
upper case letters for quantities which are expressed in terms of the material
variables X and ¢. Lower case letters are employed for the spatial descrip-
tion. For example, the displacement is denoted by U(X, t) in the material
description and it is-denoted by u(x, t) in the spatial description. We have

UX,1) = P(X, 1)~ X, (1.3)
and
u(x, 1) = x—p(x, 1). (1.4)
1.2.2. Deformation

The purely one-dimensional motion of an element is depicted in figure 1.1.
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As a consequence of the nonuniformity in the direction of the motion, the
element undergoes a deformation. For the one-dimensional case, the
simplest measure of the deformation is simply the extension divided by the
original length of an element comprised of the same material particles. This

pee——————
[ 02223
| M- |

Fig. 1.1. Motion and deformation of an element.

deformation measure may thus be expressed by (4x—A4X)/4X. In the limit
we have
. Ax—4X oU
lim ——— = —,
ax—0 AX 0X

(1.5)

and we obtain the displacement gradient dU/dX as measure of the deforma-
tion in material coordinates. In three-dimensional deformations it is more
convenient to take the difference between squares of length elements as
measure of deformation. This leads to the Lagrangian strain tensor. For a
one-dimensional geometry, the Lagrangian strain is

E =} lim W ZUX) _0U 1 (a__U)Z.

(1.6)
ax—o  (4X)? 0X 2\0X

Egs. (1.5) and (1.6) refer the deformation to the undeformed configuration.
The deformation can, of course, also be described in the system of spatial
coordinates. For an elastic solid, the deformation measures (1.5) and (1.6)
are more natural since there always is an undeformed reference state to
which the material returns when the external loads are removed.

1.2.3. Time-rates of change

The velocity of a material particle is the time-rate of change of x = P(X, t)
for constant reference position X,
oP(X, 1)

1.7
ot "

V(X,t) =

This equation gives the material description of the particle velocity, i.e.,
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it gives the velocity of a certain particle as a function of time. In the spatial
description the particle velocity is obtained by substituting X from (1.2)
into (1.7). We obtain

v(x, 1) = VIp(x, 1), 1]. (1.8)

For a fixed spatial position x, (1.8) defines the velocity of the particular
particle which passes through position x at time ¢.

Often the instantaneous motion of the continuum is described by the
displacement u(x, t) of a particle instantaneously located at position x.
Since the instantaneous velocity is defined for a fixed particle, we must use
the chain rule of differentiation to obtain

v=0—u+vgg. (1.9)

Eq. (1.9) expresses the total or material derivative of u(x, t). The operation
expressed by (1.9) is usually denoted by D/Dt, i.e.,

bD_3,.,3 (1.10)

Dt ot ox
In egs. (1.7) and (1.9) the partial derivative /dt is the derivative with
respect to time for a fixed value of the other variable. Generally it is evident
from the context which one the other variable is, since upper case symbols
are used for field quantities which are expressed in terms of the material
variables X and ¢, while lower case symbols are employed for field quantities
in the spatial description where x and ¢ are the variables.
In the material description the acceleration is defined as

A= ‘7_1/(3(’_0, (1.11)
ot
If the particle velocity is known as a function of position and time, we have
in the spatial description

Dv v +v ov

- 1.12
Dt ot 0x ( )

The second term in the right-hand side of (1.12) is called the convected part
of the acceleration.

For the purpose of examining conservation of mass and balance of linear
momentum it is necessary to evaluate time-rates of change of line integrals.
In the spatial description we consider the fixed region x, < x < x,, which
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instantaneously contains a moving mass system. The total of a global
quantity f(x, ¢) instantaneously carried by the mass system is given by

X2
J‘ f(x, t)dx.

The time-rate of change of this integral consists of two terms, namely,
the rate of increase of f(x, #) instantaneously located inside the region and
the net rate of outward flux of f(x, ¢). This is expressed in the form

c—?—f f(x, t)dx =J %fdx+f(x, Ho(x, HI5=32. (1.13)
td xy x; Ot

The physical interpretation of the terms on the right-hand side of (1.13)
thus is

X2
f ; dx = rate of increase inside the region,
X1 t

f(x, o(x, 1)]3=52 = net rate of outward flux.

X=X1

The left-hand side of (1.13) represents the time-rate of increase of the total
of the quantity f(x,?) instantaneously located in the spatial region
x; £ x £ x,. Eq. (1.13) is the one-dimensional version of Reynolds’
transport theorem. The theorem may, of course, also be expressed in the

form
d xzf( t)dx = N + g (fvy | d ’ 1.14
a )., x, t)dx = FraRaem v) | dx. (1.14)

Xy

1.2.4. Conservation of mass

One of the fundamental principles of classical mechanics is that matter can
be neither created nor destroyed. Let us consider a mass system which
instantaneously occupies the fixed spatial region x; < x < x,. Let p(x, ?)
be the mass density at location x and time ¢ in the spatial description, and
let po(X) be the mass density as a function of the reference configuration.
Conservation of mass then implies

X2 p(x2,1)
f p(x, t)dx =f po(X)dX.

X1 p(x1,0)

where p(x, t) is defined by eq. (1.2). In the left-hand side of this equality
we now introduce a change of variables by the use of eq. (1.1). It then
follows that po(X) and p(x, ?) are related by
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OP(X, 1)
X

The principle of conservation of mass also implies that the time-rate of
change of the mass of a system of particles vanishes. Thus, if the particles
instantaneously occupy the spatial region x, < x < x,, we have

—d—f p(x, )dx = 0.
de) .,

The use of (1.14) then yields

op 0
P (pv) (1.16)

po(X) = p(x, 1) (1.15)

This equation expresses conservation of mass in the spatial description.

Eq. (1.16) can conveniently be used to simplify the material derivatives
of integrals over a product of the mass density and another function. Ac-
cording to the transport theorem (1.14), we can write

d (™ o 0
— fdx = —(pf)+ — (pf ]d.
s S ]

X1

The right-hand side can be simplified by employing (1.16), and we obtain
d f 2 . J‘ = Df
— fdx = — dx, 1.17
dt le = P D¢ (1.17)

where D/Dt is defined by eq. (1.10). This result will prove useful in the
discussion of the balances of momentum and energy.

1.2.5. Balance of momentum

The principle of balance of linear momentum states that the instantaneous
rate of change of the linear momentum of a system equals the resultant
external force acting on the system at the particular instant of time.
Considering a mass system of unit cross-sectional area instantaneously
contained in the region x, < x £ x,, the principle implies that
- d (™
(%, DIFZ5 = ——f p(x, t)o(x, t)dx. (1.18)
de =,
Here t(x, #) defines the stress in the spatial description at position x, and
body forces are not taken into account. Upon writing the left-hand side
as an integral and simplifying the right-hand side by means of (1.17), the
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equation may be rewritten as

0t 2 Dv
—dx = x, 1) — dx. 1.19
L - L"( )2 (1.19)
Clearly, (1.19) is equivalent to
ot Dv
—=p__—. 1.20
ox P Dt (1.20)

This is the equation of motion in spatial coordinates. To determine the
equation of motion in material coordinates we return to (1.18), and we
introduce a change of coordinates by means of the mapping (1.1). By
employing the relation between po(X) and p(x, t), we then obtain

or oV
ax

where T(X, 1) = t[P(X, t), t] is the stress in the material description.
A stress-equation of motion must be supplemented by a relation between

stress and deformation. For an ideally elastic solid, the stress is a function

of the appropriate measure of deformation. In one dimension it is con-

venient to consider the stress T(X, ¢) in the material description as a func-

tion of the displacement gradient dU/dX,

(1.21)

T(X, t) = L(0U/0X). (1.22)
The equation of motion in the material description may then,be written as
*U ' :
Ct — =", 1.23
ox* ot (1.23)

where
2 1 _4F (1.24)

~ po d(@UX)

1.2.6. Balance of energy

The principle of conservation of energy states that the time-rate of change
of the sum of the kinetic and internal energies of a mass system is equal to
the rate of work of the external forces plus all other energies that enter or
leave the system per unit time.

Denoting the instantaneous energy per unit mass by e(x, ¢), the internal
energy instantaneously contained in the region x; = x £ X, is
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f pe(x, t)dx.

X1
The instantaneous kinetic energy is
1™
il f pvidx.
2J,,
The stresses transmit energy to the system in the form of mechanical work.

The rate of work is called the power input P. We have

P = —t(x;, o(x,, 1) +1(xy, t)o(x;, t)

fxz 2 (tv)dx. (1.25)

X

In this equation, body forces are again not taken into account.

Energy can also be transmitted in the form of heat, by conduction or
by heat sources that are distributed inside the continuum. At this stage
thermal effects will, however, be left out of consideration.

For a purely mechanical system the principle of conservation of energy
can now be stated as

= Ef pedx + —d—f 1pvidx. (1.26)
de/,, de/ .,

The integrals on the right-hand side can be evaluated by employing (1.17).
Using also the equation of motion (1.20), we find

p—=1T—, (1.27)
which expresses local conservation of energy.

1.2.7. Linearized theory

Although it is possible to determine solutions for certain one-dimensional
problems governed by the nonlinear theory, there are often rather sub-
stantial complications.’ These complications disappear altogether when the
theory is appropriately linearized.

A linearized theory is amenable to treatment by standard mathematical
methods because the principle of superposition applies. Since a phenomenon
described by linear equations is also intuitively easier to understand, an

! A nonlinear problem is discussed in section 10.7.

W.PES B
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examination of a problem on the basis of linearized equations often leads
to considerable insight into the actual physical situation. On the other
hand one always has to make sure that the assumptions on which the
linearization is based are satisfied, because small nonlinearities sometimes
give rise to quite significant modifications of results obtained from a
linearized theory. It is therefore worthwhile to examine the conditions
justifying a linearization of the theory.
Let us first consider the constitutive relation (1.22) for the special case
that T(X, ¢) is proportional to 0U/dX:
T=3S5, ou . (1.28)
0X
For some materials this relation may be an approximation applicable only
when |0U/0X| « 1. For other materials and within the context of a one-
dimensional theory it may be exact in the sense that it may apply for quite
large values of |0U/0X]|. If (1.28) holds, eq. (1.23) reduces to the linear wave
equation

U 1 d*U
ox: ok (1.29)
where
C?* = S,/p,. (1.30)

A general solution to the linear wave equation can be obtained by intro-
ducing the substitutions

X X
o0 =t— —, =t+ —, 1.31a, b
S (1.31a,b)
whereby (1.29) reduces to
2
ovU _ (1.32)
duop

It follows that dU/da is a function of « only. Integrating again, we find
that U(X, ¢) must be of the form

X
U = F(a)+G(B) = F(t-f) +G(t+ —). (1.33)
C C
Any arbitrary form of the functions F( ), G{ ) employed in this equation

will give a solution of the linear wave equation (1.29). If time ¢ is increased
by any value, say 4¢, and simultaneously X is increased by C4¢, the argument
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t—X/C is clearly not altered. The term F(1—X/C) thus represents a dis-
placement disturbance propagating in the positive X-direction. Similarly,
G(t+ X/C) represents a disturbance propagating in the negative X-direction.
Since the shape of the propagating disturbances does not alter, the prop-
agation is called distortionless and lossless.

It is rather remarkable that for the one-dimensional case a linear relation
between the stress and the displacement gradient in the material description
is all that is required for a linear wave equation in material coordinates. It
should be emphasized, however, that the kinematics still are nonlinear in
the spatial description of the motion. If an observer positioned at a fixed
location x observes the displacement u(x, t), the convective terms still must
be included in computing the velocity and the acceleration of a particle.
This becomes evident if we employ (1.9) and (1.12) to compute the following
exact relations:

dujot

=1 1.34
1—0u/ox (1.34)
.= (1—0u/0x)*0%u]ot? + 2(1 — 0u/dx)(0u/dt)(0%u/Ox 8t)+(0u/ot)*d%u/ox?
(1—0dujox)? '
(1.35)
From (1.3) and (1.4) it follows that
ou _ _0UjoX (1.36)
ox 1+0UJoX

If the linearization of the relation between T and 0U/0X is now justifiable
only for |8U/dX| <« 1, then the relations (1.36) and (1.34) can also be
linearized. We find
6—u ~ 6_U and v~ _6_u . (1.37a, b)
ox 00X ot
It is, however, not yet possible to simplify (1.35), since the orders of
magnitudes of du/dt and the second-order derivatives are not immediately
apparent.

To determine the conditions for complete linearization, we write the
equation of motion in spatial coordinates. By employing the results (1.15),
(1.28), (1.35) and (1.36) in eq. (1.20), the following non-linear equation is
obtained:

29 a2 2 A2 - 2
[cz— (6-“) } e (1— @) gu +2(1— @)a—“ 0u . (139)
ot ox? ox] o1? ox/ Ot O0xot
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where C is defined by (1.30). It is perhaps surprising that this equation also
admits a solution of the form

u(x, 1) = f (z— ’é) . (1.39)

The validity of (1.39) can be checked by direct substitution, but it can also
be concluded by constructing u(x, ¢) from F(t—X/C) via eq. (1.4). See
Problem 1.2.
From (1.39) it follows that
ou _ f', u _ —f'/C, (1.40a, b)
ot Ox
where a prime denotes the derivative with respect to the argument. By
inspecting (1.35) and (1.38) it can now be concluded on the basis of (1.39)
and (1.40a, b) that

a= Py (1.41)
*u  *u
2
pyei = poes (1.42)
provided that
If'l < C. (1.43)

It should be noted that (1.43) implies | 0u/dx| < 1 or equivalently | 0U/3X| < 1.
Thus, in the one-dimensional problem the rates of change of external
disturbances must satisfy the restriction (1.43) in order that the motion can
be described by a completely linearized theory.

Several additional observations on the linearization of the theory can be
found in an article by Thurston.?

1.2.8. Notation for the linearized theory

When the problem is completely linearized the distinction between the
material and spatial descriptions of the motion vanishes altogether. Thus,
either the notation of the material description with upper-case letters or the
notation of the spatial description with lower case letters could be used.
Over the years it has, however, become customary to use lower case symbols

2 R. N. Thurston, The Journal of the Acoustical Society of America 45 (1969) 1329-1341.
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for the linearized theory. Generally, the Greek symbols &, and 7, are used
for the displacement gradient du/0x and the stress component, respectively.
According to (1.28), the stress component 7, is proportional to ¢,. In the
next chapter it will be shown that the proportionality constant can be
expressed in terms of the Lamé elastic constants A and u as S; = A+2u.
Thus

T, = ('1'*‘2#)@- (1.44)
Ox
The stress equation of motion may be written as

where p is the constant mass density. Substitution of (1.44) into (1.45)
yields the wave equation

%u 1 ol
—_— T e _—’ 1046
ox* ¢ ot (1.46)
where
A+2
2= 22K (1.47)
p

1.3. Half-space subjected to uniform surface tractions

A simple example which displays many of the features of transient wave
propagation according to the linearized theory is provided by the wave
motion generated in an Initially undisturbed, homogeneous, isotropic
elastic half-space by the application of a spatially uniform surface pressure
p(t). Suppose that the half-space is defined by x = 0 (see figure 1.2). Denoting

p(t) ——— X

Fig. 1.2. Half-space subjected to surface tractions.

the normal stress in the x-direction by 1.(x, t), we have at the boundary
x =0
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1, = —p(t), where p(t) =0 for t < 0. (1.48)

The other stress components vanish identically at x = 0.

Any plane parallel to the x-axis is clearly a plane of symmetry. As a
consequence, transverse displacements are not possible and the motion of
the half-space is described by the displacement in the x-direction, denoted
by u(x, t), which is a function of x and ¢ only. The half-plane is evidently
in a state of one-dimensional deformation, and the equations defined in
section 1.2 apply. Thus the deformation of the half-space is completely
described by the single strain component

_ Ou

== (1.49)

Ex

We say that the half-plane is in a state of one-dimensional longitudinal
strain. According to (1.44), the stress and the strain are related by

o =G+, (1.50)
ox

while the displacement equation of motion is
*u 1 &%
o= 1.51
ox* ¢} o (1.51)

where ¢, is defined by (1.47). Assuming that the half-space is at rest prior
to time ¢ = 0, eqgs. (1.48) and (1.51) are supplemented by the initial con-
ditions

u=n=0fort =0,x>0. (1.52)
The general solution of (1.51) is
u(x, 1) = f (t— i) +g (t+ i) . (1.53)
‘L ‘L

Although it is intuitively rather obvious that the surface pressure p(r)
generates a wave propagating in the positive x-direction only, we will not
a priori discard the function g(¢+ x/c.), but rather follow a strictly math-
ematical approach. Thus, employing the full form of (1.53), the initial
conditions (1.52) require that for x > 0

f(=x[eL)+g(x[c,) =0 (1.54)
f(=x[cL)+9'(x/e) =0, (1.55)
where primes indicate differentiations with respect to the argument. The
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solutions to these equations are
f(=x[cy) = —gx/c)) = A4 for x > 0, (1.56)

where A is a constant. Since ¢+ X/c, is always positive for ¢t = 0 and x > 0,
eq. (1.53) reduces to

f(t—i) —A for t> 2
cr cL

u(x, t) = (1.57)

0 for t<E

‘L
which satisfies the initial conditions. This solution shows that a wavefront
separating the disturbed from the undisturbed medium propagates through
the material with the velocity ¢,. A particle located at x = X remains at
rest until time ¢ = = X/c,.
The boundary condition at x = 0 yields

A+2u

110 = = (o).

‘L
Upon integration of this equation, f(t—x/c,) follows as

f(pni) Q'fhﬂumgm+3, (1.58)

CrL _l+2ﬂ 0

where B is a constant. According to (1.48), the function p(s) vanishes
identically for s < O and the integral over p(s) thus disappears when
t < xjep. In order that eq. (1.58) is consistent with (1.56) we should then
have B = A. The expression for the displacement eq. (1.58) then becomes

t—x/cL

u(x, t) = l%c-[:?uf p(s)ds. (1.59)

The corresponding normal stress t,(x, ¢) follows from (1.50) as

X
Tx = —D t—: .
L

The normal stresses in the transverse directions, denoted by 7, and 7,, can
be computed as

=1, = — Q_X)
yooE A+2up L

In the expressions for u(x, ) and t,(x, ¢) it should be taken into account
that p(¢) = O for r < 0, as stated by eq. (1.48).
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The solutions for the displacement and the stresses show that the surface
pressure generates a disturbance which propagates into the half-space with
velocity ¢;. A particle located at x = X remains at rest until the time
I = X/c,, when the wavefront arrives which separates the disturbed part
from the undisturbed part of the half-space. The normal stress at x = ¥
i1s compressive and has the value of the external pressure for the value of
the argument ¢—X/c,. The displacement is proportional to the area under
the curve representing the external pressure between arguments 0 and
t—Xx/c.. The displacements and stresses describe a transient wave motion.
It should be noted that for this simple problem the shape of the stress pulse
does not alter as it propagates through the medium.

By employing (1.59) the particle velocity u(x, ¢t) = du/dt is computed as

0=k p(t—— i). (1.60)

A+2u cL

Clearly then, for a wave propagating in the positive x-direction, the stress
7.(x, t) and the particle velocity u(x, ) are related by

T, = —pcu. (1.61)

The ratio of the stress and the particle velocity is called the mechanical
impedance. In this case the mechanical impedance pc; is a material constant.
Since it measures the stress that is required to generate motion it is often
called the wave resistance of the material.

Considering a unit area element normal to the x-axis at a position x,
the instantaneous rate of work of the traction acting on the eleraent is the
vector product of 7,(x, ¢) and the particle velocity #(x, ¢). This instantaneous
rate of work is called the power per unit area and it is denoted by . We have

Px, 1) = — 140 (1.62)

The minus sign appears because a stress vector (which is positive in tension)
and a velocity vector acting in the same direction yield a positive value for
the power. By the use of (1.61) we find

P(x,t) = pcpi’. (1.63)

The power defines the rate at which energy is communicated per unit
time across a unit area. Clearly & represents the energy flux across the
area element and it must, therefore, be related to the total energy density
J€. The total energy per unit volume equals the sum of the kinetic energy
density 2 and the strain energy density %, thus
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.2 6u 2
H = +U = Lpu*+3(A+2p) =) (1.64)
X

If more energy flows across the point x+dx than flows across x, then the
energy contained in length dx of the medium diminishes, i.e.,

P+ dx) - P(x) = —dxaai{/,
t

or

which is the equation of continuity for energy. Substituting (1.62) and

(1.64) we find
— ((-71" ——pii) - I:rx—(1+2,u)a—u:| o =0,
X 0xJ ox

which is, of course, identically satisfied in view of egs. (1.50) and (1.51).

Since energy is conserved it is required that at a certain time ¢ the work
done by the surface pressure p(¢) equals the sum of the kinetic and strain
energies in the disturbed part of the half-space, i.e.,

f ;y(o, dt = f:'yf(x, f)dx. (1.65)

The first integral assumes the form

f ;g’(o, f)dt = aiLz - f ;[p(s)]zds.

By the use of (1.64) and (1.59) we find for the right-hand side of (1.65)

crt 1 crt X 2
f H(x, t)dx = —— I:p (t— —)] dx.
0 A+2uJo cy

By introducing a change of variables in this equation, the equality (1.65)
can easily be verified.

By neglecting the inertia term the equation governing the corresponding
static problem is immediately obtained from (1.51). Upon integrating once,
we find

T, = (A+2p) du - p(t),
dx
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where we have used the boundary condition (1.48). Suppose we consider
a monotonically increasing function p(¢), and we expand

p(i- —) ~ )= T 50

It is then clear that for given x and ¢, ¢t > x/c,, the difference between the
static and dynamic stresses is small if

x B(®)
¢ p(t)
This result shows that dynamic effects are of most interest if either x is
large or p(t) is appreciable.
It is finally noted that it follows from egs. (1.39), (1.43) and (1.59) that
for the present problem the linearized theory is valid if

< 1.

M«L
A+2u

1.4. Reflection and transmission

When a propagating disturbance strikes the interface between two media

of different material properties, part of the disturbance is reflected and

part is transmitted across the interface. In the special case that the second

medium cannot carry mechanical waves, i.e., if it is a vacuum, the incident

wave is completely reflected. We will consider the latter case first.
Suppose the incident stress wave is denoted by

() = f (r— i) , (1.66)
cL

where f(s) = 0 for s < 0. Since the reflected stress wave propagates in the

negative x-direction, it can be represented by

) =g (s+ i) . (1.67)
93
At the free boundary x = a the stress 7, vanishes, i.e.
T, = (T);+(7), = 0 at x = a.

For t < a/c, this equation implies g(z+x/c,) = 0. For t 2 a/c; we find

o) -r(-2)
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Now setting s = t+a/c,, we conclude
9(s) = —f (S—Zi)’
‘L

and the reflected stress wave may thus be represented by

(t), = —f (t— 24 x_a) . (1.68)

‘L ‘L

Eq. (1.68) shows that the reflected stress pulse has the same shape as the
incident stress pulse, but the sign of the stress changes upon reflection.
Thus, at a free surface a tensile pulse is reflected as a pressure pulse, and
vice versa. The direction of the displacement remains unchanged, however,
upon reflection.

The conversion of a pressure pulse into a tensile pulse can have some
interesting implications for materials that are of relatively low tensile
strength. As a compressive pulse of short enough length is reflected at a
free surface, the resulting tensile stresses may cause fracture. This type of
tensile fracture under rapid compressive loading is a typical wave propaga-
tion effect which is known as spalling or scabbing. The effect was first
demonstrated experimentally by B. Hopkinson®, who detonated an ex-
plosive charge in contact with a metal plate. The reflection of the pulse
from the free surface produced tensile fractures which caused a disk of
metal roughly in the shape of a spherical cap to break away from the surface
directly opposite the explosive charge.

Let us now consider the reflection and transmission at an interface
between two media of different material properties. The incident wave is
of the form (1.66). The reflected and transmitted waves may be represented
by

(T =g (t— e x_a)

cL cL

and

(t) = h (t— a _ x_—;) ,

cL c1

respectively. (See figure 1.3). By enforcing continuity of the stress and the
particle velocity at the interface x = a, we find

* B. Hopkinson, Collected scientific papers. Cambridge, University Press (1921), p. 423.
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X a xX-a
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— —
-
a X—a
Q(f—'c‘z’f c )
p,c vea phcf

Fig. 1.3. Incident, reflected and transmitted waves.

(to) = C.f (z_. a4 x—a)

‘L 97
= (1= & -279)
‘L L

The reflection coefficient C, and the transmission coefficient C, are
_ phet/peL—1
C= iy
pierlpeL+1

2p%ct/pey
c, = -Lluiper
peLlpeL+1

These expressions show that the ratio of the mechanical impedances
completely determines the nature of the reflection and the transmission at

2
s e
// Ct
1 S _
0 g 5T 4 B 8 7 B
;JACLA;)CL
-1 R

Fig. 1.4. Reflection and transmission coefficients.
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the interface. The reflection and transmission coefficients are plotted versus
the ratio of the mechanical impedances in figure 1.4. For p*ci'/pc, = 0,
which corresponds to a free surface, C, = —1 and C, = 0, which agrees
with the result (1.68). For p“cf/pc, = 1, the pulse is completely transmitted.
If pAci/pc, > 1, the reflected pulse is of the same sign as the incident wave.
The transmitted wave always is of the same type as the incident wave.

If a number of layers follow each other, the pattern of transient waves
can still be unraveled in a one-dimensional geometry. The succession of
reflections and transmissions may give rise to somewhat unexpected effects,
such as high tensile stresses under compressive loads. Thus it was shown
by Achenbach et al.#, by analysis and experiment, that tensile failure may
occur in a segmented rod at the first interface adjacent to the end where a
compressive load of short duration is applied. Failure occurs if segments
with very different mechanical impedances are altered, particularly if the
mechanical impedance of the first segment is relatively small.

1.5. Waves in one-dimensional longitudinal stress

Waves in one-dimensional longitudinal strain are not the only type of wave
motion for a purely longitudinal disturbance. The second type is provided
by wave motion in one-dimensional stress, whereby the longitudinal normal
stress, say T,, which is a function of x and ¢ only, is the one nonvanishing
stress component. All other stress components vanish.

The deformation of an element in one-dimensional stress is sketched in
figure 1.5. The difference with the deformation sketched in figure 1.1 1s

="

or
X

+ ==X Ax
X ax

Fig. 1.5. Deformation in one-dimensional stress.

that in one-dimensional stress an element is not prevented from deforming
in the transverse direction. In fact, as shown in figure 1.5, the cross section
decreases if the element is in tension. For the case of one-dimensional stress,
7, and &, are related by

1, = Ee,, (1.69)

4 J. D. Achenbach, J. H. Hemann and F. Ziegler, AI4A4 Journal 6 (1968) 2040-2043.
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where E is Young’s modulus. By writing the equation of motion for an
element, we find

ot 0%u

T =p—. 1.70

x o (1.70)
Substitution of (1.69) into (1.70) yields

u 1 %u

—_—= = —, 1.71

ox* ¢} or® (L.71)
where

a=Et (1.72)
p

Waves in a one-dimensional state of stress approximate wave motion
in a thin rod. The velocity ¢, is usually called the bar velocity. If a semi-
infinite thin rod (x = 0)is $ubjected at x = 0 to a pressure p(¢), the resulting
stress wave is

t, = ~p (t— i) . (1.73)

Cp

It should be emphasized that (1.73) is an approximate solution which is
valid only for a very thin rod. If the rod is very thick, the deformation is
expected to be closer to a state of one-dimensional strain. Often rods are
neither very thin nor very thick, so that both approximations are unsatis-
factory, and a more exact treatment allowing two- or three-dimensional
variation of the field variable is required. A more exact treatment of wave
propagation in a rod is discussed in chapter 8. It turns out, however, that the
approximation of one-dimensional stress is generally very satisfactory.

1.6. Harmonic waves

1.6.1. Traveling waves

Let us consider an expression for the longitudinal displacement of the form
u(x, t) = A cos [k(x—ct)], (1.74)

where the amplitude A4 is independent of x and ¢. Eq. (1.74) is of the general
form f(x—ct) and thus clearly represents a traveling wave. The argument
k(x—ct) is called the phase of the wave; points of constant phase are
propagated with the phase velocity c. At any instant ¢, u(x, t) is a periodic
function of x with wavelength A, where A = 2n/k. The quantity k = 2rn/A,
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which counts the number of wavelengths over 2=, is termed the wavenumber.
At any position the displacement u(x, ¢) is time-harmonic with time period
T, where T = 2n/w. The circular frequency w follows from (1.74) as

w = kc. (1.75)
It follows that an alternative representation of u(x, ¢) is
u(x,t) = Acos [a) ()—C —t)] . (1.76)
c

Eqgs. (1.74) and (1.76) are called traveling harmonic waves. The expressions
represent trains of sinusoidal waves, which disturb at any instant of time
the complete (unbounded) extent of the medium. Harmonic waves are
steady-state waves, as opposed to the transient waves (pulses) which were
discussed in the preceding sections of this chapter.
By substituting (1.74) into the wave equation of sections 1.2.8 and 1.5,
we obtain
c=c¢,, and ¢ = ¢, (1.77a, b)

from eqs. (1.46) and (1.71), respectively. Egs. (1.77a, b) show that the phase
velocities of traveling harmonic waves in one-dimensional longitudinal
strain and one-dimensional longitudinal stress are independent of the
wavelength A. This implies that very short waves propagate with the same
phase velocity as long waves. If the phase velocity does not depend on the
wavelength we say that the system is nondispersive. If the material is not
purely elastic but displays dissipative behavior, it is found that the phase
velocity of harmonic waves depends on the wavelength, and the system is
said to be dispersive. Dispersion is an important phenomenon because it
governs the change of shape of a pulse as it propagates through a dispersive
medium. Dispersion occurs not only in inelastic bodies but also in elastic
waveguides, as will be discussed in chapter 6.

The phase velocity ¢ should be clearly distinguished from the particle
velocity u(x, ¢), which is obtained as

u(x, t) = Akcsin [k(x—ct)].

For one-dimensional longitudinal strain the maximum value of the ratio
of the particle velocity and the phase velocity is thus obtained as

(#/cL)max = Ak = 27A[A.

Within the range of validity of the linear theory the ratio A4/A should be
much less than unity.
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1.6.2. Complex notation

For mathematical convenience we generally use, instead of eq. (1.74), the
expression

u(x, t) = A exp [ik(x—ct)], (1.78)

where i = \/(—1). Without stating it explicitly, henceforth it is understood
that the real or imaginary part of (1.78) is to be taken for the physical
interpretation of the solution. For the case of one-dimensional longitudinal
stress the corresponding stress is then represented by

T.(x, t) = iEAk explik(x~c, )], (1.79)
and the particle velocity is written as

u(x,t) = —idke, exp [ik(x—cy1)]. (1.80)

1.6.3. Standing waves

Let us consider two displacement waves of the same frequency and wave-
length, but traveling in opposite directions. Since the wave equation is
linear the resultant displacement is

u(x, t) = A+ ei(kx—wr+y+)+A_ei(kx+wl+~,»_)’ (181)

where 4, and A_ are real-valued amplitudes, and y, and y_ are phase
angles. If the amplitudes of the two simple harmonic waves are equal,
A, = A_ = A, we can write
u(x, t) = Aei(kx+4}v++%v—)[e-i(aﬂ—*}v++ﬂ-)+ei(w!~&v++&v—)]
= 24 exp [i(kx+4y+ +1y-)] cos (@t =1y, +17-).
The real part of this expression is
u(x, 1) = 24 cos (kx+37: +3y-) cos (@1 —ys +47-).  (182)

Eqs. (1.82) represents a standing wave, since the shape of the wave does
not travel. At points where cos (kx+4y,+%y_) = 0, the two traveling
waves always cancel each other and the medium is at rest. These points are
called the nodal points. Halfway between each pair of nodal points are the
antinodes, where the motion has the largest amplitude.

1.6.4. Modes of free vibration

Standing waves form certain modes of free vibration of an elastic body.
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As an example we consider the vibrations of a rod. If we consider a semi-
infinite rod and if we require that the displacement vanishes at x = 0, the
possible harmonic motions are subject to restrictions. Eq. (1.78) can now
not be used and we have to employ the standing wave form (1.82) with the
angles 7, and y. chosen so that a nodal point coincides with the boundary
x =0,ie.,
Y+ty- =7

and

u(x, 1) = 24 sin (kx) sin (0t —~7,). (1.83)

When, as a second boundary condition we add u =0 at x =/, the
harmonic motion is still further limited, for now of all the harmonic motions
represented by (1.83) only those which have a nodal point at x = / can be
used. Thus we require

sin (kl) =0,
which implies
kl=2—ng=nn n=1273,4,...
A
The distance between nodal points is half the wavelength, and thus this
distance must be /, //2, //3, etc. The corresponding circular frequencies are

The circular frequency of the lowest or fundamental mode, which is called
the fundamental frequency, is w, = nc,/! radians per second; in cycles per
second the fundamental frequency is f, = ¢,/2/. The frequencies of the
higher modes are in cycles per second, f, = 2¢,/2/, f3 = 3¢,/2l, etc. The
higher frequencies are called overtones. For the example of the rod with
rigidly supported ends the overtones are integral multiples of the fun-
damental frequency. Overtones with this simple relation to the fundamental
are called harmonics. Only for the simplest vibrating systems governed by
the wave equation are the modes of vibration as simple as discussed in this
section.

1.7. Flux of energy in time-harmonic waves

The rate at which energy is communicated per unit area is equal to the
power per unit area, which can be computed by employing eq. (1.16).
Since the product of the real parts is not the same as the real part of the
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product of two complex numbers, Z(#) must be used in eq. (1.16). For the
case of one-dimensional longitudinal stress, 2 (x, t) is obtained as

P = pcgk?A? sin® [k(x—cyt)]
_ EA*w?

b

(1.84)
sin® [k(x—c,1)].

It is noted that for harmonic waves the power per unit area is an infinite
sequence of pulses traveling with the phase velocity c,.

1.7.1. Time-average power per unit area

A useful representation of the intensity of the wave is expressed by an
average of & over time, at an arbitrary position and at an arbitrary time.
This time-average power per unit area is

EA*»? 1

t+ta
J sin? (kx — ws)ds, (1.85)
t

Cp a

which can easily be evaluated if we choose as range of integration the period
T = 2n/w. By employing

1 t+T
—j sin? (kx—ws)ds = %,
T/,

the time average of & over a period, which is denoted by {#), is obtained
as
1 EA%0?

9:
@ =5 =

(1.86)

The same expression is found if the limit of (1.85) is taken for a #, which
increases beyond bounds.

In the cgs system, {Z) is measured in ergs/sec-cm?, and in the mks
system, { 2 is expressed in watts/sec-m?. It is noted that { &) is proportional
to the squares of the frequency and the amplitude.

The time average of a product of the real parts of two complex functions
F and f must often be evaluated in energy computations. If F and f are of
the forms

F=F, ei(w:—y;)’ f=f, e““’"”’,

where F, and f, are real-valued, the following relation holds

(R(F)x R(f)) = +A(FF), (1.87)
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where f is the complex conjugate of f. In the book by Brillouin®, eq. (1.87)
is proven by substituting f and F into the left-hand side of (1.87). Using
eq. (1.87), the expression (1.86) for {#) can be written immediately.

1.7.2. Velocity of energy flux

The average power {(£) represents the average energy transmission per
unit time and per unit area. We can thus speak of a “flow’’ of energy and
we can introduce a velocity of energy flux c,. The energy velocity is defined
as the time-average energy transmission divided by the time-average of the
total energy density

(P> = (HFe,. (1.88)

The total energy per unit volume consists of kinetic energy and strain energy.
By employing (1.87), the time average of the kinetic energy per unit volume
is computed as

1 1 t+T
ry=11 f p(i)dt = 3pA’a’ (1.89)
2 TJ,
Similarly, the time-average strain energy density is obtained as
11 t+T au 2
(U = - _f E(—) dt = }EA%K®. 1.90
% 2T/, Ox 4 (1.50)

Since k = w/c, and ¢} = E/p, we conclude (¥ = {%). Thus, for plane
time-harmonic waves the time-average energy density is equally divided
between the time-averages of the kinetic and strain energy densities. Taking
the sum of (1.89) and (1.90), we obtain

(H> =1ipAn’. (1.91)
By substituting (1.86) and (1.91) into (1.88), the velocity c, is found as
Ce = Cp.

From the foregoing it follows that there are essentially two ways of
calculating the average rate of flow of energy in a plane time-harmonic
progressive wave. The first consists of forming the vector product of the
traction and the particle velocity and taking the time-average of this product.
The second proceeds by calculating the time-average of either the kinetic or

5 L. Brillouin, Wave propagation in periodic structures, New York, Dover Publications,
Inc. (1953), p. 70.
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the strain energy per unit volume; twice either quantity multiplied by the
velocity of energy transmission yields the time-average energy transmission.

For the example discussed in this section the velocity of energy transmis-
sion equals the phase velocity. This is generally true for non-dispersive wave
propagation. For dispersive wave propagation c, differs, however, from the
phase velocity, as will be shown in chapter 6.

1.7.3. Energy transmission for standing waves

Let us consider the power per unit area for the case that the displacement
consists of the superposition of two waves propagating in opposite direc-
tions, as described by eq. (1.81). The spatial and the time derivatives of
u(x, t) are

o _ A, kB, +A_k6_
O0x
6_u = —A,00,+A_wb_,
ot
where
7
0, = exp [i (kx—wt+y++ 5)}
. T
8. = exp \:1 (kx+wt+y~+ 5):I .
By employing the relation & = —rt.4, the power per unit area is obtained
as

P = Eko[(A4,)’R(0.)R(0.) (4 R(0_)R(0_)].

It is noted that for waves traveling in opposite directions & has no cross
terms, so that even the instantaneous values of the energy transmission are
simply the differences between the individual fluxes. By employing (1.87),
the time average is immediately obtained as

(P) = $Ekol(4,) — (4_)]

If the amplitudes A, and A_ are equal there is no net flow of energy. As
discussed in section 1.6, this case corresponds to a standing wave. Indeed,
in a standing wave energy cannot be transmitted past nodal points, and the
energy can thus flow only back and forth between the nodes, whereby at
any position the net flow over a period T vanishes.
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1.8. Fourier series and Fourier integrals

It is well known that any physically reasonable function, though not all
mathematically conceivable functions, can be split up into a collection
of components. In the most common case the components are sinusoidal
functions, or alternatively, exponential functions with imaginary exponents.
If the function repeats periodically with period T and circular frequency
o = 27/T, it can be expressed as a Fourier series of cosine and sine terms
having frequencies w, 2w, . . ., or as a series of exponentials with the same
frequencies. If the disturbance is not periodic it can be expressed as a
Fourier integral over sinusoidal or exponential terms. In this section we
briefly summarize the salient aspects of the representations by Fourier
series and Fourier integrals.

1.8.1. Fourier series

A function is periodic in time if its values are repeated through all time at
an interval T. This implies f(r+T) = f(¢), where T is the period. A periodic
function is depicted in figure 1.6. Similarly a function may be periodic
in space with periodic length (wavelength) 4, i.e., f(x+4) = f(x).

N

Fig. 1.6. A periodic function.

Subject to rather unrestrictive conditions a periodic function of period T
can be represented by a Fourier series

f(t) = 4a, +n§l |:a,, cos (%n_t) + b, sin (2—7?)} . (1.92)

It is not at all a trivial matter to determine the conditions that this series
is convergent and converges to f(¢). The conditions are, however, satisfied
if f(¢) and its first derivative are continuous except for a finite number of



38 ONE-DIMENSIONAL MOTION OF AN ELASTIC CONTINUUM [Ch.1,§1.8.

discontinuities within each period. The smoother the function the more
rapidly the series converges.
By employing the orthogonality relations of the sines and the cosines,

3T

f cos (@) cos (2nmt) dt = 1T$,..
~3T T T
+T

f sin (@) sin (2’”’”) dt = 375,
3T T T

+T
f cos (gﬂ) sin (ant) dt=0 n=20,m>0,
~3T T T

where the Kronecker delta symbol §,,, is zero if n # m and unity if n = m,
the coefficients of the Fourier series are obtained as

2 [T 2nnt

a, = — t)cos [——) dt 1.93
T -’}Tf() ( T ) ( )
2 [T 2nnt

b, = — t) sin (—) dt 1.94
) J0sin (T (194)
2 (3T

ag==1 [f(t)ydr (1.95)
TV-31

By means of eq. (1.92) the recurrent function is represented by a non-
periodic component of magnitude }a, and by a harmonic function of
frequency 1/7, together with an infinite series of higher harmonics.

A useful alternative of the sine and cosine series is obtained by writing

cos (nwt) — %(einw!_*_e—inw:)

Sin (nwt) — l (einw:_e— l'nw!).
2i
This gives in place of (1.92)
f()= ¥ c,exp(—inwt), (1.96)

n=—0o

where we have used w = 2n/T, and

co = }ao, c_, = ¥a,—ib,), ¢, = ¥(a,+ib,).

The exponential functions form an orthogonal set and the coefficients c,
can, therefore, also be calculated directly as
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3T ;
¢, = 1 S(t) exp (2mnt) ds.
3T T

TJ -

Fourier series can also be used for non-periodic functions, if we are
concerned only with a limited range of the variable, say 0 < ¢t < T. The
function may be represented by a collection of harmonics, taking T as
the longest period. The collection combines, of course, to form a function
which is periodic over all values of the variable. This does, however, not
matter since we are considering only the range 0 < ¢ < 7. The longer the
range, the lower is the fundamental frequency of the Fourier series.

The coefficients of a Fourier series can be plotted versus the frequency
as a pair of line spectra (see figure 1.7). The frequencies of successive terms
in the representation of a non-periodic function in the range 0 < ¢ < T are
w, =21/T, 0w, =2w,,...,0, = NW,.

2o}

a
1 a,
I

w 20 Bw
T s
w 2w 3w

" Fig. 1.7. Line spectra of Fourier coefficients.

Thus the spacing in the line spectrum becomes more closely packed when
the range of representation is widened. The accuracy with which details are
represented depends on the highest frequency components that are included.
This follows from the consideration that a local variation which is of
“‘duration” T'; cannot be represented by terms of characteristic period much
greater than T,, and thus possessing frequencies less than 2n/T,. The
number of Fourier terms required thus increases as the detail required in-
creases.

1.8.2. Fourier integrals

If a function is not recurrent and must be represented over the whole range
of the variable, i.e., if it consists of an isolated pulse, it can be represented
by a Fouiier integral. The integral representation of a function f(¢) is of the
form

(1) = %t f ® et ) da, (1.97)
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where

) = f :e"w'f(z)dt. (1.98)

The function f*(w) is usually called the Fourier transform of (). In that
terminology (1.97) defines the inverse transform.

An appealing heuristic way of deriving the integral relations (1.97) and
(1.98) is to consider the limiting case of a Fourier series whose interval
of definition grows without limit. Indeed, the structure of the frequency
spectrum of a Fourier series suggests that the range of representation of
a function can be increased indefinitely by packing the terms closely in
frequency space. In the limit as the range increases beyond bounds, the
discrete spectrum should, in fact, convert into a continuous spectrum
represented by f*(w). On the basis of this argument f*(w)dw is the con-
tribution to the amplitude at w from the indefinitely small frequency band
dow.

Let us consider a function f(r) defined in the interval —47 < ¢ < 1T The
function can be represented by an exponential Fourier series of the form

(1.96)

05 [4] e (5 o ()

If we set w, = 2nn/T, and observe that w,,, —w, = 2n/T, it can be stated
that for large values of T a small frequency range 4w embraces dw/(27/T)
terms. The contribution made by these to the sum (1.99) is

iT . .
TACO [_L f(s)ezw,.sdsi| e—w),.t‘
2n LTV -31

Formally proceeding to the limit 7 — oo, the summation in eq. (1.99)
becomes an integration, and we obtain

f(t) = if:oe_i“"dwffwf(s)ei“’sds. (1.100)

Eq. (1.100) is the well-known Fourier integral theorem.
The form of (1.100) suggests the Fourier transform f*(w) as given by
(1.98), and the inverse transform as given by (1.97).
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1.9. The use of Fourier integrals

As a consequence of the linearity of the wave propagation problems that
are under discussion, it is allowable to express the total response to a
number of separate excitations as the superposition of the individual
responses. Linear superposition, in conjunction with integral represen-
tations of forcing functions provide us with the means of determining
solutions to problems of elastic wave propagation.

Suppose we wish to determine the stress wave generated in a half-space
by a surface traction at x = 0 of the form

T, = —poe "H(1), (1.101)

where H(z) is the Heaviside step function. By means of (1.97) and (1.98)
the surface traction can be represented by the following Fourier integral

73} —iwt
,0,1) = £2 f ¢ do. (1.102)
27iJ -0 @+ in

Now consider a time-harmonic stress wave of the form

T{x, 1) = —~1— g fotmxlen) (1.103)
w+in
Clearly this wave is generated in a half-space by a surface traction of the
form (w+in)~ ! exp (—iwt). Since linear superposition is allowable, and
since the response to the individual components of the integral representa-
tion (1.102) is given by (1.103), the stress due to a surface traction of the
form (1.101) may be expressed as

T, = ng e it Mo . (1.104)
27id - w+in

Eq. (1.104) provides us with a formal representation of the stress due to

a surface traction of the form (1.101). The integral in eq. (1.104) can be

evaluated by means of the technique of contour integration in the complex
plane. Integrals appearing in solutions of the form (1.104) are exemplified by

I= f ) f(0)d¢, (1.105)

where f({) is single-valued and q is real. These integrals are evaluated by
the residue theorem, which states that for counterclockwise integration

1 €“*f({)d{ = sum of the residues inside I (1.106)

2niJ
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To evaluate integrals of the form (1.105) we select a contour I' consisting
of the real axis and a semicircle of radius R about the origin. For a > 0,
the semicircle is taken in the upper half-plane. In the limit R — oo, the
integral along the semicircle vanishes if the following condition applies:
F(R) » 0 as R — co, where |f(Re®)] < F(R). This result is known as
Jordan’s lemma. The residue theorem and Jordan’s lemma are discussed
in books on functions of a complex variable.®

For the particular case of (1.104) we close the contour in the upper
half-plane for t—x/c; < 0, and in the lower half-plane for t—x/c; > 0,
in order that the integration over the semicircle vanishes. Since there are
no poles in the upper half-plane, we find

(%, ) =0 for ¢ t<x (1.107)
In the lower half-plane there is a pole at @ = —iy, whose contribution yields
T, = — Po €XP [—n (t— i)} for ¢, t = x. (1.108)

‘L

This is, of course, just the solution obtained in section 1.3.

Although the foregoing example displays the features of Fourier integral
analysis, the example is rather simple. Another example will be discussed
in chapter 4, while a more complete treatment of Fourier transform tech-
niques is given in chapter 7.

1.10. Problems

1.1. Derive the one-dimensional equations of motion in the material and
spatial descriptions for the case when the medium is subjected to a distribu-
tion of body forces which depends on position and time.

1.2. Suppose that in the material description a propagating displacement
pulse is defined by

U(X, 1) = F (t— ’_é) .

For a specific time ¢ the displacement pulse is shown in the figure. Since
x = X+ U, the corresponding pulse in the spatial description can be
obtained by a shifting of abscissa. What is the form of u(x, t)? Carry out
the geometrical construction of u(x, t) and observe that there is a limitation

S See, e.g., G. F. Carrier, M. Krook and C. E. Pearson, Functions of a complex varidble.
New York, McGraw-Hill, Inc. (1966), pp. 57, 81.
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on F'( ), where a prime denotes a derivative with respect to the argument.
What is the physical significance of this limitation?

N,

1.3. It can be verified by direct substitution that f(r—x/c) and g(t+x/c)
satisfy eq. (1.38). The sum of these two expressions is, however, generally
not a solution of eq. (1.38). Show that if f+g is to satisfy eq. (1.38), the
following condition must be met:

[ g (1+g'[e)+g"f'(1+f"[c) = 0.
For what type of displacement distribution F(t—X/C) is this relation
automatically satisfied?

1.4. Consider an elastic rod (Young’s modulus E, mass density p) of length
/, which is rigidly clamped at x =/, as shown in the figure. The rod is
initially at rest. At time ¢+ = O the end x = 0 is subjected to a pressure p(z).

-
pt) . é

Assuming that the linearized one-dimensional stress approximation is valid,

(a) Determine the reflection at x = / of the primary stress wave.

(b) Find an expression in the form of a series for the stress at a position
x at an arbitrary time ¢.

(c) Suppose p(t) is a square pulse of length a/c, and magnitude p,,
where a < /. If the material is brittle, and much weaker in tension
than in compression, and if p, exceeds the tensile strength of the
rod, at what location would you expect the rod to break?

p(t)

DOI
tn

l /e

a



44 ONE-DIMENSIONAL MOTION OF AN ELASTIC CONTINUUM {Ch. 1, § 1.10.

1.5. An initially undisturbed rod of cross-sectional area A is subjected to
a concentrated load FoH(r), where H(r) is the Heaviside step function.
At x = [ a point mass m is fixed to the rod. Determine the reflected and
transmitted waves for the linearized theory.

FoH (1) m

[ ——

1.6. A rod of length / and square cross section (cross-sectional area h?)
is resting on one of its lateral sides on a smooth plane surface. At time
t = 0 the rod is subjected at one end to an axial force FyH(t). There is no
friction between the plane surface and the rod. The total mass of the rod
is h%lp, where p is the mass density. If the rod were infinitely rigid the
motion of the center of gravity would follow from an application of New-
ton’s law. Consider a rod of Young’s modulus E, and compare in the time
interval 0 < ¢ £ 5//c, the motions of the centers of gravity of the rigid and
the deformable rods.

1.7. A split-Hopkinson bar is a device to measure mechanical properties
of a material. A very thin slice of the material is placed between a main
rod and an extension rod as shown in the figure. The inertia of the specimen

specimen

main rod extension rod

is neglected. Suppose that an incident and a reflected pulse are measured at
a position in the main rod, and a transmitted pulse is measured in the ex-
tension rod. How can this information be used to determine the relation
between 7, and ¢, in the specimen?

1.8. An initially undisturbed rod of cross-sectional area A4 is subjected to a
concentrated load Fo H(?). In the interval / £ x £ /+a, an inclusion of

RH(E) S0P
]

— |

Ep* E
/ 14 / P
¥ I [

{ I a

— X
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a different material is placed, as shown in the figure. Determine the trans-
mitted waves into the region x > /+a. Show that the resuit of problem 1.5
is a limitcase of the result of the present problem.

1.9. A very long rod of cross-sectional area A with an attached (rigid) mass
M is traveling to the right with constant velocity V,, without stress. A
remote section S is stopped in a time which is very short, but not zero. S
is then held.

—

—
l—=x

(a) Sketch the form of the particle velocity wave f'(f—x/c,) which runs
along the rod from S, for a time ¢ before arrival at M. Here ¢, = (E/p)*.

(b) The time of arrival at M is chosen as ¢z = 0. Show that for ¢ > 0 the
(absolute) velocity of M is given by

t
vp(8) = V0+f'(t)+e_‘"f e [uf'(r)—f"(v)]dr,
0
where u = Apc,/M.

1.10. In problem 1.9 the time of stopping at S is now taken extremely short,
approaching zero as a limit.
(a) Examine the limiting forms of f'(¢) and of the integrals in 1.9b, and
show that n the limit
op(2) = Vo(2e# —1).

(b) Show that the displacement of M to the right after the arrival of the
wave is

V.
4=="(1-2).
U
(¢) Consider the extremes M — oo and M — 0, State separately (i) what

values of v,,(¢) you would expect, and why; and (ii) what values are obtained
from 1.10a.



CHAPTER 2

THE LINEARIZED THEORY OF ELASTICITY

2.1. Introduction

An elastic body has a natural undeformed state to which it returns when
all external loads are removed. There are, therefore, conceptual advantages
in describing the deformation of an elastic body within the context of the
material description, where the independent variables are time and the
reference position of a particle in the undeformed state. A detailed deriva-
tion would show that the general system of equations governing the three-
dimensional motion of an elastic body in the material description is strongly
nonlinear. It is, however, a matter of wide experience that many wave
propagation effects in elastic solids can adequately be described by a
linearized theory.

For a one-dimensional geometry the general theory, as well as the
linearized theory and the conditions for linearization, were discussed in
chapter 1. To treat in some detail the nonlinear theory and the corresponding
linearization in a three-dimensional setting falls outside the scope of this
book. We will thus restrict ourselves to the remark that for the material
description the linearization is justifiable if the spatial gradients of the
displacement components are much smaller than unity and if all the com-
ponents of the Cauchy stress tensor are of the same order of magnitude. If,
moreover, the time derivatives of the displacement components are small
enough. the convective terms in the spatial description of the velocity and the
acceleration may be neglected. The differences between the material and
the spatial descriptions of the motion then disappear and it suffices to
employ one system of dependent and independent field variables.

The linearized theory of elasticity has been the subject of several treatises.
For a detailed treatment we refer to the book by Sokolnikoff."! The basic
equations are, however, briefly summarized in this chapter for the purpose
of reference. Some topics which are particularly relevant to dynamic

Y 1. S. Sokolnikoff, Mathematical theory of elasticity. New York, Mc-Graw-Hill Book
Co. (1956).
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problems are discussed in more detail. We also include a summary of the
linearized equations in rectangular, spherical and cylindrical coordinates.
The chapter is concluded with a brief discussion of the governing equations
for an ideal fluid.

2.2. Notation and mathematical preliminaries

Physical quantities are mathematically represented by tensors of various
orders.? The equations describing physical laws are tensor equations.
Quantities that are not associated with any special direction and are measured
by a single number are represented by scalars, or tensors of order zero.
Tensors of order one are vectors, which represent quantities that are char-
acterized by a direction as well as a magnitude. More complicated physical
quantities are represented by tensors of order greater than one. Throughout
this book hight-faced Roman or Greek letters stand for scalars, Roman
letters in boldface denote vectors, while lower case Greek letters in boldface
denote second-order tensors.

2.2.1. Indicial notation

A system of fixed rectangular Cartesian coordinates is sufficient for the
presentation of the theory. In indicial notation, the coordinate axes may be
denoted by x; and the base vectors by i;, where j = 1, 2, 3. In the sequel,
subscripts assume the values 1, 2, 3 unless explicitly otherwise specified. If
the components of a vector u are denoted by u;, we have

o= Ul tuyiytusiy. (2.1)

Since summations of the type (2.1) frequently occur in the mathematical
description of the mechanics of a continuous medium, we introduce the
summation convention, whereby a repeated subscript implies a summation.
Eq. (2.1) may then be rewritten as

u = ui.. (2.2)

JJ

As another example of the use of the summation convention, the scalar
product of two vectors is expressed as

Wov = uv; = U0 +uy0+Uusv;. (2.3)

Z As a reference for the elements of vector and tensor analysis used in this section we
refer to H. Jeffreys, Cartesian tensors. Cambridge, University Press (1931).
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As opposed to the free index in #;, which may assume any one of the values
1,2, 3, the index j in (2.2) and (2.3) is a bound index or a dummy index,
which must assume all three values 1, 2 and 3.

Quantities with two free indices as subscripts, such as 7;;, denote com-
ponents of a tensor of second rank z, and similarly three free indices define
a tensor of rank three. A well-known special tensor of rank two is the
Kronecker delta, whose components are defined as
1 ifi=j

%S0 it

(2.4)

A frequently-used special tensor of rank three is the alternating tensor,
whose components are defined as follows:

+ 1 if ijk represents an even permutation of 123
e;x = 0if any two of the ijk indices are equal (2.5)

— 1 if ijk represents an odd permutation of 123.

By the use of the alternating tensor and the summation convention, the
components of the cross product h = u Av may be expressed as

h; = e ;v (2.6)

In extended notation the components of k are
hl = u2 U3—U3U2

hy = uyv;—u v,

hy = uv,—u,v,.

2.2.2. Vector operators

Particularly significant in vector calculus is the vector operator del (or
nabla) denoted by V,
0 0 d
=i — +i2i+i3—. 2.7)
5),61 6x2 aX3
When applied to the scalar field f(x,, x,, x3), the vector operator V yields
a vector field which is known as the gradient of the scalar field,

gradf =Vf=i10—f—‘ +i2£ +i3f}—f‘.
0%y 0x, 0x3
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Inindicial notation, partial differentiation is commonly denoted by a comma,
and thus
gradf = Vf =i, f ,. (2.8)

The appearance of the single subscript in f , indicates that f , are the
components of a tensor of rank one, 1.e., a vector.

In a vector field, denoted by u(x), the components of the vector are
functions of the spatial coordinates. The components are denoted by
ufx,, x5, x3). Assuming that functions u;(x,, x,, x;) are differentiable,
the nine partial derivatives du,(X,, X5, X3)/0x; can be written in indicial
notation as u; ;. It can be shown that u; ; are the components of a second-
rank tensor.

When the vecior operator V operates on a vector in a manner analogous
to scalar multiplication, the result is a scalar field, termed the divergence
of the vector field u(x)

dive =V-u=u,. (2.9)

By taking the cross product of V and u, we obtain a vector termed the cur/
of u, denoted by curl w or VAu. If g = VAu, the components of g are

qi = eijkuk’j. (2.10)

The Laplace operator V? is obtained by taking the divergence of a gradient.
The Laplacian of a twice differentiable scalar field is another scalar field,

divgradf =V -Vf = . (2.11)
The Laplacian of a vector field is another vector field denoted by VZu
Viu=V-Vu=u,;i,. (2.12)

2.2.3. Gauss’ theorem

We close this section with the statement of the most important integral
theorem of tensor analysis. This theorem, which is known as Gauss’
theorem, relates a volume integral to a surface integral over the bounding
surface of the volume. Consider a convex region B of volume ¥, bounded
by a surface S which possesses a piecewise continuously turning tangent
plane. Such a region is said to be regular. Now let us consider a tensor field
Tin...p and let every component of 7,  , be continuously differentiable
in B. Then Gauss’ theorem states

fyfjkz...p,idV =fsni1jkl.._pdA, (2-13)
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where n; are the components of the unit vector along the outer normal to
the surface S. If eq. (2.13) is written with the three components of a vector
u successively substituted for 7;,  ,, and if the three resulting equations
are added, the result is

f u; dv =fniuidA. (2.14)
v s

Eq. (2.14) is the well-known divergence theorem of vector calculus which
states that the integral of the outer normal component of a vector over a
closed surface is equal to the integral of the divergence of the vector over the
volume bounded by the closed surface.

2.2.4. Notation

The equations governing the linearized theory of elasticity are presented in
the following commonly used notation:

position vector: x (coordinates x;)
displacement vector: wu (components u,)
small strain tensor: ¢ (components ¢;;)

stress tensor: = (components 1;;)

2.3. Kinematics and dynamics

2.3.1. Deformation

Let the field defining the displacements of particles be denoted by u(x, ).
As a direct implication of the notion of a continuum, the deformation of
the medium can be expressed in terms of the. gradients of the displacement
vector. Within the restrictions of the linearized theory the deformation
is described in a very simple manner by the small-strain tensor g with
components

& = 3(ui, j+us0)- (2.19)

It is evident that ¢;; = ¢, i.e., & is a symmetric tensor of rank two. It is
also useful to introduce the rotation tensor @ whose components are
defined as

i = Hug, j—uj)- (2.20)

We note that @ is an antisymmetric tensor, @;; = —y;.
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2.3.2. Linear momentum and the stress tensor

A basic postulate in the theory of continuous media is that the mechanical
action of the material points which are situated on one side of an arbitrary
material surface within a body upon those on the other side can be com-
pletely accounted for by prescribing a suitable surface traction on this
surface. Thus if a surface element has a unit outward normal »n we introduce
the surface tractions ¢, defining a force per unit area. The surface tractions
generally depend on the orientation of n as well as on the location x of the
surface element.

Suppose we remove from a body a closed region V+ S, where S is the
boundary. The surface S is subjected to a distribution of surface tractions
t(x, ?). Each mass element of the body may be subjected to a body force
per unit mass, f(x,7). According to the principle of balance of linear
momentum, the instantaneous rate of change of the linear momentum of
a body is equal to the resultant external force acting on the body at the
particular instant of time. In the linearized theory this leads to the equation

ftdA+f of &V ‘=f pidV. (2.21)
N 14 14
By means of the “tetrahedron argument,” eq. (2.21) subsequently leads to
the stress tensor ¢ with components t,;, where

t’ = T“nk. (2.22)

Eq. {(2.22) is the Cauchy stress formula. Physically t,, is the component
in the x,-direction of the traction on the surface with the unit normal i,.
By substitution of #; = 7,,m, eq. (2.21) is rewritten in indicial notation as

fr,‘,n,‘ dA+f pofidV =f pti,dV. (2.23)
s v v

The surface integral can be transformed into a volume integral by Gauss’
theorem, eq. (2.13), and we obtain

fy(fu,k'i'Pﬁ"‘Pﬁt)dV = 0. (2.24)

Since ¥V may be an arbitrary part of the body it follows that wherever the
integrand is continuous, we have

Tkt oSt = ply. (2:25)
This is Cauchy’s first law of motion.
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2.3.3. Balance of moment of momentum

For the linearized theory the principle of moment of momentum states

J‘S(x At)dA4 + fv(x Af)pdV =va a% (xA@)dV.

Simplifying the right-hand side and introducing indicial notation, this
equation can be written as

jektmxztmdA+ Jpekzmxlfde = Jpeklmxlade (2.26)
s v v

Elimination of ¢,, from the surface integral and the use of Gauss’ theorem
result in

J‘ ek!m xl Tnm nn dA = J\ eklm(éln Tnm + xl Tnm, n)d V
s 14

By virtue of the first law of motion, eq. (2.26) then reduces to

jeklmélntnmdv =0
| 4

or
CtmTim = 0.

This result implies that
Tim = Tt (2.27)

i.e., the stress tensor is symmetric.

2.4. The homogeneous, isotropic, linearly elastic solid

2.4.1. Stress-strain relations

In general terms, the linear relation between the components of the stress
tensor and the components of the strain tensor is
Ty = Cijklakla
where
Cijkl = Cjikl = Cklij = Cijlk-

Thus, 21 of the 81 components of the tensor C;j, are independent. The
medium is elastically homogeneous if the coefficients C;, are constants.
The material is elastically isotropic when there are no preferred directions
in the material, and the elastic constants must be the same whatever the
orientation of the Cartesian coordinate system in which the components of
7;; and ¢;; are evaluated. It can be shown that elastic isotropy implies that
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the constants C;;,; may be expressed as
Cijr = 40,;0,+u(030;,+0,6,).

Hooke’s law then assumes the well-known form

Ty = A8 04 2ue;;. (2.28)
Eq. (2.28) contains two elastic constants A and p, which are known as
Lamé’s elastic constants.

Putting j = i in eq. (2.28), thus implying a summation, we obtain
i = (34+ 2p)eu, (2.29)

where we have used 6, = d,,+6,,+533 = 3. By substituting ¢; =
7,;/(34+2p) into (2.28) and solving for &;;, we obtain the strains in terms
of the stresses as
A6
gj = — ——2——
2u(34+2u)

It is clear that ¢;; can be uniquely determined by 7;; only if

T+ 1 T (2.30)
2u

w0 and 31424 # 0.
In order not to have zero strain for a finite stress we should also have
lul < oo and |344+2u] < .

By considering the special state of stress defined by t,, # O, all other
17;; = 0, which defines a state of simple shear, we identify u as the shear
modulus which relates 7,, and &,, by 7y, = 2 ue,,. Since experimental
observations show that for small deformations 7,, and &,, have the same
direction, we may state

u>0.

Another special state of stress, known as hydrostatic pressure, is defined by
1;; = —pd,;;. By employing eq. (2.29) we find p = — Bey,, where B =A+4%u
is known as the modulus of compression or the bulk modulus. For in-
finitesimal deformation &, denotes the volume change of an element. Since
a hydrostatic pressure should reduce the volume of a body, we should have
B>0,or

3442 > 0.

The foregoing observations on the elastic constants x and 34+ 2u may now
be summarized as
0<34+2u< 0, 0 < pu < . (2.31)
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2.4.2. Stress and strain deviators

The stress tensor can be written as the sum of two tensors, one representing
a spherical or hydrostatic stress in which each normal stress component is
474 and all shear stresses vanish. The complementary tensor is called the
stress deviator, denoted by s;;. Thus, the components of the stress deviator
are defined by

Sip = Ty — 300y (2.32)

In the same manner we can define the strain deviator e;; by
(2.33)

From eq. (2.28) it can now quite easily be shown that the following simple
relation exists between s;; and e;;:

€ = Sij—%skkéip

sij = 2/,l€ij, (234)
where u is the shear modulus. In addition we also have, according to (2.29),

%Tkk = Bskk, (2.35)
where

B=2A+%u (2.36)

is the bulk modulus, which came up earlier in the discussion of the state of
hydrostatic pressure. Eqgs. (2.34) and (2.35) are completely equivalent to
Hooke’s law (2.28), and these equations may thus also be considered as
the constitutive equations for a homogeneous, isotropic, linearly elastic solid.

Other elastic constants that often appear in linear elasticity are Young’s
modulus E and the Poisson’s ratio v. A number of useful relationships among
the isotropic elastic constants are summarized in table 2.1.

TABLE 2.1
Relationships among isotropic elastic constants
E,» E u Au
1 Ev H(E—2p) 1
(1+»)Y(1—2») 3u—E
E
K 2(1+») K K
p(3A+2u)
E E E —_—
Atp
E ME 2
B —— — — — A+
3(1—27) 3Gu—E) R
E-2u A

v ¥ —_—

2n 20+ 1)
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2.4.3. Strain energy

By the definition of the strain energy density %, we have
d% = ‘E,-jdeij.
In terms of the stress and strain deviators d% assumes the form
A% = (s;j+ 3740, )d(e;;+ 36, 9;)),
which reduces to
du = v de,+s5;;de;;.

Use of egs. (2.34) and (2.35) then leads to the integrated form
U = %B(ekk)2+tu'eijeija

where it is assumed that % vanishes in the undeformed reference state.
It is now clear that the conditions on u and 34+ 2y as stated by eq. (2.31)
imply that % is positive semi-definite

€ = 0. (2.37)

One can also take a different point of view and state (2.31) as a necessary
and sufficient condition for the required positive definiteness of the strain
energy function.
By consulting table 2.1 it can be checked that the following conditions are
equivalent to (2.31):
E>0and -1 <v<i

The isotropic strain energy density function can be written in the alternative
form
% = %i(ekk)2+‘u.6,-j6ij. (2.38)

2.5. Problem statement in dynamic elasticity

We consider a body B occupying a regular region ¥ in space, which may be
bounded or unbounded, with interior ¥, closure ¥ and boundary S. The
system of equations governing the motion of a homogeneous, isotropic,
linearly elastic body consists of the stress equations of motion, Hooke’s
law and the strain-displacement relations:

Tij,i+Pfi = Pl (2.39)
Ti; = Aey b+ 2pe; (2.40)

and
&y = j+u; ), (2.41)



56 THE LINEARIZED THEORY OF ELASTICITY [Ch. 2, § 2.5.

respectively. If the strain-displacement relations are substituted into Hooke’s
law and the expressions for the stresses are subsequently substituted in the
stress-equations of motion, we obtain the displacement equations of motion

i g5+ (At g it ofi = pii;. (2.42)

Egs. (2.39)-(2.42) must be satisfied at every interior point of the undeformed
body B, i.e., in the domain V. In general, we require

ulx, 1) e €*(VxT) n € (V x T) (2.43)
fi(x, 1) e €(VxT), (2.44)

where T is an arbitrary interval of time. The class of functions defined by
#(R) consists of all tensor-valued functions of any order that are defined
and continuous on a subset defined by R. For a positive integer, €"(R)
consists of all functions in €(R) whose partial derivatives of order up to
and including » exist on the interior of R, and there coincide with functions
belonging to %(R). If the displacements do not satisfy the smoothness
requirements (2.43), separate relations must be satisfied by the discon-
tinuities.

On the surface S of the undeformed body, boundary conditions must
be prescribed. The following boundary conditions are most common:

(i) Displacement boundary conditions: the three components u; are
prescribed on the boundary.

(i) Traction boundary conditions: the three traction components f; are
prescribed on the boundary with unit normal n. Through Cauchy’s formula

t = tn; (2.45)

this case actually corresponds to conditions on three components of the
stress tensor.

(iii) Displacement boundary conditions on part S, of the boundary and
traction boundary conditions on the remaining part S—S, .

Other conditions are possible on the boundary of the body. In the dis-
cussion of the uniqueness theorem in chapter 3 the boundary conditions
will be stated in detail.

To complete the problem statement we define initial conditions; in V
we have attime ¢ = 0

u(x, 0) = i;(x)
ui(x, 0%) = v,(x).
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2.6. One-dimensional problems

If the body forces and the components of the stress tensor depend on one
spatial variable, say x,, the stress-equations of motion reduce to

T, 1 +ofi = pi;. (2.46)

Three separate cases can be considered.

Longitudinal strain. Of all displacement components only the longitudinal
displacement u, (x, , t) does not vanish. The one strain component is ¢,, =
0u,/0x,. By employing (2.28) the components of the stress tensor are
obtained as

Ty = (A+20)uy, 1, T22 = T35 = AUy, (2.47)
and the equation of motion is

(A+2p)uy, 11 +pf = piy. (2.48)

Longitudinal stress. The longitudinal normal stress t,,, which is a function
of x; and ¢ only, is the one nonvanishing stress component. Equating the
transverse normal stresses T,, and 7,5 to zero, we obtain the following
relations

-t
20+u)

€2 = €33 =

= —Vg,, (2.49)

where v is Poisson’s ratio. Subsequent substitution of these results in the
expression for t,, yields

Tll = EEU, (2.50)
where
£ = H3A+20) (2.51)
At+u

The constant E is known as Young’s modulus. The equation of motion
follows by substitution of (2.50) into (2.46). Wave propagation in one-
dimensional stress was considered in section 1.5.

Shear. In this case the displacement is in a plane normal to the x,-axis,

u = uy(x,, i, +us(x,, t)iy.
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The stresses are
Tay = MUz, 15 T3y = HU3 1-

Clearly, the equations of motion reduce to uncoupled wave equations for
u, and uj, respectively.

2.7. Two-dimensional problems

In two-dimensional problems the body forces and the components of the
stress tensor are independent of one of the coordinates, say x3. The stress
equations of motion can be derived from (2.39) by setting 6/0x; = 0. We
find that the system of equations splits up into two uncoupled systems.
These are

‘53,9,,9+pf3 = pi; (252)
and

Tap,pt+Pfa = pli,- (2.53)

In eqgs. (2.52) and (2.53), and throughout this section, Greek indices can
assume the values 1 and 2 only.

2.7.1. Antiplane shear

A deformation described by a displacement distribution u(x,, x,, ) is
called an antiplane shear deformation. The corresponding stress com-
ponents follow from Hooke’s law as

TSB = 'Llu3'ﬂ. (254)

Eliminating 73, from eqs. (2.52) and (2.54), we find that u,(x;, x,, f) is
governed by the scalar wave equation

uus, ggt+pfs = pits. (2.55)

Pure shear motions governed by (2.55) are usually called horizontally
polarized shear motions.

2.7.2. In-plane motions

It follows from eq. (2.53) that the in-plane displacements u, depend on
X;, X, and ¢ only. With regard to the dependence of u, on the spatial coor-
dinates and time, two separate cases are described by eq. (2.53).



Ch.2,§2.8.] THE ENERGY IDENTITY 59

Plane strain. In a deformation in plane strain al// field variables are in-
dependent of x; and the displacement in the x;-direction vanishes identical-
ly. Hooke’s law then yields the following relations:

Top = lu,y75a3+u(u,",+uﬁ,a) (2.56)
133 = luv’y, (2.57)

where Greek indices can assume the values 1 and 2 only.
Elimination of ,, from (2.53) and (2.56) leads to

Hidy, gyt (A+p)uy o+ pfy = pily. (2.58)

Eq. (2.58) can of course also be derived directly from (2.42) by setting
uy; = 0 and 9/0x5 = 0.

Plane stress. A two-dimensional stress field is called plane stress if 743, 755
and 7, 3 are identically zero. From Hooke’s law it follows that ¢4 is related

to £;,+¢&,, by

A
€33 = —I_-*__zl_lu""" (259)
Substitution of (2.59) into the expressions for ,, yields
2ul
Tapg = ——— U, O+ttt g+ug o). 2.60
P aaap Wt p+4p,2) (2.60)

Substituting (2.60) into (2.53), we obtain the displacement equations of
motion. As far as the governing equations are concerned, the difference
between plane strain and plane stress is merely a matter of different constant
coefficients. It should be noted that (2.59) implies a linear dependence of
u; on the coordinate x3. The case of plane stress is often used for an ap-
proximate description of in-plane motions of a thin sheet.

The results of this section show that wave motions in two dimensions
are the superposition of horizontally polarized motions and inplane motions.
These motions are governed by uncoupled equations.

2.8. The energy identity

Surface tractions and body forces transmit mechanical energy to a body.
The rate of work of external forces is called the power input. For a body
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B occupying a regular region V with boundary S, the power input may be
expressed in the form

P =f z,.u,.dA+f of,u,dV, (2.61)
S 14

where the summation convention must be invoked. By employing Cauchy’s
stress formula f; = 7;;n;, and by a subsequent application of Gauss’
theorem, this expression may be rewritten as

P = fv[("’ii ), j+pfit]dV. (2.62)

To further evaluate (2.62) we decompose 1, ; into
ui,j = éij+d)ij’ (2.63)

where ¢,;; and w,; are defined by egs. (2.19) and (2.20), respectively. Since
the contraction of a symmetric and an antisymmetric tensor vanishes,
T;;u; ; may be written as

Tt ;= Tijij- (2.64)

By virtue of (2.64) and the equation of motion (2.39), the expression for
the power input then reduces to

P =fvpii,.z'4idV+fV-c,.jé,.jdV (2.65)
The kinetic energy of the body is defined as
K = %fvpu,.uidV, (2.66)
and it thus follows that the power input may be rewritten as
P = dK + | 78,4V
dt v

If the material is linearly elastic the total strain energy of the body is
14
The time derivative of U can be evaluated as

'di] = %’f (TUEU+TU£.U)dV =f TUéinI/,
dt v v
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where we have used Hooke’s law. For a linearly elastic body we thus find
dK dU
o= + —

- ) 2.68
dt dt (2.68)

Eq. (2.68) shows that for an elastic body the energy flowing into the body
through the activity of the surface tractions and the body forces is converted
into kinetic energy and strain energy.

For a body with a quiescent past, (2.68) can be integrated over time
between the limits 0 and ¢, to yield the energy identity

ftf t(x, s) - u(x, s)dAds+ th pf(x,s) - u(x,s)dVds = K(t)+ U(t), (2.69)

where K(¢) and U(r) are the kinetic and the strain energies of the body,
respectively.

2.9. Hamilton’s principle

2.9.1. Statement of the principle

The dynamic behavior of homogeneous systems in space, including continua,
can be specified by a single function, a Lagrangian density %, which is a

function of, say, n local dependent variables ¢,, ¢,, . . ., 4,, and their first
derivatives
A 0q; 0q;
qi = = , and = . 2-70
ot 4. 0x; (270)
Thus,
&L = L(qi, 4, q:,)- (2.711)

Generally there is no direct dependence of % on the independent variables
x; and ¢; there is only an indirect depsndence since g;, §; and g¢; ; are func-
tions of x; and ¢.

Hamilton’s principle states that of all possible paths of motion between
two instants ¢, and f,, the actual path taken by the system is such that the
integral over time and space of the Lagrangian density .# is stationary. An
analogous but more usual statement of the principle is that the variation
of the integral vanishes for any changes dg; which vanish at ¢ = ¢, and
t = t,, and on the boundary of the arbitrary volume V,

2
6f f Fdx,dx,dx;dt = 0. (2.72)
ty vV
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It is well established in the calculus of variations® that the condition that
the integral

2
f f Fdx, dx,dx;dt (2.73)
tJV

shall have a stationary value with respect to all possible values for which
the variables ¢, x,, x, and x; have an unchanged range of integration is the
existence of the set of Euler equations

3
2] L arer] oz, g
ot Lag; /=10x; Lo(gy, ;) 0q;

There is one equation for each value of i (i = 1, 2, 3). This set of equations
comprises the equations of motion of the system.

If matter is continuously distributed and if the system is conservative, the
Lagrangian density . equals the kinetic energy density minus the potential
energy density,

L =H=U. (2.75)
Thus, for the linearized theory of elasticity we have
L = pi;i;—[$A(ew)’ + pey; 8,51, (2.76)

and & depends on 4; and u; ; only.
For an elastic body of finite dimensions subjected to body forces and
surface tractions the statement of Hamilton’s principle must be modified to

ty t2
6f f (f—”?/)dVdH—f SW,dt = 0. (2.77)
ITCAY t

Here, W, denotes the work done by the body forces and surface tractions
when the displacement is varied.

Hamilton’s principle, as enunciated by eq. (2.72), is usually employed to
obtain a system of equations of motion from given energy densities. Thus,
by means of the Euler eqgs. (2.74), the displacement equations of motion
of a homogeneous, isotropic, linearly elastic solid can be derived by em-
ploying (2.76). An application of the principle is presented in section 6.11.
It is, however, also instructive and of interest to work in the opposite direc-
tion and to construct Hamilton’s principle by taking the stress equations of
motion, eq. (2.39), as point of departure.

3 P. M. Morse and H. Feshbach, Methods of theoretical physics. New York, McGraw-
Hill Book Company, Inc. (1953), p. 275.
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2.9.2. Variational equation of motion

We consider an elastodynamic problem for a body subjected to specified
body forces and specified surface tractions. The boundary surface S consists
of two parts, S, and S,, with the following boundary conditions:

over S,: the surface traction ¢ is prescribed,

over S,: the displacement u is prescribed.

Let us now consider a class of displacements du that are consistent with
the external constraints on the body but that are otherwise arbitrary. Thus
du must vanish on S,, but du is arbitrary over S,. Furthermore, du as a
function of x; and ¢ is assumed to be thrice differentiable. The arbitrary
displacements du are called virtual displacements. The terminology ‘“virtual”
implies that the virtual displacements are not actual displacements.

The virtual displacements that are imposed on the body cause the external
forces and the surface tractions to do virtual work. If pf are the body forces
per unit volume, the virtual work 1is

oW :f pf,-éu,-dV+f t,0u;d A. (2.78)
| 4 S

The surface integral in this expression can be transformed into a volume

integral by employing Cauchy’s stress formula ¢; = 7;;n;, and by a sub-

sequent application of Gauss’ theorem, see eq. (2.13). We obtain

j t,u,dA = f(rijaui)jdv
S, v '

= J (ty, j0u; +7;;0u; )dV.
| 4

By employing the decomposition

(2.79)

ou; ; = 3(0u; ;+0u; ) +3(0u; ;—ou; ;) = de;;+dw;;,
and by taking note that d¢;; and dw,;; are symmetric and antisymmetric,

respectively, we conclude in view of the symmetry of 7;;

T;;0u; ; = T;;08;;.

By virtue of the stress equations of motion, the virtual work may then be
written as

oW =f pii,-éu,-dV+f 7,;0¢;;dV. (2.80)
| 4 | 4

Equating the two expressions for the virtual work, (2.78) and (2.80), yields
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the variational equation of motion

f pﬂ5u,dV+f tiéuidA = f puléu,dV+f 'rijéaijdV. (2.81)
Vv Se vV Vv

2.9.3. Derivation of Hamilton’s principle

Let us integrate the variational equation of motion with respect to time
between two arbitrary instants ¢, and ¢,,

ty ty ty
f dWdt =f dtf rijéaijdV+f dtf pii; du,dV. (2.82)
to tg |4 to |4

By inverting the order of integration, and integrating by parts over ¢, the
second term can be written as

1 =J pl'li(Su[
V

Now we impose the restriction that du; vanishes identically at all points
of the body at times ¢ = ¢, and ¢ = ¢,. Then

t1 ty
—f de itié (pdu;)dt = —f pde u;ou,dt
v o Ot v to

ty
—f 0K dt,
to

where K is the kinetic energy

ty 1
dV—f de i(p&u,-)ilidt.
to 14 to Ot

—~
I

K =f A dV = %f pi i dV.
|4 |4

If the body is perfectly elastic we have a strain energy density %(e;;), such

that
_ o (2.83)

ij .
08y

Then

|4 4
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and eq. (2.82) reduces to

ty t
5f (U—-K)dt=J‘ oW, de. (2.84)
to t

n

Eq. (2.84) is Hamilton’s principle for a perfectly elastic body.

2.10. Displacement potentials

In the absence of body forces the displacement equations of motion follow
from (2.42) as
i+ (A+puy ji = pily. (2.85)

As usual, the summation convention is implied. This system of equations
has a disadvantageous feature in that it couples the three displacement
components. The system of equations can of course be uncoupled by
eliminating two of the three displacement components through two of the
three equations, but this results in partial differential equations of the sixth
order. A far more convenient approach is to express the components of the
displacement vector in terms of derivatives of potentials. These potentials
satisfy uncoupled wave equations.

In vector notation the displacement-equation of motion (2.85) can be

written as
pViu+ (A+p)VV - u = pi. (2.86)

Let us consider a decomposition of the displacement vector of the form
u=Vo+VAy. (2.87)
Substitution of the displacement representation (2.87) into eq. (2.86) yields

[
pV Vo +VAY]+(A+ VYV [Vo+VAy] = pgz [Vo+Vay].

Since V- V¢ = VZp and V- VA Y = 0, we obtain upon rearranging terms
VI(A+21)V20—pp]+V A [uV2§—p§] = 0. (2.88)

Clearly, the displacement representation (2.87) satisfies the equation of
motion if

Vz(p = ) (2.89)
‘L
and
2 1.
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where

A+2
ci:i—’l and c?

P
Egs. (2.89) and (2.90) are uncoupled wave equations.

Although the scalar potential ¢ and the components of the vector potential
Y are generally coupled through the boundary conditions, which still
causes substantial mathematical complications, the use of the displacement
decomposition generally simplifies the analysis. To determine the solution
of a boundary-initial value problem one may simply select appropriate
particular solutions of eqs. (2.89) and (2.90) in terms of arbitrary functions
or integrals over arbitrary functions. If these functions can subsequently be
chosen so that the boundary conditions and the initial conditions are satis-
fied, then the solution to the problem has been found. The solution is unique
by virtue of the uniqueness theorem, which will be discussed in chapter 3.

It should be noted that eq. (2.87) relates the three components of the
displacement vector to four other functions: the scalar potential and the
three components of the vector potential. This indicates that ¢ and the
components of i should be subjected to an additional constraint condition.
Generally the components of i are taken to be related in some manner.
Usually, but not always, the relation

(2.91a, b)

Il
© IR

Vg =0

is taken as the additional constraint condition. This relation has the ad-
vantage that it is consistent with the Helmholtz decomposition of a vector,
which is discussed in section 3.5. Moreover, it will be shown in section 3.4
that for an unbounded medium subjected to a distribution of body forces,
and for arbitrary initial conditions, the condition V-3 = 0 is a sufficient
condition for the elastodynamic displacement to be of the form

u=Vo+VAy,

2.11. Summary of equations in rectangular coordinates

In indicial notation the equations governing the linearized theory of elasticity
for a homogeneous, isotropic medium are given in section 2.5. Many con-
tributions to the field of elastic wave propagation employ, however, x, y
and z as coordinates rather than x,,x, and x;. In terms of an x, y,z
system, where the displacements in the coordinate directions are denoted by
u, v and w, respectively, the strain-displacement relations are
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o= 2 (2.92a, b, c)
Ox dy oz
26y, = 26, = 4+ O, (2.93)
dy  0x
2e,, = 2¢,, = ad + a_w, (2.94)
dz dy
2e,, = 2¢,, = ow + @ (2.95)
0x 0z

The stress-strain relations, as represented by Hooke’s law, result in the
following expressions

rx=,1(95‘+§3 +—0-’—”) +ou ¥ (2.96)
ox Jdy ¢z O0x
T, =2 (6_u + o + 6A_w) +2u o (2.97)
ox dy oz dy
T, =24 (61 + ol + @—V) +2/.L5—W (2.98)
dx 0dy Oz 0z
ou Ov
Tey = Tyx = —_— 4 — 2.99
P BT (ay ax) (299)
v Ow
Ty, = Ty = -— 4+ — 2.100
vz y = H (az ay) ( )
dw  du
Tox = Tz = — + —1}. 2101
# (ax az) ( )

The relations between the components of the displacement vector and the
scalar and vector potentials are represented by (2.87). In the xyz-system
we have

00, W 0y (2.102)
0x dy 0z

p =00 _ W W (2.103)
Jdy  0x 0z

_00 [ %y _ N (2.104)

oz  ax 9y

The scalar potential ¢ and the components ¥, ¥, and ¥, of the vector
potential ¥ satisfy the equations
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Vg == 22 2.105
¢ ¢k ot ( )
1 0%y 1 0%y 1 %y
v, =— ¥ gy == 2 g2y = 22 (2106a, b, c
v ¢k ot? vy ¢z ot? v ¢z ot? ( )
where
2 2 2
o9, 00 O (2.107)

+ — + —.
ox*  oy* oz*

By substituting (2.102)-(2.104) into (2.96)-(2.101), the stresses may be
written in terms of the displacement potentials as

p— 2 —

t, = Vi +2u -a-‘f- + 2 (‘MZ - a—%) (2.108)
Lox Ox \dy 0z / J
= . :

T, = AV +2u e _ 9 (a_(p_ - ai) (2.109)
Ldy? oy \ox 0z /
‘a2 A -1

T, = WVip+2u a_<2£ + 2 (a—% - 0—‘”") (2.110)
L0z 0z \ 0x dy /|

o =Ty = 4 P 0 (6~I/, _W) 9 (% _ 6%): (2.111)

L 0xdy dy \dy 0z ox oz

N -
S P A 2 N L T
L Oydz 0z \0Ox 0z 0y \ 0x oy /J

PN 3(6% 2 +£(% __%): . @113)

-
N
"
Il
I~
"
~N
|
=

L dx0z z \dy 0z ox dy

2.12. Orthogonal curvilinear coordinates

For the analysis of specific problems of elastic wave propagation, orthogonal
curvilinear coordinates often lead to simplifications of the mathematical
treatment. The simplifications materialize if in a suitably chosen system of
curvilinear coordinates one of the coordinates is constant on a bounding
surface of the body. For example, for waves emanating from a spherical
cavity of radius g in an unbounded medium, the forcing conditions on the
surface of the cavity are in spherical coordinates simply prescribed at r = a.

By means of general tensor calculus, nonorthogonal curvilinear coor-
dinate systems of any dimension can be treated. Here we restrict the discus-
sion, however, to three-dimensional orthogonal curvilinear coordinates. Let
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us consider a set of three independent functions g; of the Cartesian variables

Xj

0 = qi(xy, X2, X3), (2.114)
and let us assume that these equations may be solved for x; in terms of g;, or
x; = X;(q1, 92> 93)- (2.115)

The three equations ¢; = c;, where ¢; are constants, represent three families
of surfaces whose lines of intersection form three families of curved lines.
These lines of intersection will be used as the coordinate lines in our cur-
vilinear coordinate system. Thus, the position of a point in space can be
defined by the values of three coordinates ¢,, g, and g5. The local coor-
dinate directions at a point are tangent to the three coordinate lines inter-
secting at the point. '

In an orthogonal coordinate system, which is considered in this section,
the three coordinate directions are mutually perpendicular. We choose an
orthonormal right-handed basis whose unit vectors e;, e, and e; are
respectively directed in the sense of increase of the coordinates ¢,, ¢, and
q5. The following well-known relations hold

ene = e, (2.117)

ei' ej

where in (2.117) the indices £, j and k are in cyclic order. A major difference
between curvilinear coordinates and Cartesian coordinates is that the
coordinates ¢,, g, and g; are not necessarily measured in lengths. For
example, in cylindrical coordinates ¢, =r, g, =0, and ¢; = x;. This
difference manifests itself in the appearance of scale factors in the relation
between the infinitesimal displacement vector dr and the infinitesimal
variations dq,, dg, and dg,, namely,

dr = e h,dq, +e,h,dg, +e3h3dg;. (2.118)

The scale factors h; are in general functions of the coordinates g;.

The unit vectors e; generally vary in direction from point to point in
space, and a careful examination of the partial derivatives d/dq; of the unit
vectors e; is consequently required. From the expression for dr, eq. (2.118),
we have

or

— = ¢;h; (no summation, i = 1,2 or 3).
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Since the order of differentiation may be changed in &%r/dq, 6q,, we have

0
— (e, hy),
aqz(l 1)

d
— (e, hy)
aq,

or
e, 2 002, Oy Oer

(2.119)
oq, g, dq, ' 0q, |

By taking the scalar product with e, we obtain
ey _ by
oq, 0q;
where we have used (2.116), as well as the fact that in an orthogonal system
e, - (0e,/dq,) = 0. By multiplying (2.119) scalarly by e; we find
Je, Oy

hyey- —= =h,e5 - —. (2.121)
dq, 0q,

hse, (2.120)

By permutation of the indices, two expressions analogous to (2.121) are
found as

. Oes

hye - — = . . = hjye, (2.122a, b)
9 093 dq; dq,

Now, by taking the derivatives of e;-e, =0, e, - e, =0and e, - e¢; =0
with respect to q,, g5 and g5, respectively, and using the resulting equations
as well as egs. (2.122a, b), the following manipulations are directly veri-

fiable:

e, 02, 0 M, e b, e
9q, 0q, hs 9q; hsy 0q;
L I TS 2 S L

h, 09, hy 09, 0q,

The result shows that the inner product of e; and de,/dq, vanishes. Since
it is also clear that the inner product of e, and Je,/dq, vanishes, it is con-
cluded that Je,/dq, does not have components in the directions of e, and
e3, and it follows from (2.120) that

dey _ & Oy
dq, h, 0q,

Five other relations of this form can be derived by permutation of the
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indices, and the six results can be summarized as
Je; e; Oh;
0q h; 0q;

By employing (2.117) we can also write

i #j: (no summation). (2.123)

J

de d e de
—L = T (eyne;) =e;A — —eyn 2

0q, 29, 09, 0q,

hy 0q; h; 0q,
Two similar expressions can be derived for de,/dq, and des/dg5. In indicial
notation we have
Je; e; Oh, e Oh; .
— =4k % (no summation), (2.124)
0q; h; dq j hy 04y
where i, j and k must be taken in cyclic order.

All equations in Cartesian coordinates which do not involve space
derivatives and which pertain to properties at a point carry over unchanged
into curvilinear coordinates. If space derivatives are involved, however,
equations do not directly carry over, since the differential operators such
as the gradient, divergence, curl and the Laplacian assume different forms.

We consider first the gradient operator V. When applied to a scalar ¢
it gives a vector Vo, with components which we call f,, f, and f,. Thus

Vo =f e, +f,e,+f5e,.
The increment of ¢ due to a change of position dr is
dp = Vo -dr = h,f,dg, +h,f,dg, +hsf3dg,,
where (2.118) has been used. The increment de can also be written as

0 0 0
de =—(ed41+—(pd42+—(pd43,
dq, 0q, 0q3

whence it can be concluded that

e 0 e26+e36

v=4& 9 . & 9 & 9 (2.125)
hy 0q, hy 89,  hi 043
If the operation (2.125) is applied to a vector #, we obtain
Ve =0 08 e Ou ey Ou (2.126)

hy dq, hy, 0q;  hy 0‘13,
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which can be written out in more detail by using (2.123) and (2.124).
The divergence of a vector u is
divu =V -u=V-(ue +ue,+uye;)
=V -(u,e)+V-(ue;)+V-(ujey). (2.127)
Since gq; are independent coordinates we find, by using (2.125)
€;

Vg, = " (no summation). (2.128)

By writing the vector product of Vg, and Vg, we then find
e; = hihVq; A Vg, (no summation),

where i, j and k are in cyclic order. Substituting this result fori = 1,j = 2,
k = 3 into the first of (2.127), we obtain

V- (uye) = V{uyhyhy) - (Vg AVgs)+u hy hyV - (Vg, AVg,)

= V(u, h,h -(e‘)+0
(123) h2h3
1
——( hy h3).
" hihyhy 0q,

The two other terms can be worked out in a similar manner, and thus

1
hy hyhy

The curl operator of a vector u is

Vu=

l:@q,( hy hs)+ 5(;—(u2h hy )+£(u3h hz)] (2.129)

VAu=VA(uhVg,)+VA(uyhy Vg,)+V A(u3h3Vg3),

where (2.128) has been used. By employing the rule on the curl of a product
of a scalar and a vector we obtain for the first term

VAa(u,hyVgq,) =
( V= ha 1 a‘13 h, h 04, )
The other two terms can be worked out in a similar manner, and thus
| hy e, h,e, h3e3{
1 G, G, 0

VAau= (2.130)

hyhy hy| 0q, 0q, 0q; ]
hyuy hyu, hyus)
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The Laplace operator of a scalar can easily be derived by using (2.129)
and (2.125). Thus

3
Vi =V Vo = ! 52 [M a_q):l . (2.131)
hyhy hyn=10q, hy  0q,

The Laplacian of a vector is more complicated, and we will not write out
the expression. It is noted, however, that by using

Viu =V(V-u)—VAVAu,

and by employing the expressions for the gradient, the divergence and the
curl, V?u can be obtained.

2.13. Summary of equations in cylindrical coordinates

In cylindrical coordinates we choose
g, =14, =06,9; =z
The corresponding scale factors and unit base vectors are
h =1, h, =r, hy =1
e, = e, e, = e, e; = k.

The following equations then follow from (2.123) and (2.124):

et _g, %, %n_yg
dq, 09, 0q3
O _y, . %a_y
dq, 0q, 0q;
% = O, % = 0, % = O.
0q, 0q, 045

These relations can now be used to write the expressions for the differential
operators, which are given by (2.125)-(2.131).

Denoting the displacement components in the r, 8 and z directions by
u, v and w, respectively, the relations between the displacement components
and the potentials follow from (2.87) as

w00 Loy oY (2.132)
or r 06 0z
dp oY, 0 (2.133)

p= 100 Y _
r 06 0z or
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1 1
99 1 3Wer) 1 W (2.134)
0z r or r 00

W =

where

Vip == 22, (2.135)

+ o — (2.136)

The components of the vector potential y satisfy the equations

2 Yy 1 8%
v? ,—‘_/’_'———i’=— 4 2.137
v P r? 00 c2 or? ( )
200, 1 0%
yay _ Yo 2 0 _ 1 07, 2.138
Voot a e T e (2.138)
1 %y
Vi, = = =, 2.139

In cylindrical coordinates the strain-displacement relations are given by

r=a_us 80=E+1@5 szza_‘w (2.1403.,b,c)
or r r 06 0z
dv v 1 0u
26, = 269, = — — — + = — 2.141
Y, (2.141)
2802 = 28_’0 = }- a—‘v + @ (2.142)
r 00 0z
2s,, = 28, = ou + 61 (2.143)
oz or
The stress-strain relations are of the forms
r,_:,{(ib_l_{.b_l.{.‘l@_{_o_w) -}—Zua_lf (2.144)
or r rof oz or )

19=A—+*+'"

. (du u 1 a_u N 6W)
or r r o oz

u 1 ov
2 (_ + 1 _) 2.145
p ~ (2.145)
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ou u 10v oOw ow
=Al— 4+ -+ =+ ) 42
or r ro@ oz 0z

0 o r roo

’ rdo oz

(2
Sl PP
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(2.146)

(2.147)

(2.148)

(2.149)

The stresses can be written in terms of the displacement potentials by sub-

stituting (2.132)—(2.134) into the relations (2.144)-(2.149).

2.14. Summary of equations in spherical coordinates

In spherical coordinates the orthogonal surfaces are the spheres r = const,
the circular cones & = const, and the planes x = const (see figure 2.1). We

Fig. 2.1. Spherical coordinates.

choose the coordinates
9 =r4q,=0,95 =%
with scale factors
hy =1, h,=r,hy =rsing,

and unit base vectors

el-'_—e’, ez=eg, e3=ez.

Egs. (2.123) and (2.124) then yield
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=0, = ey, = e,sin §
049, 09, 945 *
aﬁ=0, é‘f&-_-_e” &:elcose
0q, 04, aq5
Qfl: , ?.e2=0, »a—e—3-= —e, sin §—eycos f.
aql aqz aq3

Substitution of these expressions into (2.125)-(2.131) yields the expressions
for the differential operators in spherical coordinates.

Denoting the displacement components in the directions of increasing 7,
6 and y by u, v and w, respectively, the relations between displacements and
potentials become

u =%: + rsi1n0 [5% (Y, sin 6) — %%’} (2.150)
where
Vip =;1;% %" (2.153)

and the Laplacian V? is defined as

2
V2= 19 (r2 2) + 1 i(sin@z) + L2 . (2.154)

r2or\ ar)  rsing 00 00) " r*sin? 6 oy’
Also

2 2 0 . 2 oy 1 0%y
Vi, — Sy, — — (g sin ) — Xt = 2 2.155
v r risin 8 99 Ws ) r’sing 9y cr otf ( )

2 oy 2cos 8 Oy 1 %y
viy,— Yo 2 W, 20080 oy, 1 G, 2.156
e rrsin?9 r* 30 rPsin?@ 0y i at? ( )
2

o v, 2y, 20080 W LW s

* (2sin? 0 rlsinf dy  risin?6 9y c2 of
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The strain-displacement relations are

du
& = —
ar
1odv u
80 = - — -
rofd r
g, = 1 (q—w +u sin 040 cos 9)
rsin @ \ gy
2w =2 = L (2 )
ar r \df
289y = 2849 = L 1 (a—u —Wcoso)
r 80 rsin \0y
1 .
28, = 2¢, = ow + — (QE —wsin 9)
dr  rsin@ \dy
From Hooke’s law we find
T, =ia+2u@
or
1ov u
= Ae+2u|l- — + -
K et #<r 00 * r)

T, = Ae+ 2.# (@f+usin0+ucos@)
rsin 6 \dy

e 25 )
0 o = H or r\df
Tgy = Ty = [1@+ ! (a—u—wcos())]
ox w=H r 060 rsin 8 \dy
[:6w 1 (au . )jl
Ty =Ty = U | — + —; — —wsinf} |,
or rsinf \o0y

dou 10dv u 1 (0

where

=—+-—4-+

or rd8 r rsinf\oy

w .
— 4usinf+vcosf
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(2.158)
(2.159)
(2.160)
(2.161)
(2.162)

(2.163)

(2.164)
(2.165)
(2.166)
(2.167)
(2.168)

(2.169)

) . (@.170)

The stresses are obtained in terms of the displacement potentials by sub-

stituting (2.150)~(2.152) into the relations (2.164)~(2.169).



78 THE LINEARIZED THEORY OF ELASTICITY [Ch. 2,§ 2.15.

2.15. The ideal fluid

It is a matter of experience that a fluid at rest or in uniform flow cannot
sustain shear stresses. Hence the state of stress is purely hydrostatic. An
ideal (nonviscous) fluid is a fluid which cannot sustain shear stresses, even
when it is in motion. The state of stress in an ideal fluid is thus described by

2.171)

where p is the pressure, which satisfies the equation of state. When the
equation of state is p = p(p), where p is the mass density, the ideal fluid is
called an elastic fluid. For small disturbances from equilibrium which we
are considering here, the equations of state follow directly from Hooke’s
law, eq. (2.28), by setting x = 0. We find

Ty = Tap =T33 = Agy, = —p (2.172)
112 = 113 = 123 = O. (2.173)

In liquids 4 is very large, whereas it has only moderate values for gases.
Ignoring body forces the equations of motion for an ideal elastic fluid are
in the linear approximation

AVY - u = pii. (2.174)
It is convenient to introduce a scalar velocity potential ¢ by the relation
u = Vo. (2.175)
Clearly eq. (2.174) is satisfied if
Vip = 12(,, (2.176)
Cr
where
s A
=7 (2.177)

This wave equation holds for small disturbances propagating in an ideal
elastic fluid. It finally follows from (2.172) and (2.176) that

p=—AV-u=—pp. (2.178)



CHAPTER 3

ELASTODYNAMIC THEORY

3.1. Introduction

This chapter is concerned with the discussion of several formal aspects of
the theory of dynamic elasticity and with general methods of solution of
elastodynamic problems. Among the theorems that are proven, the unique-
ness theorem for the properly formulated boundary-initial value problem
of elastodynamics is of primary importance. Another theorem states the
dynamic reciprocal identity which relates two elastodynamic states of the
same body. The dynamic reciprocal identity is of interest both as a vehicle
for the development of further theoretical results and for the generation of
solutions of problems. We also investigate in more detail the decomposition
of the displacement vector which was introduced in section 2.10, and we
prove a completeness theorem for the scalar and vector potentials.

The scalar and vector potentials for the displacement field are governed
by classical wave equations which have been studied in great detail in the
mathematical literature. In sections 3.6 and 3.7 general integral representa-
tions for the solution of the classical wave equation are examined with a
view toward determining the elastic wave motion generated by body forces
in an unbounded medium. The displacement and stress fields due to a time-
dependent point load are determined in section 3.8. These fields which
comprise the basic singular solution of elastodynamics are subsequently
employed to derive general integral representations for the field variables in
a bounded elastic body subjected to surface disturbances. The integral
representations are, however, mainly of formal interest because the elasto-
dynamic response to surface disturbances is generally determined in a more
efficient manner by direct applications of methods of analysis to the system
of governing equations. Several methods of analysis are introduced by means
of examples in the next chapter. The particularly useful methods based on
the application of integral transform techniques are discussed in considerable
detail in chapter 7.

A general statement of the elastodynamic problem for a body B with

79
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interior ¥, closure ¥ and boundary § was given in section 2.5. For economy
of presentation of the material of this chapter it is convenient to employ
the definition of elastodynamic states, which was introduced by Wheeler
and Sternberg.!

Elastodynamic state: Consider a vector-valued function u(x,¢) and a
tensor-valued function z(x, ), both defined on V x T, where T is an arbitrary
interval of time. We call the ordered pair & = [u, t] an elastodynamic state
on V x T, with the displacement field u and the stress field 7, corresponding
to the body-force density f, the mass density p and the Lamé elastic constants
A and p, if

(@) ueC*(VxT)n€C'(VxT) (3.1)
t1e€(VxT) (3.2)
fe€(VxT) (3.3)

() p>0,0<3A4+2u< 00, 0<pu< @ (3.4)

(c) onVxT,u,rx1,f, p, Aand u satisfy the equations

Tij, i Hofi = pi; (3:5)
Ty = A O+ p(u; jtu; ) (3.6)

We write
F = [u,t]e &(f,p, 4 pu; VxT).
If in particular
u =0 on Vx(—o0,0],

where (— 00, 0] is a subinterval of T, we say that .# is an elastodynamic state
with a quiescent past, and we write

S = [u’ T] = @mo(f,/’a A K V)

3.2. Uniqueness of solution

It is not difficult to show that the solution of the elastodynamic problem
formulated in section 2.5 satisfies the criterion of uniqueness for an ap-
propriate set of boundary conditions. The proof of uniqueness given in this
section is essentially due to Neumann; it can also be found in this form in
the book by Sokolnikoff.? The proof is based on energy considerations.

We consider a bounded body B occupying the regular region V with

1 L. T. Wheeler and E. Sternberg, Archive for Rational Mechanics and Analysis 31
(1968) S1.

2 1. S. Sokolnikoff, Mathematical theory of elasticity. New York, McGraw-Hill Book
Co., Inc. (1956), p. 87.
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boundary S. The time interval is the half-open interval T* = [0, c0). We
state the following uniqueness theorem.

Theorem 3.1: Let &' and %" be two elastodynamic states with the
following properties:

(@) & =, ,v]1eé(fip, A p; VxTY)
L =, 1e&(f,p, A, u; VXTT),
i.e., both sets of displacements and stresses satisfy egs. (3.5) and (3.6) and

the requirements (3.1)-(3.4).
(b) Both elastodynamic states have the same initial conditions, i.e.,

orr

w'(x) = u'(x), d'(x) = 8"'(x) forevery xe V.

(c¢) The boundary conditions of the two elastodynamic states satisfy the
condition

f(t’—t”)-(iz'—iz")dA -0 on SxT*
S
Then
S =S on VxT*
or
u'(x,1) =u’(x,t) and v'(x, 1) = 7'(x,¢) on VxT*.

Proof. By virtue of the linearity of the problem it is clear that the set of
solutions defined by
u=u-—u', v=1—-1" (3.7)

will satisfy egs. (3.5) and (3.6) with f = 0. In view of supposition (b), the
initial conditions on u and u are

u=u=0 fortg0. (3.8)

We now turn to the energy identity for a body with a quiescent past, which
was derived as eq. (2.69) in section 2.8, and which states

f;fst ~udAds+ f;fyf- udVds = K(t)+ U(1),

where K(t) and U(r) are the kinetic and the strain energies, respectively.
From supposition (c) it now follows that

[ft-iszds=0.
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Since we also have f = 0, it is concluded that
K()+U(r) = 0.

Both the kinetic and the strain energies are, however, positive semidefinite,
and thus
K=U=0.
The first of these implies
u=0.
Since u(x, 0) = 0, we conclude

u(x,t) = 0.

Hence the two solutions are identical and the proof of the theorem is
completed.

For a discussion of the uniqueness theorem for an unbounded domain
we refer to the previously cited paper by Wheeler and Sternberg.

The boundary conditions that will lead to a unique solution are implied
in supposition (c). Obviously, if either the tractions or the displacements are
prescribed, (c) is satisfied and the solution is unique. These boundary
conditions are stated under (i), (ii) and (iii) in section 2.5. It is noted,
however, that mixed boundary conditions whereby over the whole or part
of S mutually orthogonal displacements and surface tractions are prescribed
will also lead to a unique solution.

3.3. The dynamic reciprocal identity

The dynamic reciprocal identity, sometimes also referred to as the dynamic
Betti-Rayleigh theorem presents a relation between two elastodynamic
states of the same body. The identity relates two sets of displacements and
stresses both satisfying (3.5) and (3.6), but with possibly different distri-
butions of body forces, different initial conditions and different boundary
conditions. The present discussion of the dynamic reciprocal identity is
based on the previously cited work of Wheeler and Sternberg.

The identity can be stated and proved in a convenient manner by em-
ploying some results of the theory of Riemann convolutions. Consider two
continuous scalar functions g(x, ¢) and A(x, t)

g(x, ) e €(VxT*), h(x, 1) e €(V'xT*),

where ¥V is a region in space, and T* is the half-open interval [0, o). The
half-open interval (— oo, 0] is denoted by T ™. The Riemann convolution of
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g(x, t) and h(x, r), which is denoted by [g * 2](x, ), is then defined as
[g *h](x,t) = 0, forall (x,1)eVxT~ (39)
=f g(x, t—s)h(x,s)ds  forall (x,t)eVxT".
0
For brevity we usually write

g+ h instead of [g = h](x, 1).

Eq. (3.9) represents the convolution of two scalar quantities.
The Riemann convolution of two vectors u(x, ¢) and u'(x, t) is defined as

Wk W =y kU] = U kU U, R Uy Ug kU, (3.10)
Similarly the convolution of a tensor = and a vector u is defined as
THU =T+ Uy, (3.11)

where the summation convention must, of course, be invoked.
A frequently useful property of Riemann convolutions is the property of
commutativity,

gxh =hx*g. (3.12)
If g(x, t) and A(x, t) are at least once continuously differentiable with respect
to time, then g * & is also at least once continuously differentiable with
respect to time. The analogous statement also holds with regard to dif-

ferentiation with respect to a spatial coordinate. The derivatives may be
expressed as

%(g # h) = g+ h+g(x, 0)h(x, ) (3.13)

a—a~(g*h)=g'i*h+g*h’i. (3.14)
Xi

We now turn to the reciprocal identity for a bounded body B occupying
the regular region V in space, with boundary S.
Theorem 3.2: Suppose

S =lu, < 1e8(f, piou; VXT)
S =, v e &, p, lpu; VXTT),
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with surface tractions

t;=1t,n; and f = 1jyn (3.15a, b)

Jittj»
respectively, and further for every x e V
u(x,0)=u(x), a(x0")=75(x)
u'(x,0) = u'(x), W'(x,07) = v'(x).

Then, for every ¢t > 0
ft i u’dA+pf {f «u +0'(x, 1) u(x)+u'(x, 1) o(x)}dV
s v
=ft’ * udA+pf {f *u+tulx, 1) w'(x)+u(x, 1) - v'(x)}dv.  (3.16)
s v

Proof: We consider a time 7 in the interval (0, o) and we define the
vector-valued function p(x, t) through

pix,t) = T uj—Tj *u;. (3.17)

Since p,(x, t) is continuously differentiable the divergence of p,(x, t) may be
written as

’ 14 14
Pii = Tj,i¥Uj+T;%U; ;—1T

14
JL i ¥ U Tk UG,

where (3.14) has been used. By employing the stress-equation of motion,
and by splitting the terms u; ; and u; ; in symmetric and antisymmetric
parts, we find

i
Puc = ) =0l * )+ 5l o)
—p(ii} * uj)+p(fj, * uj)—f}i * &y

where ¢;; is the strain tensor. By employing Hooke’s law and the distributivity
and the commutativity of convolutions we easily find
Tji* €)= Tj; % Ejy. (3.19)

Application of the rule on differentiation with respect to time, see (3.13),
twice in succession to u; * u; yields the result

Gxu—d'xu=709 -u+u -u—v-uw—u-uw on Vx(0,c0).
Substitution of this result and (3.19) into (3.18) yields in vector notation

Vep=p{f xuti-w+u-0}—p{f+u+d  -u+uw- v} (3.20)



Ch. 3,§3.4.] SCALAR AND VECTOR POTENTIALS FOR THE DISPLACEMENT FIELD 85

In view of the divergence theorem we have

fV-pdV =fpin,-dA
v s
=f(tj*u}—t}*u,-)dA,
s

where (3.17) and (3.15a, b) have been used. Substitution of (3.20) into the
left-hand side of (3.21) completes the proof.

An extension of this theorem to unbounded bodies was presented by
Wheeler and Sternberg.?

(3.21)

3.4. Scalar and vector potentials for the displacement field

3.4.1. Displacement representation
In section 2.10 1t was shown that a vector field of the form
u(x,t) = Vo+V Ay (3.22)

satisfies the displacement equations of motion provided that ¢(x, t) and
¥(x, t) are solutions of wave equations with characteristic velocities ¢,
and ¢y, respectively.

The question of the completeness of the representation (3.22) was raised
by Clebsch, who asserted that every solution of the displacement equation
of motion admits the representation (3.22). The work of Clebsch and others,
particularly Duhem, was discussed by Sternberg.*

3.4.2. Completeness theorem

In the formulation and the proof of the completeness theorem we will in-
clude body forces. The completeness theorem may then be stated as

Theorem 3.3: Let u(x, t) and f(x, ¢) satisfy the conditions

ue€*(VxT)
fe€(VxT),
and meet the equation
uViu+(A+u)VV - u+pf = pi (3.23)

3 L. T. Wheeler and E. Sternberg, ibid., p. 80. )
4 E. Sternberg, Archive Rational Mechanics and Analysis 6 (1960), 34.
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in a region of space ¥ and in a closed time interval T. Also let®
f = clVF+ciVAG. (3.24)

Then there exists a scalar function ¢(x,t) and a vector-valued function
¥(x, t) such that u(x, t) is represented by

u=Vo+VAy, (3.25)
where
Vg =0, (3.26)
and where ¢(x, t) and Y(x, ¢) satisfy the inhomogeneous wave equations
Vo+F = iz & (cz = ﬂ‘) (3.27)
‘L p
V4G = - i (c§ - 5‘) . (3.28)
T p

Proof: We start by eliminating VZu from eq. (3.23) by employing the
well-known vector identity

V’u =VV-u—VAVAu.
The displacement equation of motion then may be written in the form
i = ciVV - u—ciVAVAu+f.

Integrating this equation twice with respect to ¢, we obtain
t ft t ft
u= cin f (V- u)dsdt—crVA f f (VAu)dsde
0do oJo

+ J 0 f ;fds de+3(x)1 + i(x),

where u(x) and v(x) are the initial conditions on u(x, t) and i(x, ¢), respec-
tively. We now proceed to define

t ft t T
0= cif f (V- u)ds d7+012,f f Fdsdt+ ¢o(x)t+@o(x) (3.29)
0v 0 0v 0

Y= - c%fo f(:(V Au)dsdz+ c%fo f(:G dsdr+yo(x)t+yo(x), (3.30)

5 It will be shown in the next section that any reasonably well-behaved vector f(x, ¢)
can be expressed in the form (3.24).
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where eq. (3.24) and the following representations for » and u have been
used:
v =Voo+VAy, (3.31)
u=Vo,+VAy,. (3.32)

It remains to be proven that ¢ and y satisfy eqs. (3.26)-(3.28). Differentiation
of (3.29) and (3.30) twice with respect to time yields

¢ =ciV-u+ciF (3.33)
¥ = —ciVAau+ciG. (3.34)

By applying the V - operation to (3.25) we obtain
V-u = V3. (3.35)

Substitution of (3.35) into (3.33) shows that ¢ satisfies (3.27). Next we
apply the operation V A to (3.25) to obtain

VAau =VAVAY
= -V +VV -y. (3.36)

From (3.36) and (3.34) it is now evident that § will satisfy the wave equation
(3.28) provided that
V-y =0. (3.37)

This completes the proof of theorem 3.3. The proofas given here is essentially
due to Somigliana.
The initial conditions on ¢ and ¥ follow from eqs. (3.29) and (3.30).
We have
@(x,0) = @o(x),  ¢(x,0) = @o(x) (3.382, b)
'ﬁ(x’ 0) = 'ﬁo(x)’ '&(x, 0) = 'ﬁO(x)- (3'393" b)

It should also be pointed out that well-defined vectors such as f, v and =,
which form the given data of a problem can always be resolved into the
forms shown by egs. (3.24), (3.31) and (3.32). The representation of a
vector p by
p=VP+VAQ, (3.40)
where
V-Q =0, (3.41)

is called the Helmholtz decomposition of the vector p. The construction
of the scalar P and the vector Q in terms of the vector p is discussed in the
next section.
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As a last comment on the completeness theorem it is noted from (3.30)
and (3.41) that all that is required for the condition V - = 0 to be satis-
fied is that the vector potentials G, ¥, and nj/o are constructed as Helmholtz
potentials according to the procedure which is discussed in the next section.

3.5. The Helmholtz decomposition of a vector

Let the vector p(x) be piecewise differentiable in a finite open region V
of space. With each point of space we now associate the vector

W(x) = 4n”f ] : ({’2' Ve, (3.42)

dV§ = df1 dfz d§3 ’

where

and
lx—¢& = [(x;=&1)" +(x2— &) +(x3 = &)° T
It is well known that W(x) then satisfies the vector equation
VIW = p(x) (3.43)
at interior points where p is continuous, and
W=0
at points outside the region V.
Now we employ the vector identity
VZW =VV: W=VAVAW. (3.44)

Let W(x,t) be defined by eq: (3.42). By using (3.43), eq. (3.44) can then
be rewritten as

p=V[V: WI+VA[-VAW] (3.45)
Eq. (3.45) is of the form
p=VP+VnrQ (3.46)
if we set
P=V-W (3.47)
Q=-VAW (3.48)

It can be shown that P and Q are everywhere definite and continuous, and
are differentiable at interior points where p is continuous.
To prove the Helmholtz decomposition we have thus provided a recipe
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for the construction of P and Q. Given the vector field p(x), the vector
W(x) can be constructed from (3.42), whereupon P(x) and Q(x) are
obtained from (3.47) and (3.48), respectively. Since the divergence of a
curl vanishes we observe that

V-Q =0. (3.49)

The Helmholtz decomposition is also valid for an infinite domain provided
that p = O(r~?), i.e., provided that |p| decreases to zero at large distances
r from the origin at least as rapidly as a constant times r ~2.°

3.6. Wave motion generated by body forces

3.6.1. Radiation

A class of interesting problems is concerned with an initially undisturbed
body which in its interior, and at a specified time, say ¢ = 0, is subjected to
external disturbances. The external disturbances give rise to wave motions
propagating away from the disturbed région. Problems defined in this
manner may be called radiation problems. A typical elastodynamic radiation
problem concerns the motion generated in an unbounded medium by body
forces distributed over a finite region ¥ of the medium.

Wave motions in homogeneous, isotropic, linearly elastic media can be
analyzed in a convenient manner by employing scalar and vector potentials
for the displacement field, as discussed in sections 2.10 and 3.4. For the
problem at hand it follows from eqgs. (3.27) and (3.28) that the governing
equations for the displacement potentials are classical wave equations with
inhomogeneous terms and with homogeneous initial conditions. To determine
the motion generated in an initially quiescent unbounded medium by a
distribution of body forces it is thus only required to find solutions in un-
bounded domains for (at most) four inhomogeneous wave equations.

Let us consider the scalar potential ¢(x, ) in some detail. We need to
determine the solution of the inhomogeneous wave equation

1 d%
Vi~ o —F(x, 1), (3.50)

with the homogeneous initial conditions

¢ Cf. H. B. Phillips, Vector analysis. New York, John Wiley & Sons, Inc. (1933), p.
187.



90 ELASTODYNAMIC THEORY [Ch. 3,§3.6.

o(x,0) =0, ¢(x,0) = 0. (3.51a, b)

In the sequel it will be convenient to employ a generalized function, which
is known as the Dirac delta function. In one dimension the delta function
is defined by the property

fah(s)é(t—s)ds = h(t) for te(a, b)} (3.52)
=0 for t¢(a,b)

The delta function has any number of derivatives &'(1—s), 8"(t—s), . . .,
the prime indicating a derivative with respect to the argument. The deriv-
atives are defined by the following property:

f bh(s)é‘"’(t—s)ds =(~1yr"(t)  for te(a, b)}, (3.53)
¢ =0 for t¢(a,b)

In three-dimensional space the delta function d|x—¢&| is defined in the
following manner:

f JEplx—ldVy = h(x)  for xe V}. (3.54)

=0 for x¢éV

where Vis a regular region in space, and dV; = d{;d¢,d¢;. In rectangular
coordinates we may write

Slx =&l = 6(x;~&,)0(x;—&;)6(x 35— &)

A delta function centered at the origin of the coordinate system may in
spherical coordinates be represented by

4(r)

4nr?

,  where r = (x}4+x3+x3)E (3.55)

The fundamental solution ¢(r, ¢) describing radiation from a point, which
we take as the origin of the coordinate system, is singular at » = 0 in such
a way that

limf J 90 44 = 1(1). (3.56)
e—0 or
In eq. (3.56) the integration is carried out at time ¢, and over the surface of
a sphere with radius ¢, where d4 is the surface element. The function f(¢)
is the intensity of radiation as a function of time. The fundamental solution
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satisfies homogeneous initial conditions and, except at the origin, satisfies
the homogeneous wave equation in spherical coordinates with polar sym-

metry

R 2

LQ(,za_w)_Lzaﬁ:o, r> 0. (3.57)
r? or or ¢z ot?

A formulation which is equivalent to (3.57) together with the condition
(3.56) is

1 9 ( 25(;3) 1 8% 5(r)
- — =) - = — =1() =, 3.58
rror\ or ¢t ar? ()471:r2 (3.58)
or in rectangular coordinates
2a 1 62(;5
- 5 — = f()dlx|. (3.59)
c; ot

The general solution of (3.57) can be obtained by introducing the sub-
stitution

o(r, ) = %d)(r, 0.

We find that @(r, 1) is governed by the one-dimensional wave equation

e 19 _

ot ¢k or?
This equation represents one of the rare cases when one can immediately
write out the solution in general form in terms of arbitrary functions. The
general solution, which was given by d’Alembert, was derived in section

1.2 as
o(r,t) =f (t—- L) +g (t+ L) .
(o Cr

A general solution of (3.57) is thus obtained as

o(r, t)y = 1f (t-— L) + 1g(t+ L).
r Cp r (&3

The two terms represent an outgoing and an incoming wave, respectively,
whose amplitudes steadily change. ‘

For the radiation problem defined by (3.56) and (3.57) the wave obviously
is an outgoing wave, and we consider
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o(r 1) = — ——¢ (z- i) , (3.60)
4nr cL

where f(t) = 0 for t < 0. It is easily verified that (3.60) meets the condition
(3.56). Consequently (3.60) is also the solution of the equivalent egs.
(3.58) and (3.59). Eq. (3.60) shows that a point at a distance r from the
origin is at rest until time ¢ = r/c;, when the particle experiences a single
impulse of the same duration as the external disturbance which was applied
at the origin at time ¢ = 0.

If the source point is located at x; = &;, we have instead of eq. (3.59)

5 5 p
Vip—

= f(1)5]x—¢&. (3.61)

1
i

It is now obvious that the solution of (3.61) is of the form

. 1 |x—¢&|
1 E) = — £l— , 3.62
o(x. 1:¢) 4r|x — €| (t <L ) ( )
where
|x—¢| = [(X1—51)2+(Xz—52)2+(x3“53)2]*- (3.63)

If f(¢) is a delta function applied at ¢ = s, i.e., f(¢) = 6(r—s), the cor-
responding solution evidently is

g(x, ;& s) = — ! 5(t——s— El) . (3.64)
4n|x —¢&| 3

In physical terms this expression is the field at time ¢ at the point of observa-
tion x due to an impulsive unit point source applied at time s at the source
point ¢. Eq. (3.64) is called the Green’s function for the unbounded domain.
The field due to a distribution of sources — F(x, ¢) can be obtained by adding
the effects due to each elementary portion of source. By this argument
¢(x, t) takes the form of an integral over s and &, of the product

—F(& 5)g(x, 5 &, 5),

o(x, t)——f fF(é 95 (——s x= él)dvg, (3.65)

|x—¢&| ‘L

ie.,

where V is the domain over which the distribution of body forces is defined.
By employing (3.52), eq. (3.65) can be simplified to
1 [ F(& t=Ix—¢ljer)

o(x, t) = dv,, 3.66)
(= 1) = 4. B |x— ¢ ¢ (
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where dV, = d¢,d¢,d¢;, and the integration is carried out over the sphere
B, with center at x and radius ¢, t. A convenient shorthand notation for
this integral expression is

1 {F}, ...
o(x, 1) 47rf81_ g dv;. (3.67)
The accolades indicate that we must take the‘value of the inhomogeneous
term at time ¢t —|x—&|/c.. In physical terms this indicates that the effect of
a source at ¢ needs a finite time |x —&|/c, to reach the position x. The expres-
sion (3.66) is called a retarded potential. It may be verified by direct sub-
stitution that (3.65) indeed satisfies eq. (3.50).

3.6.2. Elastodynamic solution
It is evident that in an analogous manner the solution of (3.28) can be
expressed as
1 G
v(x, t) = —f {Gir dv,
4nJ Br |x —§|

where the accolades indicate that we must take the value of G at time
t—|x—¢&|/cy, and By is the sphere with center at x and radius cyz. In view
of eq. (3.25), the displacement may then be written

4nu(x, t) =f \A Fh dV§+f V.A {Glr dv;,
B |x—¢] Br lx—¢&]

where the V-operator is with respect to the x;-coordinates.

3.7. Radiation in two dimensions

The scheme of constructing the solution to the inhomogeneous problem
as a superposition of impulses can also be used to treat the radiation
problem in two dimensions. We will again focus our attention on the scalar
potential which is governed by
2 2 2
o 00 100 _ g x,,1) (3.68)
oxi  axi ¢t of?
and
o(xy,x%5,0) =0,  ¢(x,x,,0) =0. (3.69)

Analogously to eq. (3.61) the fundamental solution describing radiation
from a point source must meet the equation
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2 2 A 2.
70492 100 tox,~e)s(xa=a).  (3.70)

ox?  oax2 ¢} o

In a convenient manner the solution of (3.70) can be constructed by linear
superposition of the three-dimensional solution, which is defined by eq.
(3.62). Thus we express the solution of (3.70) as

1{° - d
P(x, 1, 8) = — —f f (z— lx §|) & , (3.71)
4nd - c /|x—=¢|
where [x—¢| is defined by eq. (3.63). Since f(z) = 0 for t < 0, the actual
Iimits of integration are
& = xyk[ef P —(x,— &) —(x,— &)1

In view of the symmetry with respect to x3, eq. (3.71) may then also be
written as twice the integral between the limits x;~—[cZt? —(x; —¢&;)?
—(x,—¢&,)%1* and x;. Upon introducing the new variable

_ [R2 +(x3— 53)2]% ,

93

{=1

where
R =[(x;=¢&)" +(x2= &)1
eq. (3.71) subsequently reduces to

se. o) = e fQdl 3
P(x;, 15 &) 2nf0 (-0 -] (3.72)

for t > R/c,. Note that ¢ is independent of x;.

Comparing the fundamental solutions (3.62) and (3.72), we note a basic
difference in the manner in which localized external disturbances generate
the fields in three and two dimensions, respectively. In the three-dimensional
field a particular position experiences a single impulse, of the same time-
dependence as the external disturbance which was applied at the origin at
time ¢ = 0. The disturbance arrives at time

r=1 = [(x1—51)2+(x2—52)2+(x3—<§3)2]%/6.,‘,

and the material returns to the quiescent state at time ¢, after the external
disturbance at the origin has been removed. The two-dimensional solution
does not depend on an external impulse applied at a single point, but rather
on an infinite number of points which form the line defined by x; = &;,
x, =¢&¢,, —0 < &3 < o0. As a consequence, the disturbance experienced
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at a position takes the form of a superposition integral as shown in eq.
(3.72). The disturbance arrives at time ¢ = ¢, = [x; —&,)*+ (x,—&;)*1¥/cy,
but does not cease at time ¢; after the external disturbance has been removed.
For a long time there will be a tail effect decaying with time.

Graphically, an explanation of the different effects of a point-disturbance
and a line-disturbance, i.e., the difference in radiation in three and two
dimensions, is shown in figure 3.1. The observation that in three dimensions
an external disturbance of finite duration is observed later at a different
point as an effect which timewise is equally delimited, was made by Huyghens.
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(a) point-source (b) line-source
Fig. 3.1. Radiation from a point-source and a line-source.

It is known as Huyghens’ principle. Intwodimensions, an external disturbance
of finite duration produces a persisting signal, although of decaying am-
plitude, implying that Huyghens’ principle is not valid in two dimensions.

If f(¢) is a delta function applied at ¢ = s, i.e., f(t) = 8(¢—s), eq. (3.72)
reduces to the two-dimensional Green’s function

_ CL H("—S—'R/CL)
2n [ci(t—s)*—R*]* ’

where H( ) is the Heaviside step function. This expression represents the

field at time ¢ at position x,, x, due to an impulsive unit line source applied

at time s at &;, &,, —o0 < &5 < 00. By linear superposition the solution
to eq. (3.68) may then be written as

X, X = ‘L F(E,,¢&,,5)dE,dE,ds
o0 = 2| i e 0T

where K is a cone in (&,, &,, s)-space defined by

0<Ss<t, (x—&)V+(x;—&) £ ci(t—s) (3.75)

g(xi, ;8. 5) = (3.73)
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It hardly needs to be stated that the components of the vector potential
can be computed in the same manner.

3.8. The basic singular solution of elastodynamics

3.8.1. Point load

In this section we will examine the displacements and the stresses in an un-
bounded medium due to the sudden application of a rather special distribu-
tion of body forces, namely, a time-dependent point load. These displace-
ments and stresses comprise the fundamental singular solution of the field
equations of elastodynamics. The displacements generated by a time-
dependent point joad were first presented by Stokes.”

Stokes’ solution can be deduced by means of a limit process from a family
of time-dependent body-force fields that tends to a point load. Here we
present a somewhat more formal approach in that we immediately view
the point load as a special distribution of body forces per unit mass, namely,
as a distribution in the form of a Dirac delta function. In three-dimensional
space the delta function &|x—¢&| was defined by eq. (3.54).

In the presence of a system of body forces per unit mass the displacement
equations of motion become

uViu+(A+u)VV - u+pf = pi. (3.76)
We consider a concentrated load of magnitude g(f), where g(r) is twice
continuously differentiable. The load is directed along the constant unit
vector a. Without loss of generality we may place the origin of the coor-

dinate system at the point of application of the concentrated load. In that
case we have

f(x,t) = ag(1)d]x|. (3.77)
In accordance with eq. (3.24) we wish to decompose the body-force vector as

f = clVF+ciVAG.

The decomposition can be achieved by means of the Helmholtz resolution
which was discussed in section 3.5. Thus, employing egs. (3.47), (3.48) and
(3.42), we find

¢t F(x,t) = —V- (‘%) g(1)
and

" G. G. Stokes, Transactions of the Cambridge Philosophical Society 9 (1849) 1.
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c3G(x,1) = VA (a_) g(1),

4nr

where

r* = xl+x;+x3. (3.78)

Writing the displacement vector in the form (3.25), i.e.,
u(x, 1) = Vo+V Ay, (3.79)

it follows from egs. (3.27) and (3.28) that ¢(x, f) and ¥(x, #) must satisfy
the inhomogeneous wave equations

vip— Ly 290y, (_“) (3.80)
i i 4nr
2 1 .. g(’) a
VY— Sy =—-"SVA ) (3.81)
cr cr 4rr
For convenience we define
o=V, U= -VAVY. (3.82a, b)
By setting
D = Pa, ¥ = Yaq, (3.83a, b)

Egs. (3.80) and (3.81) are satisfied if ® and ¥ are solutions of the following
inhomogeneous scalar wave equations

Vi lz b = ng‘) L (3.84)
1 c; 4nr

Vig— %'q":giz‘)i, (3.85)
cr cr 4nr

where r is defined by (3.78).

Appropriate solutions of (3.84) and (3.85) are readily derived. Since the
inhomogeneous term shows polar symmetry, the solution is most con-
veniently obtained by employing spherical coordinates. Eq. (3.84) may
then be rewritten as

Lo (rz 5_‘1’) _1de_g01 (3.86)
r

rt or or ¢t ot 4nck

Now we introduce the substitution

o(r, 1) = X1 (3.87)
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whereupon for r > 0 eq. (3.86) reduces to the inhomogeneous one-di-
mensional wave equation

o? 1 8* t
x_ Sl "_(_)2 (3.88)
or c; Ot 4ncy

A particular solution of this equation is

t

1
(1) = — —| sg(1—s)ds,
drnJo

where we have used that g(¢) = 0 for t < 0. The general solutions of the
homogeneous equation are arbitrary functions of the arguments ¢—r/c,
and t+r/c;, respectively. Clearly the solution of (3.88) satisfying the con-
ditions that x(r, ¢) vanishes at r = 0 may then be written

ttr/cy t
dmy(r, t) = fo sg (ti cL —s) ds— fosg(t—s)ds.
L

The plus signs correspond to a wave approaching r = 0; the minus signs
correspond to a wave propagating away from the point r = 0. For the
problem at hand we discard the waves converging on r = 0, and returning
to (3.87), the pertinent solution of (3.86), and thus of (3.84), is obtained as

1 t—rfcy r 1 t
4nd(x, 1) = Af sg (t— — —s) ds— ~f sg(t—s)ds,  (3.89)
rJo crL rJo

where r is defined by eq. (3.78). The pertinent solution of (3.85) is anal-
ogously obtained as

t-rfcr t
4n¥(x, 1) = lf sg (t— ~ —s) ds— Ef sg(t—s)ds.  (3.90)

rJo Cr rJo

Since g(¢) = 0 for t < 0, the first integrals in (3.89) and (3.90) do not yield
contributions for ¢ < r/c, and t < r/c,, respectively.
In view of (3.79) and (3.82a, b), the displacement vector is written as

u=VV-d-_VAVAY
By virtue of the vector identity
VW = VV-Y-_VAVAY
the displacement vector can also be expressed as

u=Vv-(d-¥)+VY. (3.91)
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Substitution of (3.89) and (3.90) into (3.91) yields

t—r/cp t—rlcr
4nu(x,t) = VV - {‘—lf sg (t— L —s) ds— ff sg (t— r —s) ds}
rvo rvo CT

93

a l r
FRLA <z~ _) 4 (3.92)
cr r cr

Suppose now that the concentrated load is acting in the direction of the
X,-axis, i.e., a = i,. The displacement in the direction of the x-axis is then

of the form
4nuy(x, t) = D[0; g(1)], (3.93)

where D¥[ ]is a linear operator, wherein 0 indicates that the load is applied
at the origin, and g(z) defines the function subjected to the operation. The
linear operator Df[ ] follows from (3.92) as

Di[0; g(1)] = A {£ft-r/%sg (t— L —s) ds

ﬁ
Ox; 0x; \rdo L

t—r/cr
- lf sg (t— r —s) ds} + 6—'2" lg (t— —r~) , (3.94)
rdo cr ¢t r \ cp

where r is defined as r = (x+x2+x2)%, see eq. (3.78). After a few mani-
pulations, including changes of the integration variables, the operator may
be rewritten as

y azr—l rlier
Di[0; g(1)] = P sg(t—s)ds

x,. Xy ricL
e 2)- 2]
2 \6x;/ \ox,/ Lek 3 c%—g Cr
5“( 1 r
+ouly (z— w). (3.95)
cr r cr

For a force acting parallel to the x,-axis this expression yields the same
displacement as given by Love.?

The position dependence of the integration limits can be eliminated
through a change of the integration variable. Also evaluating the derivatives
(3.95) may then be rewritten as

8 A. E. H. Love, The mathematical theory of elasticity. New York, Dover Publications
(1944), p. 305.
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DY0; g(1)] = (ﬁ - ?)f agt-ras

3
r 1/cL

x 1 1 5, 1
L [—zg (,_L) _1, (,_ L” Lol (,_ L). (3.96)
r cr ‘L cr ‘r ¢r r ‘r

The corresponding stresses can be computed by the use of Hooke’s law.
We obtain
4ntyi(x, 1) = SH[0; (1)1, (3.97)

where the operator Sf;[ ]is given by

_ 5x;%; %, X+ 0ux;+0,x [T
p~1SE[0; g(0)] = _6c%[ e }f

r

sg(1—rs)ds

1/er

+2 [6xixijk _ 5ijxk+5ik3xj+5jkxi:| |:g (,_ L) _ (C_T)zg (,_ L):l
r r Cr ‘L ‘L
o 2)- (ol 2]
rer ‘r ‘L ‘L
() Jol2) 2ol
r cr cL cL cL

_éﬁi_t‘s_ﬂ"ﬁ[g (:— i) +ig(t— L)} (3.98)
; ,

cr cr

The displacement and stress fields were listed in the forms (3.96) and (3.98)
by Wheeler and Sternberg.®

If the point load is applied at x = & rather than at the origin we have
instead of (3.77).

f(x, 1) = ag(1)o|x—¢].
It is apparent that for a load in the x, direction the displacement and stress
fields can be obtained from (3.93) and (3.97) by writing x;—¢; instead of
x; in the operators D[ ] and S%;[ 1, and by defining r as
r=|[x-¢§l = [(x1"51)2"'("2_52)2+(x3_53)2]t-
These solutions are denoted by

4, 1) = D& g(1)] (3.99)
and

are,y(x, 1) = SHLE g(0)] (3.100)

® L. T. Wheeler and E. Sternberg, loc. cit., p. 80.
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3.8.2. Center of compression

Let a force of magnitude 4~ 'pg() be applied at the origin in the direction
of the x,-axis, and let an equal and opposite force be applied at the point
Xy =h x,=x3=0.

If we pass to the limit by supposing that 4 is diminished indefinitely, the
components of the displacements become the derivatives with respect to
x, of eq. (3.93),

4nuy(x, t) = % {Di[0; ()]}

These displacements may be referred to as the displacements due to a *‘double
force without moment”. Now we combine three double forces without
moment, applied in the directions of x,,x, and x;, respectively. The
components of the total displacement are

d d d
dmui(x, £) = ——{Di[0; g(N]} + —— {DI[0; (N1} + ~— {D7[0; 9(n]}.
0x, 0x, 0x4
(3.101)
From (3.94) we can, however, easily conclude that
D7[0; g(1)] = D3[0; g(1)],
and (3.101) may be replaced by

drux, 1) = a%wi[o; a()]} + 5‘1 (Di[0: g(1)]} + ai (DA[0; 9(1)]}-
(3.102)

The displacement component u,(x, t) defined in this manner is recognized as
the divergence of the displacement vector for a concentrated load acting in
the direction of x;. From (3.79) we conclude

V-u = V.

By employing (3.82a) and (3.83a) we then find the divergsnce due to the
concentrated load in the x;-direction as

Vou=v (6_"’.) = 2 vig,
ox;
Substitution of (3.89) subsequently yields

b (2]
Vou=— —Il-glt——])1i,
4nci ox; Lr cr



102 ELASTODYNAMIC THEORY [Ch. 3,§3.9.

and thus (3.102) becomes

u; = 1—2 9 Fg (t— lﬂ ., (3.103)
4nrcy Ox; Lr L

Eq. (3.103) represents the displacement components due to a center of
compression.

3.9. Three-dimensional integral representation

The object of this section is to obtain an integral representation for the
elastodynamic displacement distribution analogous to Kirchhoff’s formula
for the wave equation.

3.9.1. Kirchhoff’s formula

For a regular domain V bounded by a surface S, a general solution of the
inhomogeneous wave equation

1%

Vg -~ 09
¢ c? o8

= —f(x, 1)

was obtained by Kirchhoff in the form'°

1 1
, ) = — fidv,
0%, 1) 4nfle_§|{} <

“ads i o) " o e s el a4
dnds L|x—¢| (on, ong |x—=¢& ¢ |x—=¢l\ot) on,

where n, is the outward unit normal to S, and x is, of course, inside the
domain V. Also, the accolade notation was defined earlier with reference
to eq. (3.67); thus {d¢/dn,} means calculate (9/0n,)p(&, s) and then replace
s by the retarded time f—|x—¢&|/c. The volume integral in the Kirchhoff
formula is analogous to eq. (3.67) and represents the contribution to the
scalar potential ¢ of the distribution of sources inside V. The surface in-
tegral provides the contribution of sources outside F that are necessary to
yield the required conditions on S. If ¢ and its derivatives are known on
S, ¢ is completely determined. It is, of course, not possible to assign both
¢ and 0¢/0n; arbitrarily on the surface S.

10 Proofs can be found in B. B. Baker and E. T. Copson, The mathematical theory of
Huygen’s principle. London, Oxford University Press (1953), p. 36, or D. S. Jones, The
theory of electromagnetism. 1.ondon, The Macmillan Company (1964), p. 40.
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3.9.2. Elastodynamic representation theorem

Following the work of Wheeler and Sternberg'! the theorem is derived by
an application of the dynamic reciprocal identity to suitably chosen elasto-
dynamic states.

Theorem 3.4 (integral identity for the displacement field): Let ¥ be a
regular region with boundary S. Suppose

S =[u,t e &(fip, 4, w; V). (3.104)

Then the displacement components can be expressed in terms of the trac-
tions and the displacements on S and the body forces in ¥, by

dnpu (& 1) = g:l S{Df[é; ti(x, )] —n; SELE; uy(x, 1)]}dA

+p_=i1 fVD;‘[s; fi(x, 1)]dV, (3.105)

where the integrations are carried out over x;, x, and x;, and where the
operators Df[ ] and S§[ ] are defined by egs. (3.96), (3.99) and (3.98),
(3.100), respectively.

Proof: As point of departure we take the dynamic reciprocal identity
which was stated by eq. (3.16). We consider two elastodynamic states,
namely, the state defined by eq. (3.104) and the state defined by

uj = Di[¢; 9(1)] (3.106)
1y = SHLE 9(D]. (3.107)

The latter distribution of displacements and stresses is due to a concentrated
load of magnitude g(¢), acting in the x,-direction, and applied at the position
x = & at time ¢ = 0. Since both states have a quiescent past the terms con-
taining the initial values disappear from the dynamic reciprocal identity,
and we can write

f‘c,-jnj*ugdA+pf fixuidV =f‘c,fjnj*uidA+pf fi = u,dV. (3.108)
s v s v

The body-force distribution f'(x, ¢) is, however, of the special form

J'(x, 1) = 4ni,g(£)d]x—¢].
By employing the sifting property of the Dirac delta function the last term

11 1. T. Wheeler and E. Sternberg, loc. cit., p. 80.
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of (3.108) can then immediately be evaluated, yielding the result

4np[g *u (& 1) = pfvfi ® uEdV—%—fs[runJ *up—1n; % u;]dA.
We introduce the operator relations (3.106) and (3.107) to obtain
mplo = )& ) = o | S DilE a4V
+L{t,- # DY[&; g(1)]—nyu,  SK[E; g(t)]’ dA. (3.109)
If the function g(t) is twice continuously differentiable we have
Jis DALE: 9] = X0+ DALE: (e, ) (3.110)
This equality can readily be verified by employing eq. (3.96) and by in-

troducing appropriate changes of the integration variables in the con-
volution integrals. Similarly we have

t* DIT&: 0] = %0+ DAL&: 13, 0] (3.111)
u;* Si[E; 9(1)] = ‘ig # SHLE; ux, 1)) (3.112)

Egs. (3.110)-(3.112) are substituted into (3.109). In the resulting integrals
the order of the spatial integrations and the convolutions can be inter-
changed, and we obtain

[g+w](& 1) =0, (3.113)
where

wi(&, 1) = dnpu (&, t)_l"zz1 VD'{[?,‘; fi(x, t)]dV

- .i S{Df[f s ti(x, )] —n, SKLE; ui(x, )]}dA4.  (3.114)

Since & and ¢ were chosen arbitrarily in V' x (0, ), eq. (3.114) holds for
all (& ¢)e Vx(0,00). Since the terms in the convolution (3.113) are
continuous, it follows that either g(z) or w(&, £) must vanish. Since we
have chosen g(7) # 0 we must have

Wk(é, t) = O,
and (3.105) immediately follows from (3.114). This completes the proof.
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Eq. (3.105) is valid for any point of observation inside the region V.
The first two terms involve the tractions and the displacements on the
bounding surface S. The third term gives the displacement due to the dis-
tribution of body forces per unit mass of density f(x,?). The integral
identity is the extension to elastodynamics of Kirchhoff’s formula for the
wave equation. The representation theorem (3.105) was apparently first
derived in essentially the present form by De Hoop.!?

The integral identity (3.105) is useful in the solution of certain elasto-
dynamic diffraction problems in an unbounded medium. Since it involves
both the surface displacements and the surface tractions on the boundary of
the body, it is not suited to solve the first and the second fundamental
boundary-initial value problems in classical elastodynamics, since the
boundary data consist of prescribed surface displacements in the first
problem and of prescribed surface tractions in the second problem. To
obtain integral identities for the fundamental boundary-initial value
problems it is thus necessary to eliminate from the integrals in (3.105) the
surface tractions for the first problem and the surface displacements in
connection with the second problem. This work was carried out in the
previously cited paper by Wheeler and Sternberg. These authors proved
the integral representations for the solutions of the first and the second
boundary-initial value problems for states with a quiescent past.

3.10. Two-dimensional integral representations

If the field variables are independent of the x;-coordinate, the displacement
equations of motion reduce to the following system of uncoupled equations:

Hus, gg+ pfs = piiy (3.115)

Mty g+ (A+ 1)ug, g+ pfs = pil, - (3.116)

In egs. (3.115) and (3.116), and throughout this section, Greek indices can
assume the values 1 and 2 only. Egs. (3.115) and (3.116), which describe
antiplane shear motions and plane strain motions, respectively, were derived
in section 2.7.

3.10.1. Basic singular solutions

In two dimensions the basic singular solutions are the displacements

12 A. T. de Hoop, Representation theorems for the displacement in an elastic solid and
their application to elastodynamic diffraction theory. Doctoral Dissertation, Delft (1958).
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and the stresses due to the following distributions of body forces:

SF3(xg, %2, 1) = g()d(x,)d(x2), (3.117)

fi(xy, x2, 1) = g(£)d(x,)d(x,), (3.118)

where o = 1, 2. We can, of course, directly determine the solutions of egs.
(3.115) and (3.116) for the body-force distributions (3.117) and (3.118),
respectively. Because of the linearity of the problem it is, however, also
possible to obtain the two-dimensional solution as a superposition integral
over the solutions for the point load. Suppose a point load of magnitude
g(?) in the x,-direction is applied at the position x, = 0, x, =0, x3 = &;.
According to eq. (3.99) the corresponding displacements may then be ex-
pressed as

and

druy(x, t) = D¥[&3i5; 9(0)], (3.119)

where we may employ any of the forms (3.94), (3.95) or (3.96) for the
operator D¥[ ], provided x, is replaced by x;—¢&;. It should also be
realized that r is now defined by

r= [x}+x3+(xs— &) Th (3.120)

The solution to a line load is obtained by integrating (3.119) between the
limits £3 = —o0 and &5 = +00. As we shall see soon, the dependence on
x5 vanishes in this process. The two-dimensional solution again is of the
form of an operator, which we denote by 4*[ 1, i.e.

druy(x,, x5, t) = 4505 9(1)], (3.121)

where the symbol 0 indicates that the line load is applied at x, = 0, x, = 0,
and pg(¢) indicates the magnitude of the load. We have

+
4470 901 = | DT isi 000 (.122)
Similary the corresponding stresses are denoted by
ntyi(xy, %2, 1) = Z5[0; 9(D)], (3.123)
where '
+
2800 0)] = [ S5 a0ty (3.124)

At a position defined by x, signals propagating with velocities ¢, and ¢y
do, however, not arrive until ¢, ¢t = r and ¢y¢ = r, respectively, which
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implies that the limits of integration of (3.122) and (3.124) will be ap-
propriately modified. For example, by employing the form of D¥[ ] given
by (3.94), eq. (3.122) assumes the form

x3+[c1_212—x12—x22]'§ t—rfcp
4703 9(1)] = ats = LT (1= L o) as]

3
x3=[cL2—x 2~ x; 2]} 0x; 0x, \rdo cL

x3+[cr22—x 2= x;21F 8 & (1 [t rer r
—f dé; — ?{—J‘ sg (t—~ —s) ds}
x3—[eritz—x2-x21F  Ox; Ox, \rdo cr

) x3+[eT22-x2-x21F ’

4 ik dé, lg (t— —) ) (3.125)
r

Cr x3—[c72rz—x12—x22]% . Cr

where r is defined by (3.120).

3.10.2. Antiplane line load

Let us first consider the case k = 3. For i = 1 or 2, the first two integrals
vanish because they are integrations of odd functions of x;—&¢; over
intervals that are symmetric with respect to x;. The last integral vanishes
on account of the Kronecker delta. Thus

42[0; g(1)] = . (3.126)

For k = 3 and i = 3 the evaluation of the integrals is slightly more compli-
cated. One way of achieving a quick evaluation is to bring one of the
derivatives 0/0x, in front of the integrals in both the first and the second
integral of (3.125). This is allowable provided that we compensate for the
contributions from the limits of integration to the derivative of the integrals
with respect to x,. The latter contributions are, however, zero since the
integrand vanishes at the integration limits. Thus we can simply bring one
derivative with respect to x5 outside of the integration over 5. The thus
obtained integrals vanish, however, since they are integrations of odd func-
tions. The only contribution thus comes from the last term of (3.125), and

we have
5 2 x3+(eT2—x2—x2)F 1
43[¢5i3;5 9(1)] =—2J ;g (

Crvx;

- l) ey, (3.127)

Cr

where r is defined by (3.120). To further evaluate eq. (3.127) we introduce
the change of variables

’
T=i- —,
Cr
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whereupon (3.127) reduces to

Aigiso) = 5[ 0% (3.128)

c}Jo ) -R*[c}]*
where
R* = x}+x3. (3.129)

It should be noted that (3.128) is independent of x 5. Substitution of (3.128)
into (3.119) shows that u, agrees with the fundamental solution of the wave
equation which was previously derived as eq. (3.72).

Although it is, of course, possible to evaluate (3.124) it is, in fact easier
to derive the stresses corresponding to the displacement distribution
(3.128) by direct substitution of the displacement into Hooke’s law. Since
(3.128) is independent of x, we find that this displacement gives rise to
stresses Ta;(x;, X,, ?) and 74,(x,, x,, ¢) only

At—~Rjer
,ll iJ g(T)dTZ 5 , (3130)
2rct O0x,90 [(t—1)*—R*/c3]

where R is defined by (3.129). We conclude that a line load of body forces
pointing in the x 3;-direction gives rise to shear waves with the displacements
polarized in the x;-direction.

Tag(X1, X2, 1) =

3.10.3. In-plane line load

We proceed to the case k = 1, 2, i.e., we set k =y, where y = 1, 2. The
first two integrals in eq. (3.125) vanish for i = 3, because they comprise
integrations of odd functions of x;—¢5, over intervals that are symmetric
with respect to x5. The last integral vanishes on account of the Kronecker
delta. Thus

43[0; g(1)] = . (3.131)

Fori = 1, 2 we first bring the derivatives with respect to x, and x, (« = 1, 2)
in front of the integral signs. This can be done because the integrands
vanish at the limit of integration. Then we introduce changes of variables
for the integration over ¢, by introducing

r
T=1——
‘L

in the first integral, and
r
T=1— —

Cr
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in the second and third integrals, where r is defined by (3.120). The results
of these operations are

g @ [rRIe dr f
A0;9()] =2 — — — | sg(t—s)ds
[0: 9()] 0x, 0x,J0 [(t—7)*=R*/c}]*/o g(z—=s)
R de f
-2 - — | sg(t—s)ds
ox, 0x,Jo [(t—1)*—R*/cE]*Jo 9(=9)

% t—Rjcr g(T)dT
ctdo  [(t—1) =R}t

where, as before R = (x} +x2).

The stresses corresponding to (3.132) are obtained by substitution of
47A4210; g(2)]into the stress-displacement relations. It is observed that (3.131)
does not contain x; and that concentrated line loads in the x,- and x,-
directions produce in-plane motions only.

(3.132)

3.10.4. Integral representations

The results of section (3.9) can be employed to derive a two-dimensional
integral representation from the three-dimensional integral identity for
the displacement field given by (3.105). The reduction from three to two
dimensions by appropriate integration of the three-dimensional integral
identity was shown by de Hoop'?, whose derivation is by and large re-
produced here.

Let C be a simple closed curve in the (x;, x,)-plane, and let D be its
interior. In the three-dimensional integral identity (3.105) we take for S
the closed surface consisting of the plane portions x5 = &3 —L, x5 = &3+L,
(x;,x;)e D, together with the cylindrical part —L £ x;—¢; £ L,
(x,,x,)e C, where L > 0. As can be seen from the definitions of D¥[ ]
and S,f‘j[ ], the contributions to the surface integrals of x; = £,—L and
xy =&3+L, (x,, x,) € D vanish in the limit L — co. In this way we obtain

3
drpuy(&y, &2, t) =_; C{A’i‘[f; t(x, ] =n; 25085 uilx, H]}de

3
P L A& filx ]dx dxs, (3.133)

where dc is the element of the contour C. The operators are defined similarly
to (3.122) and (3.124) except that the point of application is now at x = &,

13 A. T. de Hoop, loc. cit., p. 105.
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The result (3.125) still holds except that we must replace x; by x; —¢,
and x, by x,—¢&,. In particular, 4}[&; g(1)], 431€; 9(2)], 43[&; 9(9)] and
AL[E; g(t)] are defined by (3.126), (3.128), (3.131) and (3.132), respectively,
provided we define R as

R = [(x,=&)+(x, = &) 1% (3.134)

The corresponding operators Z’lfj[ ] are easiest obtained by substituting
the displacements into Hooke’s law.
For k = 3 the integral identity (3.133) simplifies to

tmpus(Er, &2, ) = [ (4308 (o, 01— TR0 sl O

+p f DAg[g; fi(x, £)]dx, dx,. (3.135)
For k =1 or 2, we find
2
47rpu‘l(fl s 62 ’ t) = ;1 fC{AZ[§9 ta(x’ t)] —Hhg le[ﬁ; ua(x’ t)]}dC

2
+pa§1 DA:[&; Salx, 1)]dx, dx, . (3.136)

Eq. (3.135) agrees with Volterra’s solution of the two-dimensional wave
equation.**

3.11. Boundary-value problems

In fairly general terms the elastodynamic boundary-value problem was
formulated in section 2.5, where the following conditions on the boundary
S were considered:
u; = Ui(x;, t) on S, (3.137)
and
7, = ti(x;,t) on S—8S;. (3.138)

If S, = S, the displacements are prescribed over the whole of the boundary
S. For §; = 0, the boundary conditions are on the tractions only. In the
form (3.137) and (3.138) the boundary conditions define a mixed boundary-
-value problem. Except for bodies of a very simple shape, such as half-
spaces, layers or cylinders, it is rather difficult to obtain solutions of boun-
dary-value problems of elastodynamics.

14 V. Volterra, Acta Mathematica 18, (1894), 161.
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Let us first consider the dynamic response of an initially undisturbed body
of finite dimensions to body forces. For definiteness we consider the motion
generated by a distribution of body forces fi(x;, ) in a body which is
rigidly clamped along its outer surface S, i.e., u; = 0 on S. In accordance
with the approach of sections 3.6 and 3.7 it is conceptually possible to write
the displacement as a superposition integral over fi(x;, ) and a Green’s
function. The Green’s function should satisfy the homogeneous equations
except at the source point where an appropriate singularity must exist.
Moreover, the Green’s function should vanish on S. In physical terms the
Green’s function defines the response of the rigidly supported body to an
impulsive point load. Unfortunately it is generally rather complicated to
determine an elastodynamic Green’s function even for a simple domain
such as a half-space. Only in special cases is it possible to construct the
function in a simple manner from the Green’s function of the unbounded
domain.

Some simple examples for which Green’s functions can easily be obtained
are concerned with two-dimensional motions in antiplane shear. These
motions are governed by a single wave equation, which was stated in section
2.7 as

%uy 0%,y
= T3
Ox7 0x5

0%u,

o

1
‘r
If we consider a half-space with traction free boundary, u3(x,, x,, f) must
satisfy

s _0 at x, =0 (3.140)
0x,
The Green’s function is the displacement field generated by an antiplane
impulsive line load applied at time ¢ = s at position x; = &,,x, = ¢,
(see figure 3.2). Suppose we consider an unbounded medium and suppose
we also apply an impulsive line load at time ¢ = s at position x; = &,,
x; = —&,. In the unbounded medium the derivative with respect to x,
of the sum of the two displacement fields vanishes at x, = 0 because of
symmetry with respect to x, = 0. In the half-plane x, > 0, the sum of the
two displacement fields satisfies (3.139) and (3.140) as well as the proper
condition at x; = &, x, = &,. This sum thus defines the Green's function
for the half-space. At a point defined by x; > 0, x, > 0, the first signal
arrives directly from the primary source. After an additional time interval
a signal arrives from the image of the primary source with respect to the
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plane x, = 0. This second signal is to be interpreted as the reflection from
the plane x, = 0. The wavefronts are shown in figure 3.2.

// \\
/ \
/ \
I' \
'\ (i) |
\ e S /
\\ 7 | \\ / -

|
I X4

X2

Fig. 3.2. Antiplane line load in a half-space.

The idea of imaging the primary source with respect to free surfaces can
also be used to determine the Green’s function for a region bounded by two
planes. Suppose we have at x, = 0 and x, = X:

Gus o,

0x,
In this case we take the image of the primary source with respect to both
x, =0 and x, = A. The image with respect to x, = A destroys, however,
the symmetry of the primary source and its image with respect to x, = 0,
and we thus must add another source in the region x, < 0 to restore sym-
metry. The system of sources must, however, also again be symmetric with
respect to x, = A, which establishes the need for another source at x, > A,
whereupon an additional source must be applied at x, < 0, and so forth.
It is concluded that an infinite number of sources is needed to satisfy the
conditions of du;/0x, = 0 at x, = 0 and x, = h. At a point 0 £ x, £ A,
an infinite sequence of signals is observed. The signals are interpreted as the
primary signal and subsequent reflections from the two free surfaces. The
sources and the pattern of waves are shown in figure 3.3. The arcs AB and
A’B’ indicate the wavefronts which separate the disturbed from the un-
disturbed part of the layer.
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Fig. 3.3. Antiplane line load in a layer.
By employing displacement potentials the general elastodynamic problem
is also governed by classical wave equations. The potentials are, however,
coupled by the boundary conditions, at least for the physically significant

boundary conditions covered by eqgs. (3.137) and (3.138). As a consequence
it is generally not possible to employ the scheme of imaging to construct

T
!

Fig. 3.4. Half-space subjected to an interior point load.

the Green’s functions for simple domains from the Green’s function for
the unbounded domain. This can be exemplified by considering a half-
space subjected to an internal point load, as shown in figure 3.4. In cylin-
drical coordinates the boundary conditions at z = 0 are

z = 0: 7, =0, T, =0, T,9 = 0.

Now let us compare these boundary conditions with the conditions that
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prevail in an unbounded medium with two symmetrically placed point
loads as shown in figure 3.5. In view of axial symmetry we do have 7, = 0
at z = 0. Symmetry with respect to z = 0 yields, however 7,, =0 and
w = 0 at z = 0. By the method of images it is apparently possible to satisfy
the conditions of a smooth boundary at z = 0, but not the much more
significant conditions of a traction free boundary.

B

B

Fig. 3.5. Symmetrically placed point loads.

Motions that are generated by surface disturbances are equally difficult
to express in a simple manner. For this case we may employ a Green’s
function for the boundary condition. Such a Green’s function satisfies the
governing equation inside the body and shows appropriate singular behavior
at one point of the boundary. For example, if a body is subjected to a
distribution of normal surface tractions, the appropriate Green’s function
is the displacement due to an impulsive normal point load on the surface.
The displacement at any point can then be expressed in the form of a super-
position integral over the distribution of surface tractions and the Green’s
function. For the general elastodynamic problem such Green’s functions
are again rather complicated. For the half-space and the layer some examples
are worked out in chapters 7 and 8, respectively.

Green’s function techniques are only one way of solving boundary-
value problems. Solutions of elastodynamic boundary-value problems are
usually obtained by direct application of methods of applied mathematics
to the system of governing partial differential equations and the boundary

and initial conditions. Several worked out examples are presented in chapters
4,7, 8 and 9.
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3.12. Steady-state time-harmonic response

3.12.1. Time-harmonic source

We will return to the radiation problems of sections 3.6 and 3.7 to consider
the special case that the external disturbances vary in a simple harmonic
manner with time. Suppose, for example, that the inhomogeneous term in
the radiation problem for an unbounded medium, defined by (3.50), is
time-harmonic with period of oscillation 2n/w; 1.e.,

1 3%

Vip— — —
cz at®

= —F(x) cos (wt+a). (3.141)

The general solution then follows from eq. (3.66) as

o(x, 1) = }—f F) cos (wt— d Ix—§|+<x) dve,  (3.142)
4nd B [x — €| cL
where dV; = df,d&;d&;, and the integration is carried out over the sphere
By, with center at x and with radius ¢ 2.
The inhomogeneous term in (3.141) may also be written as

RF(x)e" @+, (3.143)

where | = /—1 and & indicates that the real part should be taken. Eq.
(3.142) then assumes the form

o(x, t) = 1 %ei(“"“)f ). e Helenl==Elqy, (3.144)
4n B |[x—¢§|

It must be emphasized that the time does not appear only in the ex-
ponential term of (3.144), but also in the limits of integration. The solution
as it is represented by (3.144) is for an initial-value problem. Let us now
consider this solution for large values of time. If ¢ is large enough the in-
tegration over B will include the complete region over which the inhomo-
geneous term is defined. This region, which is independent of time, is denoted
by V. Thus, for large ¢ the solution (3.144) may be written as

o(x, t) = B! OP(x), (3.145)
where
o(x) = L f FQ) piwrenie-zigy,, (3.146)
4nJv {x—¢&|

Eq. (3.145) is called the steady-state solution for'the problem at hand.
For the special case that F(x) = §}x—{] we find
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o 1 e ielen)iz—gl

(x;90) eI (3.147)
Clearly (3.147) in conjunction with (3.145) represents a wave propagating
in the direction of increasing values of |x—¢{|. For a position x = x,,
this solution is valid for # > |x; —{}/c,. In the three-dimensional case the
steady-state solution applies for a position defined by x, if ¢, ¢ is larger than
the radius of the smallest sphere, centered at x = x;, which includes the
region of external disturbances V.

In a steady-state analysis we generally immediately assume a solution
of the form (3.145). It is, however, convenient to omit the symbol Z during
the analysis, until the very last stage, when the real part must be taken to
obtain the final result. Thus we consider steady-state solutions of the form

o(x, 1) = ®(x)e', (3.148)

with the understanding that we are interested in the real part. Here &(x)
may be a complex function because it is now taken to include the phase
angle a. This representation is permissible provided that only linear oper-
ations are carried out, i.e., operations in which it is immaterial whether
taking the real part is done before or after the operation. Typical examples
of such operations are addition, subtraction, integration and taking a
derivative.

Time-harmonic motions described by (3.148) may be of two types, either
progressive harmonic waves or standing harmonic waves. Standing waves
are characterized by the appearance of stationary points of zero phase,
called nodes. Progressive harmonic waves do not have stationary nodes,
but moving nodes. Standing waves occur in bodies of finite extent. If the
shape of the body is simple enough, standing waves can be analyzed by the
method of separation of variables. Progressive harmonic waves are generally
of interest for very large bodies.

3.12.2. Helmholtz’s equation

If a steady-state solution of the form (3.148) is substituted into

1 2% _

VZ _.____eriwt,
9= 3 o (x)

we obtain
Vo +k*¢ = —F(x), (3.149)
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where we have introduced the wavenumber k as

()]

k==, (3.150)

c
A particular solution of (3.149) is given by (3.146). The homogeneous form
of (3.149) is called the space form of the wave equation, or Helmholtz
equation.

3.12.3. Helmholtz’s first (interior) formula

A formula analogous to Kirchhoff’s formula, which was stated in section
3.9, can now be stated for the time-harmonic case. Considering a point
defined by the position vector x inside a region ¥ bounded by the surface
S, we find

— l F(g) —iklx—§|dV
) 4n.[y |x—§|e :

L1 [e_—j 020) _ ey 2 (ﬂ——ﬂ)] da,.  (3.151)

ands L x—¢  on, ong \ |x—¢|

As usual, n, is the outward normal to S. The integral representation (3.151)
is known as Helmholtz’s interior formula.

3.124. Helmholtz’s second (exterior) formula

Let us now consider a point defined by the position vector x outside the
boundary S of the region V. The point is in the region T which is bounded
internally by S and externally by another closed surface Sg. The surface in
eq. (3.151) is now composed of S+ Sg. It should be realized that n is the
outward normal to the region of integration T. For the surface S we now
take a spherical surface of (large) radius R centered at x. Then as R —» ©
i ~ i and lx—'él = R.
on, OR
Hence

-ik|x—g| —iklx—~ &} —ikR —ikR
¢ aﬁ-:»(g)i[e ]~|:§‘3 +ik¢}e T
,x“‘&, an‘: 6n¢ lx—fl JOR R R

Now let it be requized that
IRl < M (3.152)



118 ELASTODYNAMIC THEORY [Ch. 3, § 3.12.

and

R (a_q_s +ik¢) -0 (3.153)
R

uniformly with respect to direction as R — oo, where R is the distance from
position x. These conditions are known as the Sommerfeld radiation con-
ditions. Since the area of S is of order R?, we have in view of (3.152)

o~ kR
f ?— d4 -0 as R — oo,
sk R

and in view of (3.153)

f 0P
s

—-ikR
(—— +ik<15)e dA—>0 as R - co.
OR R
Hence when @ satisfies the radiation conditions the integral representation
for ¢(x) becomes

&(x) = LJ‘ fﬁe‘"‘"‘—‘ldVg

R

4ndrix—¢€|
—iklx~&| A —ik]x—&]
+ L [i———— 99(¢) —og) L (e-—-)] dd;,  (3.154)
dnds L |x—§| On; ong \ |x—¢|

where T is the whole of space outside S, and n’ is an inward normal to the
closed surface S. Eq. (3.154) is Helmholtz’s second formula, which is applied
extensively in the investigation of scattering of acoustic waves by obstacles.
For a discussion of applications of the formula to scattering and diffraction
problems we refer to the monograph by Mow and Pao.'$

It can be shown that Sommerfeld’s radiation conditions are a consequence
of the property of the solution of the initial value problem that waves
propagate outward from their source.®

3.12.5. Steady-state solutions in two dimensions

In two dimensions, a solution of
Vio+ k2 = S|x—¢|
is given by
0(x; §) = 7 HP(kn) (3.155)

15 C. C. Mow and Y. H. Pao, The diffraction of elastic waves and dynamic stress con-
centrations. Report R-482-PR, The Rand Corporation (1971), p. 140.
16 ¢, H. Wilcox, Archive Rational Mechanics and Analysis 3 (1959), 133.
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where
r=|x—¢§ = [(xl_f1)2+(xz'"fz)2]*- (3.156)

Here H{?)(kr) is the Hankel function of the second kind. In books on
Bessel functions the following asymptotic representation can be found:

H(2) k i 4 —i(kr—mn/4)
0 ( r) ~ e N

nkr

which shows that
O(x1,%2,1) = L e HE(kr)

does indeed represent a wave diverging from the axis x = ¢.
By employing (3.155), a particular integral of the two-dimensional
Helmbholtz’s equation with inhomogeneous term F(x) is obtained as

®(r) = i f FOHP(n)dds,

where r is defined by (3.156), and A is the area occupied by F(x). The two-
dimensional fundamental solution can be employed to derive an integral
representation. For a point located inside the area 4 bounded by the curve
C, which does not contain sources, we find

() = — - f [572 HP(kr)- & ng”(kr)] dC,.  (3.157)
4Jc 5n; ang -

Here n is the outward normal to C. Eq. (3.157) is known as Weber’s interior

Jormula. An analogous formula can be derived for an exterior region.

3.13. Problems

3.1. Suppose a point load acting in the x,-direction is applied at time
t = 0in an unbounded medium and is then maintained at a position which
moves with a constant velocity v along the positive x3-axis. Consider the
case v < c;. If the initial point of application is taken as the origin of the

coordinate system the displacement equation of motion may be stated as
(1z0)

et Viut(ci—cH)V(V - u)—ii = Q5(x,)5(x)8(x3 —vt)is.

Here Q is a constant measuring the strength of the moving force. The
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initial conditions are
u(x,0) = a(x,0) = 0.

The displacement distribution for this moving load problem can be de-
termined in an elegant manner by employing the dynamic reciprocal identity.
(a) Show that the dynamic reciprocal identity reduces to

n
ff *u'dV, =J [ xudv;,
14 14
where

f(&5) = Q6(£,)6(£2)5(E5—vs)is.

(b) Determine the displacement in the x,-direction by choosing ap-
propriate expressions for f' and u’.

3.2. Determine the displacement components u, and u, due to a two-
dimensional center of compression.

3.3. Show that in cylindrical coordinates the radial displacement due to a
point load of magnitude pg(7) acting in the axial direction may be expressed
in the form

u, = 1 3zr R/Cng(t—s)ds—i- 1o [1 (t— R) L (t—— R)]
" 4m R VR 4n R® c,:’;g L c%g e/’

where z and r are cylindrical coordinates and
R =r?+22,

3.4. Use the expression for u, of Problem 3.3 to write the displacement
in the radial direction in the plane z = 0 for the case that two equal point
loads are oriented as shown in figure 3.5.

3.5. An unbounded medium is subjected to a distribution of antiplane loads
which are independent of the x3;-coordinate. The distribution is represented
by

F(xg, X2, 1) = foH(x,)0(x2)H(t)is .
By employing eq. (3.130) determine the stress field t3,(x,, x,, ¢) generated

by the loads. What is the nature of the stress singularity in the vicinity of
x, =0,x, =0?
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3.6. An unbounded medium containing a semi-infinite crack is subjected
to equal and opposite antiplane /ine loads on the faces of the crack, as shown
in the figure. Observe that for x, = 0 the displacement %3 vanishes in the

h

.

X2

plane of the crack. The medium is not subjected to body forces. Consider
the time interval ¢ = h/c;, and employ the appropriate integral representa-
tion in conjunction with the fact that #3(x,, 0, ¢) = 0 for x, = 0, to obtain
an integral equation for #3(x, , 0, ¢) on the faces of the crack.

3.7. A quarterspace which is free of surface tractions is subjected to a con-
centrated line load, which is defined by

J = fod(x=&,)0(x—&,)0(2)is5.

Determine the displacement at X, , X, as a function of time.

52
g

Xa

"%, %

3.8. An unbounded medium is subjected to a time-harmonic point load.
Use the results of section 3.12 to determine the steady-state displacement
response of the medium.

3.9. For the two-dimensional case an equation analogous to eq. (3.154)
can be derived. What are the pertinent radiation conditions?

3.10. Reexamine eqgs. (3.155)-(3.157) for the case that the steady-state
solution is assumed in the form

o(x, t) = B(x)e™ ™",



CHAPTER 4

ELASTIC WAVES IN AN UNBOUNDED MEDIUM

4.1. Plane waves

A plane displacement wave propagating with phase velocity ¢ in a direction
defined by the unit propagation vector p is represented by

u =f(x-p—ct)d. (4.1)

In this equation 4 and p are unit vectors defining the directions of motion
and propagation, respectively. The vector x denotes the position vector,
and x- p = constant describes a plane normal to the unit vector p. Eq.
(4.1) thus represents a plane wave whose planes of constant phase are normal
to p and propagate with velocity c.

By substituting the components of (4.1) into Hooke’s law, see eq. (2.40),
the components of the stress tensor are obtained as

rlm = [A'élm(dj pl) + ﬂ(dl pm + dm pl)]fl(xn pn - Ct)$ (42)

where the summation convention must be invoked, and a prime denotes a
derivative of the function f( ) with respect to its argument.

In the absence of body forces the components of the displacement vector
in a homogeneous, isotropic, linearly elastic medium are governed by the
following system of partial differential equations:

pViu+(A+p)VV - u = pi, (4.3)

where A and u are Lamé’s elastic constants, and p is the mass density.
The vector operator V is defined as
. 0 . 0 ., 0
V=i — +i, — +i;—, (4.9)
axl axz 5x3
and V? is the Laplacian. We will substitute the expression for the plane
wave, eq. (4.1), into the system of field equations (4.3). By employing the
relations
122
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V-u=(p-d)f(x-p—ct)
VV-u=(p-d)f'(x-p—ct)p

Viu =f"(x-p—ct)d
i = c*f'(x- p—ct)d,
we obtain
[nd+(A+u)(p - d)p—pc*d]f”(x - p—ct) =0,
or

(n—pc?)d+(A+u)(p - d)p = 0. (4.5)

Since p and d are two different unit vectors, eq. (4.5) can be satisfied in
two ways only:
eitherd = +p, or p-d =0.

Ifd = +p, we haved - p = +1, and eq. (4.5) yields

c=c, = (%-;—zu)é (4.6)

In this case the motion is parallel to the direction of propagation and the
wave is therefore called a longitudinal wave.
The components of the rotation V Au are

€im O1Um = €imP1dnt’,
and thus
VAau = (pad)fi(x-p—ct) =0.

The rotation thus vanishes, which has motivated the alternative terminology
irrotational wave. This type of wave is also often called a dilatational wave,
a pressure wave, or a P-wave (primary, pressure).

If p # +d, both terms in (4.5) have to vanish independently, yielding

¢
p-d=0 and c=cT=(—). (472, b)
p

Now the motion is normal to the direction of propagation, and the wave
is called a transverse wave. It can easily be checked that in this case the
divergence of the displacement vector vanishes, and we speak therefore also
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of an equivoluminal wave. This type of wave is also often called a rotational
wave, a shear wave, or an S-wave (secondary, shear). The displacement can
have any direction in a plane normal to the direction of propagation, but
usually we choose the (x; x,)-plane to contain the vector p and we consider
motions which are in the (x,x,)-plane or normal to the (x;x,)-plane.
These transverse motions are called “‘vertically”” and ‘‘horizontally” polarized
transverse waves, respectively.
From eqs. (4.6) and (4.7b) it follows that

_ (l+2u)’1’ _ [2(1—V)T’ (43)

cr u 1-2v

where v = Poisson’s ratio, and where table 2.1 has been employed. Since
0 £ v £0.5, it follows that ¢, > cy. For metals, the phase velocities of
longitudinal and transverse waves are generally very large. Thus we find
for structural steel, ¢, = 590,000 cm/sec, and c; = 320,000 cm/sec. For
a few materials, representative values of p, ¢, , ¢y and k are listed in table 4.1.

TABLE 4.1.

Approximate values of p, ¢, , ¢, and «

P L cr
Material (kg/m?3) (m/sec) (m/sec) x
air 1.2 340
water 1000 1480
steel 7800 5900 3200 1.845
copper 8900 4600 2300 2
aluminum 2700 6300 3100 2.03
glass 2500 5800 3400 1.707
rubber 930 1040 27 38.5

4.2. Time-harmonic plane waves

In chapter I it was already pointed out that the results of studies on traveling
harmonic waves in a linearly elastic medium are of interest by virtue of the
applicability of linear superposition. By the use of Fourier series, harmonic
waves can be employed to describe the propagation of periodic disturbances.
Propagating pulses can be described by superpositions of harmonic waves
in Fourier integrals.

A plane harmonic displacement wave propagating with phase velocity
¢ in a direction defined by the unit propagation vector p is represented by
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u = Ad exp [ik(x - p—ct)], (4.9)

where i = \/(—1) and it is understood that the actual displacement com-
ponents are the real or imaginary parts of the right-hand side. The am-
plitude 4 may be real-valued or complex, but it is independent of x and . As
defined in chapter 1, w = kc 1s the circular frequency and k is the wave-
number. These quantities are related to the period T and the wavelength A
by @ = 2#/T and k = 2n/A, respectively.

Eq. (4.9) clearly is a special case of (4.1). This implies that the results of
the previous section are applicable. Thus, we have two types of plane
harmonic waves, longitudinal and transverse waves, propagating with phase
velocities ¢y and cr, respectively. Since the wavenumber & does not appear
in the expressions for the phase velocities, plane harmonic waves in an un-
bounded homogeneous, isotropic, linearly elastic medium are not dispersive.

4.2.1. Inhomogeneous plane waves

The space and time coordinates in the expression for plane harmonic waves,
(4.9), are intrinsically real. For simple harmonic time variation w is also
real, while p; and k are usually taken as real-valued. As an interesting
generalization of (4.9) we will now, however, consider the possibility of a
complex-valued unit propagation vector p,

p =p+ip". (4.10)

Since p is a unit vector we still require
p . p = 1, (4.1 1)

which implies

pop-pp =1 (4.12)
pp’ =0 (4.13)

Substituting (4.10) into (4.9), we obtain
u = Ad exp [—k(x - p"”)] exp [ik(x - p'—ct)]. (4.14)

This expression describes a wave with varying amplitude propagating in a
direction defined by the vector p’. Planes of constant amplitude are given by

x-p" = Cy, (4.15)
and at any particular time 7, planes of constant phase are given by

X - p, = C25 (4'16)
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where C; and C, are constants. It now follows from (4.13) that the planes
expressed by (4.15) and (4.16) are orthogonal, i.e., the planes of constant
phase are orthogonal to the planes of constant amplitude. This means that
the amplitude remains constant along lines in the direction of propagation,
but varies exponentially in planes perpendicular to the direction of propaga-
tion. When the components of p are real, then we have the familiar case of
uniform amplitude throughout space. Plane waves with a unit propagation
vector whose components are not real are called inhomogeneous plane waves.

Although the wave is harmonic and the vector p is complex-valued, the
wave is still of the general form (4.1). The development leading to eq. (4.5)
is not affected and it is concluded that we must again have

(u—pc?)d+(A+p)(p-d)p = 0. (4.17)

It should, of course, be realized that the unit vector d is now also complex-
valued. Just as for the case of real-valued vectors, (4.17) can be satisfied
in two ways only: either d = +p, or d- p = 0. These two cases yield
¢ = ¢, and ¢ = c¢r, respectively.

For the subsequent discussion it is convenient to rewrite the expression

for a plane wave as
u = Adexp [io(x - g—1)], (4.18)
where the slowness vector is defined as
q = ple.
In view of (4.11) we have
2

q;+q3+493 = ¢°,

where ¢ = 1/c,, for longitudinal waves, and ¢ = 1/cr for transverse waves.
In most cases we choose our coordinate system so that p; = 0. Then if we
assume that g, is real, g, must be either real or imaginary, depending on
the magnitude of g, in comparison with g:

9, = (a*—4q3)* (4.19)

g, = i(gi—g°) = ip. (4.20)

The corresponding plane waves have the form

or

u = Ad exp [io(x,q, +x,9,—1)] (4.21)
and
u = Ad exp (—wx, p) exp [iw(x,q9,—1)], (4.22)
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respectively. In the first of these the oscillation amplitude is uniform
throughout the field, and planes of fixed phase advance with speed ¢ = 1/g
in the direction of the slowness vector g, which has real components. In eq.
(4.22) the oscillation amplitude decays exponentially in the positive x,-
direction. For fixed x,, however, there is a simple harmonic wave propagat-
ing in the x,-direction with phase velocity 1/g, .

4.2.2. Slowness diagrams

As pointed out by Crandall’, the relations (4.19) and (4.20) can be rep-
resented in a slowness diagram, figure 4.1, by a circle and an equilateral
hyperbola, respectively. Given g, < g, the corresponding value of g, is on
the circle of radius g. When g < g, the corresponding value of § is on the
hyperbola.

Fig. 4.1. Slowness diagram.

An alternative representation of egs. (4.19) and (4.20) is obtained by
introducing the angle 8 by

py =sinf, P> = cos 8.

Then, as shown in figure 4.1,

q: = qsiné, q, = g cos 6.
When ¢; < g, the angle 6 is real. When g < ¢,, it is convenient to set

0 =in—iy,

and write

q:1 = g cosh vy, B = gsinh y.
As we shall see in section 13 of chapter 5, slowness diagrams are useful to
illustrate reflections and refractions of waves.

v S. H. Crandall, Journal of the Acoustical Society of America 47 (1970), 1338-1342.
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4.3. Wave motions with polar symmetry

4.3.1. Governing equations

Within a system of spherical coordinates the field variables describing wave
motions with polar symmetry depend on r and # only. The single displacement
component, which is in the radial direction, is denoted by u(r, ¢). The non-
vanishing stresses are the radial stress

BT ALETILY (4.23)
or r
and the normal stress in any direction perpendicular to r
=42 po04m)t. (4.24)
or r

The equation of motion takes the form
?_T"r +2(Tr_19)___ ai’;
or r ot

By substituting (4.23) and (4.24), the displacement equation of motion is
obtained as

(4.25)

2 2
au.}.%a_u_z_u:ia_._u_ (4_26)

ot rar i ot
It is convenient to express the radial displacement in terms of a potential
function ¢(r, t),

u = ¢ . (4.27)
or
By substitution into (4.26) it is easily shown that u(r, t) is a solution of
(4.26) if the product r¢ satisfies the one-dimensional wave equation

2 2
0(re) _ 1 *(re) (4.28)

or? c o
Eq. (4.27) is consistent with the general representation given by egs. (2.87)
and (2.150) of chapter 2. The governing equation (4.28) could have been

obtained directly from eq. (2.153) of chapter 2.
The general solution of (4.28) is

o(r, 1) = l;f(t— L) + %g(r+ —r-).

L L
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Clearly the two terms represent waves diverging from r = 0 and converging
to r = 0, respectively.
4.3.2. Pressurization of a spherical cavity

Now let us consider the specific wave motions that are generated by the
rapid pressurization of a spherical cavity in a homogeneous, isotropic,
linearly elastic medium (see figure 4.2). These wave motions display polar
symmetry with respect to the center of the cavity. The problem at hand is

Fig. 4.2. Pressurized spherical cavity.
governed by (4.23) and (4.26), supplemented by the following boundary and
initial conditions:
r=a,tz0: 7, = —p(t) (4.29)
rza, t <0 u(rt)y=u(,t)y=0. (4.30)

Eq. (4.30) indicates that the medium is assumed to be at rest prior to time
t =0.

The appropriate solution of (4.28), i.e., the one representing outgoing
waves, may be expressed as

o(r, 1) = %f(s), (4.31)

where, instead of t—r/c;., we employ the argument

s=t—"2, (4.32)
‘L

and where f(s) = 0 for s < 0. The functional form of f(s) depends on the
boundary condition (4.29) and the initial conditions (4.30).
In terms of f(s), the displacements and stresses may be written as
f’ f
ur, ) = — — — (4.33)
ey F
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(1) = v[(l vzf” +2(1— 2)( r + %)] (4.34)

CL 9

To(r, ) = peL [—f- ~(1-2) (f— 1 )} (4.35)
1—vLcir cLr
In eqs. (4.33)-(4.35), a prime denotes a differentiation of the function f(s)
with respect to the argument s. We have eliminated A and u in favor of ¢2
and the Poisson’s ratio v, whereby the relations of table 2.1 have been
employed.
The actual functional form of f(s) remains to be determined. Since the
displacement should be continuous at the wavefront, the initial conditions
on f(s) are, in view of (4.30),

f(0) = £'(0) = 0. (4.36)

At r = a, the argument of f(s) reduces to s = . The boundary condition
(4.29) and the expression for the radial stress, (4.34), then combine to
produce the following ordinary differential equation for f(s):

d*f df
& 420 @+ = — 2 p(s), (4.37)
ds? ds p
where
1-2v ¢, , 1=2v ¢
o = —_, = — _2 .
1-v a (1-v)? a

By means of the substitution

f(s) = g(s) exp (—us), (4.38)
Eq. (4.37) can be simplified to
d +8%g = — ‘—;p(s) exp («s). (4.39)

The solution of (4.39) satisfying quiescent initial conditions is
g(s) = ;j p(‘c) exp (at) sin [ B(s—1)]d1. (4.40)
p

By substituting (4.40) into (4.38), by a change of the integration variable,
and a subsequent substitution into (4.31), we find

o(r,s) = — =~ = —stp(s—-c)e_"‘r sin (fr)dr. (4.41)
pprio
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The radial displacement and the radial and the tangential stresses can be
computed from (4.33), (4.34) and (4.35), respectively.

The corresponding quasistatic solution can be obtained by evaluating
the limit of (4.41) for p — 0.

.1 § —a—i

Py = — c_lllm — ff p(S—“l')e (@ lﬂ)td‘l'.
r p-0 pf 0

By integrating by parts we find

o, = _a’ p(r)  1-v
N A+2u 2(1-2v)°

Q

~

which can also be written as

_a e

Qs =
' r o 4u

Eq. (4.41) can easily be evaluated for the special case

p(t) = poH(2),

where H (1) is the Heaviside step function. The result is

o(r,t) = — 4171 a_lf’-O [1—(2=2v)te *sin (Bs+y)]H(s), (4.42)

where s is defined by (4.32), and
y=cot ' (I-2v)* (in <y < in).

It is noted that ¢(r, 1) approaches the quasistatic solution as ¢ increases
beyond bounds. The potential for a pulse of finite duration T may be found
by superimposing on (4.42) the corresponding displacement potential for a
pressure of the same magnitude but of opposite sign, and of indefinitely
long duration starting at time 7, so that the cavity surface is made free from
applied pressure after time 7.

For two positions the radial stresses and the circumferential normal
stresses corresponding to (4.42) are plotted in figures 4.3 and 4.4, respec-
tively. For a fixed position r, the wave arrives at time ¢ = (r—a)/c.. The
static solutions are also shown in these figures and it is noted that both
stresses show a dynamic overshoot of the static values. From eq. (4.42) it is
seen that at a fixed position damped oscillations persist, which shows a
distinction between spherical waves and plane waves. Another distinction
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-0.2

Fig. 4.3. Radial stress; — — — — denotes static solution.

is that in spherical geometry the field variables are subjected to geometrical
attenuation which is at least of order r ~'. It is noteworthy that the circum-
ferential normal stress changes sign as the wave passes by.

4.3.3. Superposition of harmonic waves

For a spherical geometry an expression representing a harmonic wave with
polar symmetry follows immediately from egs. (4.31) and (4.32) as

o(r, 1) = 4 exp [iw (r—a —t)} . (4.43)
By employing (4.34), the corresponding radial stress is found as
7, = —pD(w, r) 4 exp [iw (r—a —t)} , (4.44)
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Fig. 4.4. Circumferential normal stress; — — — denotes static solution.
where
a a 2
D(w, r) = o*+2i (—) am—2(1—v) (—) B, (4.45)
r r

and « and B are defined earlier in this section. Eqgs. (4.43) and (4.44) describe
outgoing waves.

Superposition of harmonic waves represented by (4.43) and (4.44) can be
employed as an alternative means to obtain the wave motion due to pres-
surization of a spherical cavity. To this end we employ eq. (1.97) of section
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1.8 and we express the boundary condition (4.29) at r = a by
t(a, t) = — 2~1~J pH(w)e” " dw. (4.46)
M -

An outgoing time-harmonic spherical wave is given by eqgs. (4.43) and
(4.44). It follows that ¢(r, t) may be expressed as

-} %
(p(r, t) = i f 1_f 4 (a)) e—iw[t—(r—a)/n]dw, (4'47)
2n 1 pd -0 D(w)

where D(w) follows from (4.45) by setting r = q,
D(w) = 0+ 2iaw—2(1—v)B%
Eq. (4.47) can be evaluated by contour integration in the complex w-
plane. Let us consider the case that

p(t) =

€

7;(;2_;_1?) . (4.48)

By employing eq. (1.98) of section 1.8, we find
p¥(w) = e™*. (4.49)

The pressure distribution given by (4.48) is a pulse. In the limit as ¢ — 0,
p(t) is zero everywhere, except at ¢ = 0, where p(t) becomes unbounded.
This limitcase is the well-known Dirac delta function, denoted by d(¢).
From (4.49) we see that p*(w) reduces to unity as ¢ approaches zero. Al-
though it may be considered as the limitcase of an impulse, the Dirac delta
function has little physical significance as a forcing function. If it is possible
to evaluate the response to a Dirac delta function, the response to other
external disturbances can, however, be obtained by a superposition over
time. Any function can be considered as an infinite sequence of delta func-
tions since

(1) = f " £(s)5(t—s)ds. (4.50)
For p(t) = 4(t), eq. (4.47) reduces to

(P(r» t) = i q le 1_ e'iw["‘(""ﬂ)/c:‘]dw.
2 r pJ -» D(w)
The roots of D(w) = 0 are computed as

+ (1—-2v)* L, 1-2v -

Wy, . =
1—v a 1—v a
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Thus the poles of the integrand are located in the lower half-plane at
w = w, and w = w,, respectively. For t—(r—a)/c, > 0, the contour is
closed in the lower half-plane and the computation of the residues yields

o(r, 1) = — 22 Zexp(—as)sin (Bs). (4.51)
rpf

For t—(r—a)/c, < 0, the contour must be closed in the upper half-plane
and we find @(r, 1) = 0. Eq. (4.51) agrees with (4.41) if we substitute
p(t) = 6(t) and employ the sifting property of the delta function expressed
by (4.50).

4.4. Two-dimensional wave motions with axial symmetry

Transient wave motions with axial symmetry are much more difficult to
analyze than wave motions with polar symmetry, even if the motion is also
independent of the axial coordinate. The reason is the absence of a simple
general solution for cylindrical waves.

4.4.1. Governing equations

In a system of cylindrical coordinates, motions that are independent of
the axial coordinate z and the angular coordinate 6§ can be separated into
three types of uncoupled wave motions:

Radial motions: These are governed by

_ % (4.52)
or
7, = A (a_u + Li) +2u ou (4.53)
or r or
o = A (a—“ n ’i) +out (4.54)
or r r
ou u
0 = A (_ " _) (4.55)
or r

2 2
o 1dp 10 (4.56)

ar? r or ¢k ot .
Rotary shear motions: These are governed by

_ W 5
v = ™ 4.57)
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Trg = H (@ - E) (4.58)
ar r
o*y 1 oy 1/ 1y
rye = r. 4.59
or? r or r2 ok oat? (4.59)

w = L 9Wer) (4.60)
r or
T = (4.61)
or
2 2
6_"02,9_;_1_‘7_'#_9._"5:’:_12_6_29. (4.62)
or r or r- ¢t Ot

These sets of equations follow directly from the general system of equations
stated in section 2.13.

4.4.2. Harmonic waves

Expressions representing time-harmonic wave motions of the radial, rotary
shear or axial shear types can be obtained in a straightforward manner. To
illustrate cylindrical waves of harmonic time dependence we consider radial
motions.

Considering a solution of the general form

o(r, t) = d(r)e, (4.63)
it follows from eq. (4.56) that &(r) must satisfy
d*¢ 1 do
o+ I 4k =0, 4.64
dr? r dr t ( )
where
=2, (4.65)
‘L

The general solution of (4.64) is
&(r) = AH\ (ko r)+BHP (k. 1), (4.66)

where H{V(k,r) and H{P(k,r) are Hankel functions of the second type.
Thus, ¢(r, t) may be written as ;

o(r, t) = Ae“ H{ (k. r)+ B HP (k. r). (4.67)

The nature of the wave motions represented by the two terms in (4.67)



Ch. 4,§4.4.] TWO-DIMENSIONAL WAVE MOTIONS WITH AXIAL SYMMETRY 137

becomes evident by inspecting the asymptotic representations of the Hankel
functions for large values of k; r. In a text on Bessel functions the following
asymptotic representations can be found:

HB"(kLr)~( )ze"“‘”‘"/“’ as kyr— oo (4.68)

kyr

+
HP(kyr) ~ ( ) e k= a5k r > 0. (4.69)

ky r
It is now apparent that the first term in (4.67) represents a wave converging
toward r = 0, while the second term represents a wave diverging from
r = 0. Since most applications are concerned with diverging waves we will
generally deal with

o(r, t) = Be“"HP (k. r). (4.70)

The Hankel function H(k,r) can be expressed in terms of Bessel
functions of the first and second kinds as

H(oz)(kz, ") = Jo(k, ")— iYo(ky ")-

Well-known integral representations of the Bessel functions are

2J'°° sin xs
Jo(x) = - - _ds
o) nd1 (s2—1)*

2f°° COS X5
Yox) = — =| 205X 4
o(x) nd1 (s*—-1)F

and thus H{?)(k, r) may be represented by

HO(kyr) = 2 f RN (4.71)
ndi (s2-1)F

The general solution (4.70) can now of course be employed to solve
a specific problem, for example, the wave motion generated by a time-
harmonic pressure acting on the surface of a circular cylindrical cavity.
By employing (4.53) and (4.52) the constant B can be obtained without
difficulty. The details of this straightforward computation are left to the
reader. Subsequently harmonic waves can be superposed to determine the
wave motion generated by a pressure of arbitrary time dependence acting
in a circular cylindrical cavity. Unfortunately it is rather difficult to evaluate
the resulting superposition integrals.
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Several authors have used Laplace transform techniques? to investigate
transient cylindrical wave motions, see for example the paper by Kromm.3
For an interesting problem of cylindrical waves in plane stress we refer to an
article by Miklowitz*, which is concerned with an application of the
Laplace transform to examine plane-stress unloading waves emanating
from a suddenly punched hole in a stretched elastic plate. The alternative
to integral transform techniques are numerical methods based on the method
of characteristics as discussed in section 4.8.

4.5. Propagation of wavefronts

If a medium is disturbed from a quiescent state by excitation at a boundary
or within a restricted domain of the interior, neighboring domains are soon
set in motion and put into states of deformation. The moving surface which
separates the disturbed from the undisturbed part of the body is called the
wavefront. Clearly the field quantities and/or their derivatives are discon-
tinuous at the wavefront. In the previous sections some cases of transient
wave motion were considered with plane and spherical wavefronts. These
problems were amenable to an exact analysis. Generally it is not possible
to determine exact solutions if the wavefront is not of a geometrically simple
shape. Consider for example the wave motion generated by the sudden
pressurization of a cavity of irregular shape in an unbounded medium. It
is evident that it will be rather difficult to obtain expressions describing the
details of the induced wave motion. For a problem of this type it is, however,
possible to determine the field variables and/or their spatial and time
derivatives at the wavefronts.

4.5.1. Propagating discontinuities

The computation of variables at wavefronts is based on some general
results regarding propagating surfaces of discontinuity in continuous
media. The basic techniques for the study of propagating surfaces of dis-
continuity in continuum mechanics were established toward the end of the
last century. For elastic media a brief exposition can be found in the book
by Love.® In recent years the theory was discussed in detail by T. Y. Thomas®.

2 Integral transform methods are discussed in chapter 7.

3 A. Kromm, Zeitschrift fiir angewandte Mathematik und Mechanik 28 (1948), 297.

4 J. Miklowitz, Journal of Applied Mechanics 27 (1960), 165.

5 A. E. H. Love, The mathematical theory of elasticity, 4th edition. New York, Dover
Publications (1944), p. 295.

5 T. Y. Thomas, Plastic flow and fracture in solids. New York, Academic Press (1961),
p. 37.
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The procedures that are used are analogous to the ray-tracing and associated
wavefront analysis of geometrical optics. For the scalar wave equation,
wavefront analysis was discussed in great detail by Friedlander.” A theory
for the propagation of stress discontinuities in inhomogeneous isotropic
media was presented by H. Keller.®

The equations governing the motions of a homogeneous, isotropic,
linearly elastic medium are stated in section 2.5. From the examples that
have been treated in the preceding sections it can be concluded that we
can impose initial and boundary conditions so that the stresses are con-
tinuous. On the other hand, we can also impose external conditions so that
the stresses are discontinuous at the wavefront. It should be realized, how-
ever, that discontinuities of most kinds which occur in the mathematical
analysis of physical situations are really idealizations of quantities which
vary very rapidly in a small interval of space and time. Thus a discontinuous
change is the mathematical description of a physical change which takes
place in a thin layer.

A wavefront does not necessarily propagate into undisturbed material.
In the remainder of this section it will be assumed that the material is al-
ready disturbed before the wavefront of an additional disturbance arrives.

We consider a nonstationary surface of discontinuity D, which divides
a region V into two parts ¥; and V,. The subscript 1 is used to denote the
values of field variables on D when D is approached through V,, and the
subscript 2 is employed to denote the values when D is approached through
V,. If, say, the components of 7;; are discontinuous across D, the jumps
will be denoted by the standard bracket notation

[t;]1 = (Tij)z“(fij)l- (4.72)
We denote by p the unit normal to D pointing from ¥, to ¥, (see figure 4.5).

It is assumed that the surface propagates with velocity ¢ in the direction
of the propagation vector p.

Se

D
Fig. 4.5. Propagating surface of discontinuity.

7 F. G. Friedlander, Sound pulses. Cambridge, University Press (1958).
8 H. Keller, SIAM Review 6 (1964), 356.
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At time ¢, the propagating surface of discontinuity is represented by an
equation of the form F(x, t) = 0. The position at a neighboring subsequent
time ¢+ At can be derived from the position at a previous time by subjecting
the points of D to a displacement, directed at each point along the normal p.
The equation F(x, t) = 0 must then be satisfied to the first order in At
when for x; and ¢ we substitute

x;+cp; At, t+ A4t (4.73a, b)
It follows that
aa—‘F +CF,ipi =0. (4.74)
t

If a surface of discontinuity is nonstationary we have dF/dt # 0, and
F(x, t) may be solved for ¢. Thus, without loss of generality the surface may
be represented by

D =F(x,t) = y(x)—t =0. (4.75)

Consequently the surface in x;-space
x(x) = constant (4.76)

is a surface across which certain field variables may be discontinuous at an
appropriate instant of time; x(x) is called the wave function.
By employing (4.75), eq. (4.74) becomes

cx,:p = 1. (4.77)
We also have, however, that
p=2i, (4.78)
[, il
where
a 2 a 2 a 2\ 4
il = {(—X) + (—’9) + (_x) } : (4.79)
0x, 0x, 03
It then follows from (4.77) and (4.78) that p, may be written as
pi = Cx,i. (480)

4.5.2. Dynamical conditions at the wavefront

The dynamical conditions at the moving surface of discontinuity D are found
by considering the impulse-momentum relation of a thin slice of the medium
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surrounding a small area D, of D. We consider the prismatic element which
is bounded by D, by the normals to D at the edge of D, and by a surface
parallel to D at a distance c4? behind the wavefront. Assuming that the
medium is already in motion ahead of the wavefront, the element passes
in the short time 4¢ from a motion defined by (i;), to a motion defined by
(i1;), . The change is effected by the resultant force across D,. The components
of the resultant traction are

(Tij)zpj_(fu)ll’j, (4.81)

where p is the normal to D. The resultant force is obtained by multiplying
(4.81) by Dy, and the impulse is obtained by subsequently multiplying by
At. The impulse-momentum relation is therefore

pDo cAt{(t;); — (i)} = {(75;)2 —(1:)1}p; Do At (4.82)
or

[tilp; = —pelu;], (4.83)

where we have introduced the notation defined by (4.72).

4.5.3. Kinematical conditions at the wavefront

Let f,(x, t) denote a field quantity which may be discontinuous across the
moving surface D. Certain relations between the time rate of change of
the jump and the jumps of spatial and temporal derivatives of f; follow
directly from an examination of the motion of the moving surface.

Consider two successive positions of the moving surface D, one at time ¢,
and the other at time 7+ Atz. Let the normal p at a generic point P of D
intersect the surface D’ at ¢+ At at a point P’, where PP’ = Ax. Denote by
f; the one-sided limit of the function f;(x, ¢) at point P’ at time ¢+ 4t¢, and
let f; be the one-sided limit of the function f,(x, t) at point P at time . For
an observer moving with D at the normal velocity ¢ = cp, the time rate of
change of the field variable is

(d—f') — Jim &1
D

dt a0 At

= aaﬁ +Cfl',jpj‘ (4.84)
t
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Observing that

of,
fi;p; = 5} (4.85)

is the derivative in the direction normal to the surface D, we find

= 4.86
dt ot op (4.86)

In (4.86) we have introduced the notation dp/d¢ for the time-rate of change
of a quantity as observed by an observer who moves with the propagating
surface D.

Assuming that f; is discontinuous, let us replace f; in (4.86) by (f,), and
(f;); , respectively. Subtracting the resulting equations, we obtain

Eq. (4.87) is known as the kinematical condition of compatibility of the
first order. If f; is continuous across D, we have

[g] = —c B_If:] : (4.88)

A first kinematical relation between spatial and temporal derivatives of
the displacement components follows from the required continuity of the
displacements. Since the material should maintain its integrity at the wave-
front, we have

[#,] = 0. (4.89)
It then follows from (4.88) that
[i] = —c [al] . (4.90)
dp
Since
u
[“i,j] = [——"] Pjs
dp
we can also write
[t't;]pj = “"C[ui'j]. (4.91)

4.5.4. Wavefronts and rays

Discontinuous derivatives of the displacement vector give rise to discon-
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tinuities of the components of the stress tensor across the surface D. From
Hooke’s law, eq. (2.40), we find

L] = 4050u, i ] + p(ue, 1+ [uj, ).
Substitution of (4.91) yields

[0)] = — fai,{ak]pk— Y (Cados+ 10,

According to (4.83) we have

[Tij]Pj = —pclu,],
and thus
pctlu;] = A6t pep;+u(li,Jp;p;+ [4;1p:p;)
or

(u—pe®)i]+ (A+ W)l ]pep; = 0. (4.92)

This equation is equivalent to eq. (4.5) for plane waves. Again we can
distinguish two cases: either (1;] is proportional to p;, or [#]p, = 0. The
first case defines a longitudinal wavefront. By taking the inner product of
(4.92) with p; we find

A+2
=2 = AT
p

The case [, ]p;, = O defines a transverse wavefront. We find

2=c2=t,

P
The path of a point P which moves with the wavefront is always normal
to the wavefront. Such an orthogonal trajectory of the family of wave-
fronts is called a ray. Let us consider the change of direction of the path by
examining the time derivative of p. By employing (4.80), we find
dp

d
1
— c —
dt dt (.0

or
(}_IQ:CE(%) =C_a_(1)=0,
dt Ox; \dt 0x,

where (4.75) has been used. Thus for a homogeneous material the rays
are straight lines. With this information the wavefronts at times ¢ subsequent
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to a time ¢t = t, can be constructed by advancing from the wavefront at
t = t, a distance c(t—1,) along a ray. This construction of wavefronts was
proposed very early in the development of wave theory by Huyghens; it is
known as Huyghens’ principle.

It remains to determine the changes of the magnitudes as the discon-
tinuities propagate through the medium. Here we state just the result.’ If
R and S are the principal radii of curvature at the wavefront we have for
the magnitude f of a field variable at a wavefront

f2RS = constant (4.93)

along the ray. This shows that for spherical waves f decays as R™!. If one
of the radii, say S, is infinite, as in the case of two-dimensional wave motions,
we have instead of (4.93)

f2R = constant.

Thus for cylindrical waves f decays as R™*,

4.6. Expansions behind the wavefront

It is possible to compute not only the magnitudes of propagating discon-
tinuities of field variables, but also the discontinuities of their temporal
derivatives. This then makes it feasible to construct Taylor expansions of
field quantities at a fixed position for short times after the wavefront has
passed. Denoting the position of the wavefront by y(x) = ¢, the Taylor
expansions are of the general form

@ i.{t—x(x)}” [6"fil=x(x), (4.94)

fi(x. 1) n;o n! or"
for t = y(x). The computation of the propagating discontinuities [0"f;/dt"]
will be illustrated by the example of transient rotatory shear motion.

We consider an elastic plate with a circular hole of radius a. Suppose at
time ¢ = 0 an in-plane shear traction is uniformly applied round the hole.
The resulting motion is entirely rotary and involves shear stresses only.
The one nonvanishing displacement component is v(r, t), while the single
component of the stress tensor is

T, = U (a—” - '—’) . (4.95)

or r

° For a derivation we refer to H, Keller, SI4M Review 6 (1964) 356.
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The corresponding equation of motion is of the form

0T,9 + 2t 0%

=p—. 4.96
or r or? ( )

The statement of the problem is completed by the initial condition
o(r,0) = 0(r,0) =0, r>a, (4.97)

and the boundary condition
F=a: 1, = 109() (4.98)

The problem defined by eqs. (4.95)-(4.98) was treated by Goodier and
Jahsman!®, who employed the Laplace transform technique.

For axially symmetric rotary shear waves the position of the wavefront
is defined by an equation of the form

z(r)—t =0. (4.99)

The relation expressing conservation of linear momentum at the wavefront
assumes the form

[t,6] = —pc [@ . (4.100)

Ot

In view of the continuity of the displacement v(r, ¢) we have

[6”} =1 [6”1 , (4.101)

or c Lot

where we have taken into account that the wavefront propagates in the radial
direction. From the stress-strain relation (4.95) it is concluded that

ov

SEMEDR (4.102)
or

Combining (4.100), (4.101) and (4.102) it follows that

+
]
P

and x(r) may thus be expressed as
) =""2. (4.103)

Cr

10 J. N. Goodier and W. E. Jahsman, Journal of Applied Mechanics 23 (1956) 284.
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Eq. (4.99) then implies that the wavefront is located at
r=a+cgt. (4.104)

From the preceding section we also recall the kinematical condition of
compatibility which for the present problem assumes the form

dp [6f:| [af]
—[f]l=|—| +er|—]., 4.105

a1 = Lo T G (4109
where f(r, t) is a discontinuous field variable.

The computational work simplifies somewhat if we iatroduce new
variables T and ¥ by '

T = r’t,, y =2, (4.106a, b)
r
Egs. (4.95) and (4.96) then reduce to
= pur’ v (4.107)
or
ot 3 0%V
— = prl —s. 4.108
or P ot* ( )
The conservation of momentum relation (4.100) yields
|4
[t] = —pepr? [6_:| .
ot
In view of (4.104), this relation can also be written as
[1] = —per(a+tert) [%K} . (4.109)
t

Let us assume that the function g(t) in eq. (4.98) can be expanded in a
Maclaurin series. The condition on 7 at r = a can then be expressed as

-]
w(a, t) = a’ty Y, gn ! t > 0. (4.110)
n=0

; >
Analogously to (4.94) we will seek solutions for ©(r, #) of the form
w(rt) =2, =)y {6—1] . (4.111)
n=0 n! at" t=x(r)

It will evolve that the discontinuities {d"t/dt"] satisfy simple ordinary dif-
ferential equations.
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Assuming that z(r, t) is discontinuous at the wavefront, we have according

to (4.105)

Employing (4.107) and (4.108), this expression can be rewritten as

%[f] = u(a+crty [‘3 V} +perla+erty [%Zt-‘zf} . (a113)

or ot

2

The kinematical condition of compatibility yields for V/ot

dp [BV:I [BZV:I [BZV:I
[ N ety : 4.114
dr Lot ot? T Lorot ( )

Combining (4.113) and (4.114) and employing (4.109), we find

dp ila+c sdpf 1 1) =
3, [FtHarerty 2 {(a+crt)3[]} 0. (4.115)

The solution of (4.115) is
[c] = Ao(a+ert)?,
where A4, follows from (4.110) as
Ay = a*tyg,.

The actual discontinuity in the shear stress follows from (4.106a) as

[ee] = ( 2 )éto do- (4.116)

a+crt

As is usual for cylindrical waves the discontinuity decays with the square
root of the radial distance from the cavity.

To compute the higher order discontinuities we apply the condition of
compatibility (4.105) to 8"t/ot"

dp [6”‘::‘ '6"“‘::‘ [6"“1:‘
= = |——1 +¢ . 4.117
dt Lard — Lol T Larar (4.117)
We also apply (4.105) to 8" p/orm*?
dD [6n+lV:| —6n+2V:| [ 6"+2‘t :l
D21 = ||+ — . 4.118
dt Lar*! L ot ‘T orort! ( )

In eq. (4.118), the derivatives can be eliminated in favor of derivatives of ¢
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by employing (4.107) and (4.108). On combining the result with (4.117) we

find
x5 g el Pl |
= crla+crt . 4.119

dr Lor" 2 r!) dt Ya+crt)® Lorarm! ( )

Next we wiite the condition of compatibility (4.105) for 8"~ z/d:"~!, and
we eliminate ["t/dr dt"~ '] from the result and eq. (4.119) to obtain

dp [a"f} _3 e [5’} - F,(1), (4.120)

det Lor" 2 atcert LOt

where

F(1) = f(a+crt)3 4 { 1 [an_lr]} .

(a+cqt)® dt Lor!

The solution of eq. (4.119) is

[2] = (a+crt)t J Fo(8) ————

In-
ar" fo

(a+crs )%
This is a relatively simple relation expressing the discontinuity of order n
in terms of the discontinuity of order n—1.

It was shown by Sun’? that the method of this section can be extended to
inhomogeneous and viscoelastic media.

4.7. Axial shear waves by the method of characteristics

A discussion of the characteristic surfaces of a system of partial differential
equations comes best to its right if the equations are more complicated than
the ones discussed in this chapter. The properties of characteristic surfaces
indeed have many ramifications. These are discussed in considerable detail
elsewhere.?? In this and the next section we will very briefly touch on what
is called the method of characteristics, with regard to the numerical solution
of problems of elastic wave propagation in two dimensions and with axial
symmetry.

We consider an unbounded elastic medium containing a circular cylin-
drical cavity of radius a. Suppose at time ¢ = 0 an axial shear traction is

i1 C. T. Sun, International Journal of Solids and Structures 7 (1971), 25.
12 R. Courant and D. Hilbert, Methods of mathematical physics, Vol. I1. New York,
Interscience Publishers (1962).
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uniformly applied to the surface of the cavity. The resulting axial shear
motion is governed by

0t | Tx W

™ o= p Pyl (4.121)
and
T,, = U aw , (4.122)
ar
with the initial conditions
w(r, 0) = w(r,0) =0 for r > a, (4.123)
and the boundary conditions
r=a T, = Tog(1). (4.124)

Eqgs. (4.121) and (4.122) are analogous to egs. (4.60)-(4.62).
For convenience of notation we introduce

g, W= —, (4.125a, b)

or_low__ T 4.126
or ¢k ot r ( )
while eq. (4.122) implies the relation
Ot _ 0% _ (4.127)
at  or

Egs. (4.126) and (4.127) form a system of coupled partial differential
equations of the first order for 7(r, t) and w(r, ). Now suppose that 7 and
w are known on a curve defined by C(r, ) = 0, and suppose that we wish
to find these quantities at another point, say a point close to the curve
C(r, 1) = 0. The desired values of 7 and w can be computed by means of
Taylor expansions if at any point of the curve C(r, t) = 0 we can determine
the derivatives of T and w with respect to r and 7, by the use of (4.126) and
(4.127). As we shall see, this is, however, not possible for certain curves,
which are called the characteristic curves of (4.126) and (4.127).

We introduce new coordinates & and 5, where ¢ = C(r, t). The expression
for n is restricted only by the requirement that each curve # = constant shall
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intersect each curve ¢ = constant once and once only in the domain under
consideration. On the curve ¢ = 0, the functions = and w are given as func-
tions of 5, and thus dt/dn and 0w/dn are known. Also,

Jdr 0Ot 0r Ot Ot

on  ordn ot oy

0 _ i or o o

on or on ot oy
At any point of the curve C(r, t) = 0, these equations together with (4.126)
and (4.127) form a system of four algebraic equations for the unknowns

ot/dr, 0t/dt, 0W/Or and 0w/0t. In matrix notation this system may be written
as

1 0 0  —1/c2[ or/or —(1/r)x

0 1 -1 0 [61/(% | o (4.128)
orlon ot}on 0 0 lawar dc/on

0 0  orjon ot/on JLowfor dv/on

With the inhomogeneous terms 7, dt/dn and 0w/dn being known functions,
the system of algebraic equations will have unique solutions for the deriv-
atives of T and w with respect to r and ¢ if the determinant of the coefficients
does not vanish. In that case the derivatives will have the same values below
and above the curve C(r, t) = 0. If the determinant vanishes, the derivatives
cannot be determined uniquely from (4.126) and (4.127) and the values of
7 and w on C(r, t) = 0. The curves along which the determinant vanishes
are the characteristic curves of the system (4.126) and (4.127).

If the determinant of the coefficients is set equal to zero, the following

equation is obtained:
2 2
-4 -
on cr \on

= ter. (4.129)

which implies

SE

The lines in the r—¢ plane defined by (4.129) are referred to as the c; and
cr characteristics, respectively. By multiplying (4.126) by dr and (4.127) by
dt, and by adding the two equations, we find that (4.126) and (4.127) may
be replaced by
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Alongct: dr/dt = +c;

dr— 1 dw = —7 Q, (4.130)
cr r
Along ey :dr/dt = —cp
dr+ldw= —r(—ir. (4.131)

It follows from (4.124) that at time ¢ = O the initially undisturbed region
is subjected to the following boundary condition at r = a:

(a, t) = 2 g(1). (4.132)
H

In the r—¢ plane information is then prescribed along the lines r = @ and
t = 0. Let us now consider the three points 4, B and C (s€e figure 4.6).
The lines AC and BC belong to the families of c; and ¢y characteristics,
respectively. We can thus employ (4.130) along AC and (4.131) along BC.

r
Z

B

c
A S

Q U

P 5 r=a
e t

Fig. 4.6. Network of characteristic lines.

Since 7 1s zero at both A4 and B, the integration of these two equations yields,
as result, that T and w must vanish at the point C. In fact, it is now easily
seen that 7 and w are identically zero in the part of the r —¢ plane defined by
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r > a+crt. If the function g(7) defined by (4.132) is discontinuous at ¢ = 0,
we must anticipate a discontinuity of the field quantities t and w at
r =a+crt.

The ordinary differential eqs. (4.130) and (4.131) can now be used to
solve for z(r, t) and w(r, t) in the domain @ £ r £ a+cyt. The solution is
obtained by means of a numerical procedure of stepwise integration of
(4.130) and (4.131) along the characteristic lines. We consider the grid
system of characteristic lines in the r—¢ plane, as shown in figure 4.6. The
ordinate r = a represents the boundary where the external disturbances are
applied and where (a, t) is given by (4.132). If t(a, t) is discontinuous in
time, the discontinuity of t along r = a+cyt and the corresponding dis-
continuity in w can be computed by the methods discussed in the previous
sections. Alternatively, a jump in g(¢) can be replaced by a change with a
(small) rise time, so that the stresses and the particle velocities are con-
tinuous at the wavefront. In any case we will know both 7 and w along
PQS ... Z. We first compute w at point R by integration of (4.131) along
OR. Both 7 and w are then known at R. Then we compute 7 and w at point
T by integrating (4.130) and (4.131) along RT and ST, respectively, and
solving the resulting system of two inhomogeneous algebraic equations.
This process is continued. At every grid point in the regiona < r £ a+c¢qt,
7 and W can be computed in this manner. The computations require very
little time on a digital computer. The smaller the characteristic grid, the more
accurate the numerical results will be.

4.8. Radial motions

The method of characteristics can also conveniently be applied to investigate
transient wave motions in plane strain and with axial symmetry generated
by a pressure distribution in a circular cylindrical cavity. For this case the
stress equations of motion are of the form
01, T,~1 o%u
LI L ) . (4.133)
or r ot
The pertinent stress-strain relations are given by eqs. (4.53)-(4.55).
In terms of the particle velocity

0= — (4.134)

the equation of motion (4.133) can be written as
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ot, 1, T, ou
Syl _ L, 2. 4.135
or r r P ot ( )

After differentiation with respect to time, eq. (4.53) becomes
%f ~ (A4 2u )_ -/1_ -o. (4.136)

Also differentiating (4.54) and (4.55) with respect to time, and subsequently
eliminating du/dr with eq. (4.136), we find

A ) T (4.137)
ot A+2u ot At2u v
Ov. A O0n 2 ou_ (4.138)

ot  A+2u 0t  A+2ur

The characteristic curves of eqs. (4.135)-(4.138) can be obtained in the
manner shown in the previous section. We find

dr _ +c., where ¢ = A+2p (4.139)
dt p
and

dr
dr
The lines in the r—7 plane defined by eq. (4.139) are referred to as the
¢; and cy characteristics. Along these lines, (4.135) and (4.136) may be
replaced by:
Along ¢y : dr/dt = ¢,

(4.140)

dr,—pc di+ (1:,—1:0—/1 i) dr = 0. (4.141)
e/ r
Along ¢ : drfdt = —¢,
dr,+pc du— (‘L’ —Te+ A )dr =0. (4.142)
e r

Along the third characteristic line, which is defined by (4.140) and which
is denoted the c° characteristic, we have, according to (4.137) and (4.138)

dry— - dr,— AR (4.143)
A+2u A+2u 1
dr,— 2 de,— 2t 0 (4.144)

Av2u | A+2ur
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In terms of the more commonly used Young’s modulus £ and Poisson’s
ratio v, the pertinent relations (4.141)-(4.143) may be rewritten as

E 7dr
Along ¢f :dt,—pc du = — l:’t,—’t - Y —-d:| —  (4.145
gL peL ! A+v)(1—-2v) ¢, 1 r ( )
Along ¢g :dt,+pc du = — [1 —Ty+ e £ujl dr (4.146)
Lom T A4 (1=2v) ¢p J r '
0 1—v E 4
Along ¢” : d7,— ——dty = — - de. (4.147)
v (I+vyr

By writing eqs. (4.145)-(4.147) in finite difference form, solutions can be
obtained for 7,, 7, and # by numerical integration, analogously to the
computations described in the previous section. Details of the numerical
computations as well as several worked out examples can be found in the
paper by Chou and Koenig.'® We close this section with the remarks that
a more general approach to the numerical solution of two-dimensional
elastodynamic problems was presented by Clifton'#, and that the theory of
characteristics was also applied to elastic wave propagation in two dimen-
sions by Ziv.'>

4.9. Homogeneous solutions of the wave equation

4.9.1. Chaplygin’s transformation

A function w(q,, 45, - - -, ¢,) is said to be homogeneous of degree m in a
region R if the relation
W((qu s X2y -+ s O“In) = (me(ql ’ q2 3> =y qn) (4148)

holds identically for every point (q,, g5, ... g,)€R. In this section we will
investigate homogeneous functions which satisfy the two-dimensional wave
equation. We will in particular consider homogeneous solutions of degree
Zero.

It follows from (4.148) that in Cartesian coordinates homogeneous
solutions of degree zero are functions of the arguments x/¢ and y/z. For the
present purpose it i1s, however, more convenient to consider the wave equa-
tion in polar coordinates

2 2
Lo (o), Len 1o 619
or r* 00 cr Ot

13 p, C. Chou and H. A. Koenig, Journal of Applied Mechanics 33 (1966), 159.
14 R. J. Clifton, Quarterly of Applied Mathematics XXV (1967), 97.
S M. Ziv, International Journal of Solids and Structures 5 (1969), 1135.

r or
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For (4.149), homogeneous solutions of order zero are functions of r/t
and 6. It is noted that eq. (4.149) governs antiplane shear motions, where
w(r/t, 8) is the displacement normal to the (r, §)-plane.

It is not immediately evident what kind of conditions on the geometry and
the external excitation actually lead to solutions that are of the general
form w(r/t, 6). In general terms it can be stated that the wave motion should
emanate from one point, which can be a point of application of a concentrat-
ed load, a sharp corner which is struck by a wave, or another type of
discontinuity which will give rise to cylindrical waves. The geometry should
not include a characteristic length which would give rise to more than one
center of cylindrical waves. This implies that in two dimensions the most
general domain for which a homogeneous solution for all times can be found
is an obtuse angled wedge. At the outset it is also not necessarily apparent
what the time-dependence of the external excitation should be in order
that a homogeneous solution is generated. It is therefore often necessary
to proceed by a semi-inverse method, that is, a class of solutions is first
constructed, and only then is the corresponding time-dependence of the
external excitation determined. This is not a serious defect of the method
because the response to arbitrary time-dependence can subsequently be
written out in terms of a superposition integral.

The method of homogeneous solutions has been used extensively in super-
sonic aerodynamics, where it is known as the method of conical flows.1¢

Since we seek solutions of (4.149) depending on r/t and 6, it is expedient
to introduce the new variable

(4.150)

~ |~

As a function of s and 6 the displacement w(s, §) must satisfy the equation

2 2 2\ A 2
s? (1—3—2)%;+s(1-212)2—w+%=0. (4.151)
¢/ Os cy/ Os

For s < ¢, the following transformation

B = cosh™! (91) : (4.152)
s
which is known as Chaplygin’s transformation, reduces eq. (4.151) to

16 See G. N. Ward, Linearized theory of steady high-speed flow. Cambridge, University
Press (1955), chapter 7.
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Laplace’s equation
02 0?
! (4.153)
op a6
There are many ways of obtaining solutions of Laplace’s equation. A
powerful method is to express w(f, 8) as the real part of an analytic func-
tion (B, 0),
W(ﬂ’ 8) = Zx(B, 0),

and to employ the theory of analytic functions to construct an appropriate
analytic function of the complex variable

¢ =06+ip.
The domain in the {-plane generally is a strip. From eq. (4.152) it is noted
that s = r/t = cq corresponds to § = 0, while r = 0 corresponds to f§ = 0.
The strip is thus generally defined by0 £ 0 < 6*,0 £ § < .
For s > cr, eq. (4.151) may be reduced to a simple wave equation by

the transformation s = ¢ sec a.
Now we will consider two examples.

4.9.2. Line load

Suppose at time ¢ = 0 a concentrated antiplane line load is applied in an
undisturbed medium. The load will give rise to an axially symmetric
cylindrical wave with a wavefront defined by r = c;¢. Behind the wave-
front we have r/t < ¢y, which implies that eq. (4.153) applies. In view of
the axial symmetry the dependence on 6 vanishes, and the general solution
of eq. (4.153) may be written as

w=AB+C. (4.154)

Let us assume that the time-dependence of the load is such that the dis-
placement is continuous at the wavefront. Since the material is undisturbed
prior to arrival of the wavefront, the displacement is zero at r = ct, or
equivalently

w=0 for B =0. (4.155)

It follows from (4.154) and (4.155) that the constant C is zero. The dis-
placement may thus be written as

0 crt+(cit? —r?)*
r

w = Acosh™" (C—Tl) =4l (4.156)

r
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To determine the constant 4 we compute the stress 7,, as

0 Acrt
Trz=#_w_ £oT

= — 4.157
or r(ci et —r?)t ( )

The magnitude of the concentrated force per unit length is defined as

P = —2zlimrz,,. (4.158)
r-0
By inspection it now follows that eq. (4.156) is the solution for a suddenly
applied antiplane line load of magnitude P per unit length. From (4.157)
and (4.158) the constant A4 is computed as 4 = P/2zu. Thus, the displace-
ment wave due to a suddenly applied antiplane line load is
we P crt+(ci?—r?)t

H(crt—r). (4.159)
2nu

4.9.3. Shear waves in an elastic wedge

Next we consider a wedge of interior angle yr whose faces are defined by
0 = 0and 0 = yr, respectively. The geometry is shown in figure 4.7. On the
face 8 = 0 the wedge is subjected to a uniform but time-dependent shear
traction 7,,. No generality is lost by assuming y = 3, since solutions for
the case y < 1 can be obtained by symmetry considerations. The shear
tractions generate horizontally polarized shear motion in the z-direction.

Fig. 4.7. Wavefronts at time ¢.

The displacement field generated by a uniform surface traction of ar-
bitrary time-dependence can be obtained by linear superposition, once the
displacement for a surface traction varying with time as the Dirac delta
function has been found. As we shall see, the displacement is a homogeneous
function of degree zero if the surface tractions are proportional to 8(1).
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Thus we consider the following boundary conditions:
=0 rz0: 1=-—=1,000) (4.160)
r

0=yn, rz=0: 7o, = O. (4.161)

Some observations on the pattern of waves propagating into the wedge can
be deduced from elementary principles of wave propagation. The surface
traction (4.160) generates a plane wave with constant displacement

CrTy
u

This wave is called the primary wave, and in figure 4.7 its wavefront at
an arbitrary time ¢ is indicated by BD. Since the wedge is at rest prior to
time ¢t = 0, the medium is undisturbed ahead of the wavefront BD, and as
discussed above the displacement is constant behind it. In addition to the
primary wave, the vertex of the wedge, as well as the nonuniformity of the
surface traction across the vertex, generates a cylindrical wave with center
at O. Since the displacement is continuous across the cylindrical wavefront
it follows that w = 0 along BC.

By means of eq. (4.152) the cylindrical domain OA4BC of the wedge is
mapped into a strip in the (B, §)-plane defined by0 < 8 < yn,0 < f < .
Since the displacement remains bounded at r = 0, we have that w ap-
proaches zero as f increases. The conditions in the (B, 6)-plane are

(4.162)

w, =

§=0, f=0 Z—: =0 (4.163)
9 =y1, B=0 Z—: =0 (4.164)
B =0, ogogg: W= w (4.165)
B =0, g <0<y w=0. (4.166)

In this case the appropriate solution of Laplace’s equation can be obtained
by elementary methods. A solution of (4.153) which satisfies the boundary
conditions (4.163) and (4.164) may be written as

w(B, 0) = i a,e” ™" cos (-’@) . (4.167)
n 7

=0
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This solution also behaves properly, as f increases beyond bounds. From
the orthogonality conditions of cos (nf/y) over the interval 0 < 6 < yn
and the boundary conditions given by eqs. (4.165) and (4.166) the coeffi-
cients a, follow as

ay = Y gin ("—’5) . (4.168)
nn 2y
Hence the displacement is given by
w(p, 0) = 2w, y Lot cos (pg) sin (n_n) . (4.169)
T n=0n Y 2y

For 7 =4, eq. (4.169) vanishes identically. This case corresponds to a
quarter-space subjected to uniform anti-plane surface tractions, and we
should indeed have just a plane primary wave. For y =1 and y = 2,
the series can be summed. For arbitrary values of y it may be more con-
venient to obtain a closed form solution by employing a conformal mapping
to map the region in the {-plane on an upper half-plane. This method was
pursued by Achenbach.!’

Let us consider the special case y = 1, which corresponds to a half-space
which is subjected to a uniform surface traction over half its surface. Eq.
(4.169) then reduces to

w(p, 0) = % - 123 ;11 e cos (n6) sin (3nn).

This series can be rewritten in the form

w0 ="05 T [+ ()] (4.170)
where T
py = €xp l:—ﬂ+i (g +9)]
e v o))

Noting that each series in (4.170) is the expansion of tanh™! p a closed
form expression for w(, 6) can be written as

w(B, 0) = % S[tanh™! p, +tanh™" p,].

17 3. D. Achenbach, International Journal of Solids and Structures 6 (1970), 379.
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This expression can be simplified to

w(B, 6) = ;—; {tan'l [S—————insi(j:-;o):l +tan~? [%Q}} (4.171)

From (4.152) it follows that

sinh B = [(c%t)z—l]t,

and eq. (4.171) thus further reduces to

w _ cos§
w(r,0) = — tan™' {———} 4.172
.9 m [(ert/r)*—1]* (¢172)
The corresponding stress t,, is subsequently computed as
.= [(crt)*—r*]*cpt, sin 0 4.173)

(crt)*—r?sin® 0

where (4.162) has been used.

An equivalent method of finding homogeneous solutions of the wave
equation was developed in the early 1930’s by V. I. Smirnov and S. L.
Sobolev. A general discussion of that method as well as a few examples
can be found in the book by Smirnov.!?

4.10. Problems

4.1. An elastic hollow sphere of inner radius @ and outer radius b is filled
with a rigid substance which prevents relative motion of the inner surface
of the sphere. At time ¢z = O the outer surface is subjected to a uniform
pressure of magnitude p,, which varies as a step function with time.

(a) Determine the transient wave motion in the time interval 0 < ¢ <
(b—a)/cy.

(b) Determine the wave motion in the time interval (b—a)fc, St <
2(b—a)/c;,.

(c) Discuss the limitcase of @ — 0.

4.2. Arigid sphere of radius a is embedded in an unbounded elastic medium,
with perfect contact between the sphere and the surrounding medium. By

18 vy, I. Smirnov, A4 course of higher mathematics, English translation, Vol. III. New
York, Pergamon Press and Addison-Wesley Publishing Co., Inc. (1964), p. 203.
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an internal mechanism the sphere is forced to oscillate around an axis through
its center. In terms of the system of spherical coordinates stated in section
2.14 the motion of a point on r = g is defined by

u=0, v =0, w = w, sin 6 sin wt,

where w is the circular frequency.

Observe that the motion induced in the surrounding medium is indepen-
dent of the angular coordinate y. Determine the steady-state displacement
response of the medium.

Hint: Note that for /0y = 0 the displacement component w(r, 6, 1)
depends on ¥, and ¥, only. Also note that the equations for ¥, and ¥, do not
contain ¢ and ¥, . Select solutions of the forms

¥, = ¥, (r)cos 0 sin wt
and
Wg = Po(r) sin 0 sin wt,

and observe that the ordinary differential equations for ¥ (r) and ¥u(r)
can be satisfied by ¥ (r) = —¥y(r) = ¥(r). Proceed to solve for P(r).
An alternative approach proceeds directly from the displacement equations
of motion in spherical coordinates.

4.3. A cylindrical cavity of radius & in an unbounded medium is lined with
an elastic shell of thickness 4, where A/a < 1. Contact between the shell and
the wall of the cavity is perfect. The lined cavity is subjected to a spatiaily
uniform but time-harmonic pressure distribution defined by p(f) = p,
(1+sin wt). For axial symmetry the equation of motion of the thin shell
may be taken as

(0 1)+ p(0) = 5 E'u(t) = phil
a

where 1,(a, t) is the stress in the medium at r = g, and p(t) is the pressure
inside the shell. The mass density of the shell is p; and E’ is defined by

E =

1-v? ’
where E and v, are Young’s modulus and Poisson’s ratio for the material
of the shell.

Considering the steady-state response,
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(a) Determine the radial displacement at r = @ and at a point in the
medium.

(b) Compare (a) with the corresponding result for a cavity without
lining.

4.4. An elastic medium is bounded by a cylindrical parabolic surface which
is defined by '
x = ay?,

as shown in the figure. At time ¢z = 0 the surface is suddenly subjected to a
uniform distribution of antiplane shear tractions of magnitude 7,. The
medium is at rest prior to time ¢ = 0.

Y

medium

aitm

(a) Find an expression for the position of the wavefront at time 7.
(b) Determine the magnitude of the discontinuity [z,,], where n is the
normal to the wavefront.

4.5. The method of characteristics may be applied to investigate transient
wave motions with polar symmetry generated by a pressure distribution in
a spherical cavity. Derive the expressions defining the characteristics, and
determine the differential equations along the characteristic curves.

4.6. Use eqgs. (4.145)-(4.147) to examine the propagation of discontinuities
in the stresses and the particle velocity.

4.7. A hollow sphere of inner radius @ and outer radius b is embedded in an
infinite medium. The inner surface of the sphere is subjected to a uniform
pressure of the form p, H (¢). Contact between the sphere and the surrounding
medium is perfect. The material properties of the sphere and the medium
are 4, u, p and AB, u®, p®, respectively. Examine the transmission of waves
into the surrounding medium.
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4.8. A hollow elastic cylinder of inner radius @ and outer radius b fits into
another hollow cylinder of inner radius & and outer radius ¢. Contact at
the surface r = b is perfect. The inner surface (r = @) is subjected to a
spatially uniform pressure p(t). The outer surface (r = c) is free of trac-
tions. The axially symmetric wave motion in the cylinders is to be analyzed
numerically by the method of characteristics. Write out the equations
defining the characteristics and state the differential equations along the
characteristic curves. Sketch a network of characteristic lines analogous to
the gridwork shown in figure 4.6. Describe the numerical procedure. Clearly
state the computations that must be carried out for points on the boundaries
r = a and r = ¢, for points at the interface r = b, and for interior points.

4.9. Use eq. (4.169) to determine an expression for the shear stress t,,,
as a function of § and 6. Eqs. (4.150) and (4.152) imply

el (5T

Use this result to show that the singularity of t,, as r — 0 is of the form

To, ~ 2erty (2¢rt)" 7 sin (E) sin (g) plir=t,
my 2y Y

4.10. A rigid wedge of semi-vertex angle « moves in the z-direction with a
constant velocity V. At time ¢ = 0 the wedge strikes the surface of an ideal
elastic fluid. The geometry at the instant of impact is shown in the figure.

surface of ]
wedge
a 0
T
f(‘ s
surface of
fluid

z

The motion of the fluid is governed by eqs. (2.175)-(2.178). The initial
conditions are
t=20 o =¢=0.

It is assumed that the penetration of the wedge into the fluid is small. The
boundary conditions then are prescribed at z = 0 as
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d
A_qo x,0,t)=V for |x] < Vttana
0z

o(x,0,1) =0 for |x| > Vttan a.

Consider the case
| 4
M= —tano > 1,
Cr

i.e., the region over which the velocity is prescribed moves out super-
sonically.

The motion of the fluid can be analyzed by employing the method of
section 4.9. Show that on the wedge surface z = O the pressure is given by
p(x,0,t) M

pVer  IM*—1

2 2
P00 2 M - V(M ~1)(Vt tan o) for |x| < cpt.
pVer T JyM*-1 (Vt tan a)? —(xM)?

for cpt < x| < Vitana




CHAPTER 5

PLANE HARMONIC WAVES IN ELASTIC HALF-SPACES

5.1. Reflection and refraction at a plane interface

The presence of a discontinuity in the material properties generally produces
a significant influence on systems of waves propagating through the medium.
Consider, for example, the propagation of plane harmonic waves in an un-
bounded medium consisting of two joined elastic half-spaces of different
material properties. In such a composite medium, systems of plane waves
can be superposed to represent an incident wave in conjunction with reflec-
tions and refractions at the interface separating the two media. The wave
which emanates from infinite depth in one of the media is.called the incident
wave. The question then is what combination of additional waves is required
in order that the stresses and the displacements are continuous at the inter-
face. These additional waves are called reflected and refracted waves. For
the special case of an elastic half-space which adjoins a medium which does
not transmit mechanical waves, the system of waves consists of course of
incident and reflected waves only. Strictly speaking all media transmit
waves, but for practical purposes refraction of elastic waves at an interface
of a solid elastic body with air generally can be neglected. We will therefore
examine in considerable detail the reflection of plane waves at a free surface.

The reflection and refraction pattern can be made unique by the require-
ment of causality. Although all the waves are steady-state traveling waves
extending throughout the two joined half-spaces, the incident wave is taken
to be the cause of the interface disturbance and the reflected and refracted
waves are effects. This leads to the causality requirement that the reflected
and refracted waves must propagate away from the interface.

Most of this chapter is concerned with plane waves representing dis-
turbances that are uniform in planes of constant phase, i.e., in planes normal
to the propagation vector. For bodies with a surface of material discon-
tinuity there are, however, plane waves which are not uniform in planes of
constant phase. These waves, which are called surface waves, propagate
parallel to the surface of discontinuity. They have the property that the

165
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disturbance decays rapidly as the distance from the surface increases. For
a free surface the surface waves are known as Rayleigh waves, and they are
discussed in section 5.11. Surface waves at an interface of two media are
called Stoneley waves.

5.2. Plane harmonic waves

For the discussion of this chapter a convenient representation of a plane
harmonic displacement wave is given by

u = Ade", (5.1)
where

n = k(x-p—ct). (5.2)

As shown in section 4.2, eq. (5.1) describes a plane wave propagating with
phase velocity c in a direction defined by the unit propagation vector p. It is
recalled that there are two types of plane harmonic waves:

(1) Longitudinal waves for whichd = +pand ¢ = ¢;.

(2) Transverse waves for whichd - p = 0 and ¢ = ¢y.

By substituting the components of (5.1) into Hooke’s law, see eq. (2.40)
of section 2.5, the components of the stress tensor are obtained as

Tim = [A01m(d; p,)+ 1(d) pp+d,, pr) ik Ae™, (5.3)

where the summation convention must be invoked.

5.3. Flux of energy in time-harmonic waves

Considering a surface element of unit area, the instantaneous rate of work
of the surface traction is the scalar product of the surface traction and the
particle velocity. This scalar product is called the power per unit area and
it is denoted by 2,

P =t u (5.4)

where ¢ 1s the traction vector. As discussed in chapter 1, the power per unit
area defines the rate at which energy is communicated per unit area of the
surface; clearly it represents the energy flux across the surface element. If
the outer normal on the surface element is n, we have ¢, = 7;,1,,, and thus

P = rlmnmal: (55)

where the summation convention is implied.
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Let us examine a harmonic longitudinal wave with propagation vector
p, and let
dy =p, =sinb, d, =p, =cosf, dy =p; =0.

For a surface element normal to the direction of propagation we have
n,=—p; = —sinf, n, = —p, = —cosfh, n; =0.

The components of the stress tensor appearing in (5.5) then are ,,, 7,5, 75,
and 7,,, which are obtained from (5.3) as

Ty, = (A+2usin? 0)ikAe™
Ty, = T5; = (2usin 0 cos 0)ikAe™
15, = (A+2u cos?® 0)ikAe™,

where n = k(x, sin 6 +x, cos 0—c,?).

Substituting these results into (5.5) and assuming that A4 is real-valued,
we find

Py = (A+2u)c k2 A* R (i) R (ie™).

By employing the relation (1.87), the time-average over a period of the
stress power is obtained as

4

L(A+2u)c k*A®
2 5.6
3(+2u) 2 A2 (56)

L

The time-average of the kinetic energy density is easily computed as
(A = Lpw?A?. (5.7)
Since the time-average of the total energy is twice (¢ ), we have
(A = Lpw?d®. (5.8)

By virtue of the relation (£) = (# ¢
of energy flux is

it is concluded that the velocity

€, = cp. (5.9)

Similarly for a plane transverse wave, the time-average stress power is

2
(Pry = n" 4% (5.10)
Cr

Comparing eqgs. (5.6) and (5.9) it is noted that for the same frequencies
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and amplitudes the average energy transmission is larger for a P-wave than
for an S-wave.

5.4. Joined half-spaces

Considering in-plane motions, the system of incident, reflected and re-
fracted waves must satisfy four conditions of continuity on the stresses and
the displacements at the interface of the two half-spaces. It can therefore
be expected that two reflected and two refracted waves generally will be
required for each incident wave. The unit propagation vectors of the system
of incident, reflected and refracted waves are shown in figure 5.1. The

X5 ) (2)
) P
28.u°,p°
<
PR

App 0>

1
p( )
p@2)

Fig. 5.1. Incident, reflected and refracted waves.

material properties of the medium carrying the incident and the reflected
waves are the Lamé elastic constants A and u and the mass density p. The
material constants of the medium into which refraction takes place are
labeled by superscripts B, i.c., they are defined by A%, u® and p®.

The incident as well as the reflected and refracted waves are represented by

u™ = 4,d™ exp (in,), (5.11)

where different values of the index n serve to label the various types of waves
that occur, and where

Ma = ka(xy P+ %, pS"—c,1). (5.12)
The index n is assigned the value n = O for the incident wave, i.e.,

P =sinOyi, +cos f,i,. (5.13)
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If the incident wave is a longitudinal wave we have
d® = pO, Co = Cy. (5.14)
For an incident transverse wave we have
d® . p® = 0, Co = Cr.

We distinguish between two types of transverse waves, the SV-waves and the
SH-waves. An incident SV-wave is defined by

d® =i, A p9, ¢y =cp. (5.15)
For an incident SH-wave we have
d(o) == i3, Cop = Cr. (5.16)

The reflected and refracted waves may be both longitudinal and transverse
waves. The reflected longitudinal waves and the reflected transverse waves
are labeled by n = 1 and » = 2, respectively. The refracted longitudinal
and transverse waves are labeled by n = 3 and n = 4, respectively. Thus we
summarize:

Reflected longitudinal wave:

(1) (1)

PV =sinf,i;~cos8,i,, dP=pP, ¢, =¢ (517)

Reflected transverse wave:
PP =sinb,i;—cosB,i,, dP =i;Ap? ¢, =cy (518)

Refracted longitudinal wave:
P =sinByi, +cosByi,, dPD=p3  c;=c (519
Refracted transverse wave:
P =sinf,i, +cosB,i,, dP=1iyAp?, ¢, =ck. (520

Fora givenincident wave, the amplitudes, the unit propagation vectors and
the wavenumbers of the reflected and refracted waves must be computed
from the conditions on the displacements and the stresses at the interface
between the two media. Incident waves are completely reflected in the special
case when there is no upper medium, and the plane x, = 0 forms an external
boundary. The reflection of harmonic waves at a plane boundary will be
considered in the next four sections. Thereafter we will return to the joined
half-spaces to examine the problem of reflection and refraction.
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5.5. Reflection of SH-waves

Let us first consider the reflection of transverse waves which are horizontally
polarized as defined by (5.16). Such SH-waves have displacement components
in the x;-direction only. An incident wave propagating in the half-space
x, < 0Ois represented by (see figure 5.2)

ul®» = Ag exp [iko(x, sin 0, +x, cos 8, —czt)]. - (5.21)

Xz

%10,

Fig. 5.2. Reflection of an SH-wave.

In the plane x, = 0 we have
u® = Ag exp [ikq(x, sin 6 —czt)].

It is noted that the displacement at x, = 0 can be viewed as a wave prop-
agating in the x,-direction with apparent wavenumber k, sin 8, and apparent
phase velocity cy/sin8,. Since sin 8, < 1, the apparent phase velocity
exceeds ¢y, except for the case of grazing incidence, which corresponds to
0, = =m/2.

The relations governing the reflection depend on the boundary conditions
at x, = 0. The following conditions may be considered:

(a) The displacements vanish at x, = 0.

(b) The plane x, = 0 is free of tractions.

The boundary conditions (a) and (b) correspond to a clamped and a free
surface, respectively. Let us examine whether these two types of boundary
conditions can be satisfied if it is assumed that an incident SH-wave is
reflected as an SH-wave.

A reflected SH-wave is represented by

ul® = A, exp [ik,(x, sin 8, —x, cos 8, —cz1)]. (5.22)

If the displacements are to vanish at x, = 0 we have u; = u# + u{¥ =0,
ie.,
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Ao exp [iko(x; sin g —cpt)]+ A, exp [iky(x, sin ,—c7t)] = 0. (5.23)

Since this equation must be satisfied for all values of x, and ¢, the ex-
ponentials must be equal, which requires

kosinfy =k, sin6,, ko = k;.

Substituting these results into (5.23) it also follows that the amplitudes must
be equal but opposite in sign. We conclude that

ky = ko, 0,=80,, A, =—A,. (5.24a,b,c)

It is noted that the wave undergoes a 180° phase shift in the displacement as
it is reflected.

To examine the reflection at a plane that is free of tractions, we write
out the components of the stress tensor 7,;. By employing Hooke’s law it is
found that for an incident wave of the form (5.21) the one nontrivial stress
component is 7,3, which equals u u; ,. For the incident wave we find at
x, =0

153 = iko uAg cos 0, exp [iko(x; sin 6, —crt)].

The reflected SH-wave yields

153 = — ik, pA, cos 0, exp [iky(x, sin 6, —cr1)].

The requirement that 753 + 753 vanishes at x, = 0 can be satisfied only if

ky =ky, 0, =0, A, =A,. (5.25a, b, c)

For a free boundary the reflected SH-wave thus is in phase with the incident
wave.

For the clamped surface the superposition of the incident and the reflected
wave is computed by employing (5.21), (5.22) and (5.24a, b, c). The result is

us = 2iAd, sin (kox, cos 8,) exp [iko(x; sin 0y—crt)]. (5.26)
Similarly for a free surface the superposition yields
us = 244 cos (kox, cos 8,) exp [iko(x, sin 85—crt)]. (5.27)

Egs. (5.26) and (5.27) represent wave motions behaving as standing waves
in the x,-direction and progressive waves in the x,-direction. For normal
incidence when 6, = 0, the expressions (5.26) and (5.27) represent purely
standing waves. If the surface is clamped, the case of grazing incidence,
which corresponds to 8, = 17, is not compatible with horizontally polarized
wave motion.
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5.6. Reflection of P-waves

In this section we examine the reflection of plane longitudinal waves whose
displacement vectors and propagation vectors are situated in the (x, x,)-
plane. Employing the notation introduced in section 5.4 the incident as well
as the reflected waves are denoted by

u™ = 4,d™ exp (in,), (5.28)

where different values of the index » serve to label the various types of waves
that occur when a longitudinal wave is reflected, and where 7, is defined by
(5.12). For reflection at a plane x, = 0 the relevant stresses are 157, where
j =1,2. These components are readily computed by the use of Hooke’s

law, eq. (2.40), as

183 = ik, [(A+2p)d$ps + Adp{"] A, exp (in,) (5.29)
15 = ik, u[d3p +dpS 1A, exp (in,). (5.30)

The displacements and the stresses at x, = 0 are obtained by replacing in
(5.28)-(5.30) the term #, by #,, where

= k,(x, p{”—c,1). (5.31)

X2} p'®

3 ] %
~ b,
0> P
p(2)
Fig. 5.3. Reflection of a P-wave.

The index # is assigned the value n = 0 for the incident P-wave (see
figure 5.3). According to (5.13) and (5.14) we have

d{® =sinf,,  d5 = cos 6, (5.32a)
p(IO) = sin 6, P(zo) = cos O (5.32b)

Co = cCy. (5.32¢)
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In the plane x, = 0 the displacements and the stresses of the incident
wave then become

u® = A, sin 0, exp (iffo) (5.33)
us? = A, cos 0 exp (iffo) (5.34)
159 = iko(A+2u cos? 8,) A, exp (iFfo) (5.35)
189 = 2ikgy usin Oy cos 8, Ag exp (iffo), (5.36)
where
Mo = ko(x, sin By —cy 1). (5.37)

The reflected P-wave is labeled by » = 1. According to (5.17) we have

dV =sing,, di¥" = —cosb, (5.38a)
PP =sing,, pi = —cosb, (5.38b)
¢ =cp. (5.38¢)

It is anticipated that an incident P-wave gives rise to a reflected P-wave as
well as to a reflected transverse wave with the displacement polarized in
the (x, x,)-plane. The latter type of transverse wave was earlier introduced
as an SV-wave. The reflected SV-wave is labeled n = 2, and we have (see
also figure 5.3)

d¥ = cosf,,  df¥ =sin6, (5.39a)
pP =sin6,,  p§? = —cos 0, (5.39b)
Cy = CT. (5390)

The relations governing the reflection depend on the boundary conditions
at the reflecting plane x, = 0. The following conditions may be considered:

(a) The plane x, = 0 is free of tractions: 1,, = 15, = 0 (free boundary).

(b) The displacements vanish at x, = 0: #; = u, = 0 (clamped bound-
ary).

(c) The normal displacement and the tangential stress vanish: u, =0,
75, = 0 (smooth boundary).

(d) The tangential displacement and the normal stress vanish: u; = 0,
T,, = 0.

Rather than consider these boundary conditions one by one, it is more
efficient to first ask the question for which boundary conditions an incident
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P-wave is reflected as a P-wave, under the angle 8, = 6,, and with the same
amplitude and wavenumber, i.e.,

Az EO, 91 =90, Al =A0, kl =k0. (5.40)

By employing (5.28)-(5.30), (5.38) and (5.40), we find at x, = O for the
reflected P-wave

ul" = A, sin 0, exp (iffo) (5.41)
ul) = — A, cos 8, exp (iff,) (5.42)
1)) = iko(A+2u cos? 8,)A, exp (iffo) (5.43)
750 = —2ikopu sin 0, cos 8y Ay exp (iffo)- (5.44)

Superimposing (5.33)-(5.36) on (5.41)-(5.44) to obtain the total displace-
ments and stresses at x, = 0, it is immediately seen that the normal dis-
placement and the tangential stress vanish at x, = 0. Apparently (5.40)
applies to the reflection of a longitudinal wave at a smooth surface. Thus, at
a smooth boundary as defined under (c) a longitudinal wave is reflected as
a longitudinal wave with the same amplitude and wavenumbers. Similarly
we can consider

4, =0, 8, =6, Ay = —Ay, ky =k,.

It is readily checked that these results apply if the tangential displacement
and the normal stress vanish at x, = 0. Thus for boundary conditions (d)
a longitudinal displacement wave is also reflected as a longitudinal wave
only.

The two cases of “‘mixed”” boundary conditions defined by (c) and (d) are
unfortunately physically somewhat unrealistic. Of more practical significance
are the reflections from a free or a clamped surface. In view of the foregoing
results for mixed boundary conditions it is now expected that at a free or a
clamped surface an incident longitudinal wave will generate not only a
reflected P-wave but also a reflected SV-wave.

For a free surface the sum of the three tractions must vanish at x, = 0,
and we obtain from egs. (5.29), (5.30), (5.32), (5.38) and (5.39):

0 1 2) _n.
Typ = TP+ 752 +755 = 0:

iko(A+2u cos? 09)A, exp (iffo) +iky (A+2u cos? 0,)A4, exp (iff,)

—zlkzﬂ Sin 92 COS 92A2 exp (lﬁz) =0 (5.45)
= AR+ = 0

2ikgu sin 0 cos 0y A, exp (ifo) —2ik, p sin 0, cos 0, A, exp (i)

+ ik, p (sin? 6, —cos? 0,)A4, exp (if,) = 0. (5.46)
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Egs. (5.45) and (5.46) must be valid for all values of x, and ¢, and the
exponentials must thus appear as factors in both equations, i.e.,

Mo =My =13.
Inspection of #, from (5.31) then leads to the following conclusions:

kosinfy =k, sinf, = k, sin §, = k = apparent wavenumber

kocy = kycp = k,cr = o = circular frequency.

These results provide, in turn, the simpler relations

ky =k, (5.47)
kylky = cpjer = & (5.48)
6, =80, (5.49)
sin 8, = k™' sin 6, (5.50)
The material constant x was defined by eq. (4.8) as
k= [?lﬂ___‘zz)r (5.51)

Since ¥ > 1 and 6, < 4, it is apparent from (5.50) that 8, < 6,. The
wavenumber k = kq sin 0y is the wavenumber of the wave propagating
along the surface x, = 0. The phase velocity along the surface x, = 0 is
obtained as

¢ = wfk = c/fsin 8.

With the aid of (5.47)-(5.50) the algebraic equations for 4,/4, and 4,/4,
can now be simplified to

(A+2p cos® 0o)(A,/Ao)—Kp sin 20,(4,/Ao) = —(A+2p cos® 8,)
—psin204(A/A,)—Ku cos 20,(A,/A,) = —psin 20,.

The solutions of this set of equations are

A; _ sin 2, sin 20, —x? cos® 26, (5.52)

Ao sin 20, sin 26, +«* cos? 26,
A4, _ 2k sin 26, cos 260, (5.53)
A, sin 26, sin 20, +x? cos® 20, '

Inspection of the amplitude ratios (5.52) and (5.53) leads to several obser-
vations:
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(1) The amplitude ratios are independent of the wavelength of the in-
cident wave, but depend only on the angle of incidence 8, and the material
constant k.

(2) For normal incidence, 6, = 0, and thus 6, =0, 4,/4, =0 and
A,J/As = —1. The incident P-wave is reflected as a P-wave. Since we have
Aod® = A4,dV, the reflected displacement wave is in phase with the in-
cident wave. Superposition of the two waves produces a standing wave.

(3) For 0, = 90° (grazing incidence), the incident P-wave is again reflect-
ed as a P-wave, which is, however, 180°, out of phase with the incident
wave. If the two waves are superposed the displacement vanishes altogether.
An alternative way of approaching the limit 8, = 90°, which was discussed
by Goodier and Bishop’, leads to displacements that increase linearly with
the distance from the free surface.

(4) If sin 26, sin 20, = k? cos® 20,, the incident P-wave is reflected as
an SV-wave only. This phenomenon 1s called mode conversion. The am-
plitude of the reflected SV-wave is obtained as

A2/A0 = K cot 292.

As an example, we consider v = 0.25, which corresponds to A = y, when
(5.51) yields x = \/3, and mode conversion occurs for two angles of in-
cidence, one of which 1s 8, = 60°.

In figure 5.4, the amplitude ratios A;/4, and A,/4, are shown versus the
angle of incidence 8, for Poisson’s ratio v = 0.25. For various values of v,

1 —
2]
% L AZ/’;O 0
C .
. L LN
o O I : ~
g’ //A] “o \
a
£ _//
< -1

Qe 30° 60° 90°

Angle of incidence 0,

Fig. 5.4. Amplitude ratios for the reflection of a P-wave; v = 0.25. 4,/4, = relative
amplitude of reflected P-wave. 4,/A4, = relative amplitude of reflected SV-wave.

1 J. N. Goodier and R. E. D. Bishop, Journal of Applied Physics 23 (1952), 124.
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the ratio A,/A, is shown versus 8, in figure 5.5. The curves in figure 5.5
are after results computed by Arenberg.?
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Fig. 5.5. Relative amplitude of reflected P-wave for various values of Poisson’s ratio ».

The reflection of a longitudinal wave at a fixed (clamped) boundary can
be discussed in a completely analogous manner. We list just the amplitude
ratios,

A, cos(8,+6,)
A_o " cos (00:0—2—)
A, _ sin 26,

A—o ~ cos (80—0,) ’

where the relation between 6, and 6, is given by (5.50).

5.7. Reflection of SV-waves

To examine the reflection of incident SV-waves egs. (5.28)-(5.30) are
employed. We assign » = 0 to the incident SV-wave, so that

2 D. L. Arenberg, Journal of the Acoustical Society of America 20 (1948), 1.
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p$? = sin 6, P = cos 6, (5.54a)
d{®¥ = —cos 8, ds” = sin 6, (5.54b)
¢ = 5. (5.54c)

In the plane x, = 0, the displacements and the stresses of the incident wave
then are of the forms

ul® = — A, cos 0, exp (iffy) (5.55)
u” = A, sin 6, exp (iffo) (5.56)
1) = 2ik, usin 6, cos 8, A, exp (ifo) (5.57)
89 = ik, u(sin® 8, —cos? 6,) A, exp (iffo), (5.58)
where
Ty = ko(x, sin8y—crt). (5.59)

We will consider only the case that the reflecting surface x, = 0 is free
of tractions. For that case it is to be expected that an incident SV-wave
generates a reflected P-wave as well as a reflected SV-wave. If the tractions
vanish at the reflecting surface we have at x, = 0:

2ik o sin 60 cos GOAO exp (iff )+ ik, (A+2u cos? 0,)4, exp (i7,)
—2ik,psin 0, cos 8,4, exp (i7f,) = 0 (5.60)
Ty = T+ +72 =0
ikou(sin? 8, —cos? 8,)4, exp (ifo)— 2ik, u sin 8, cos 8, A, exp (if],)
+ik, u(sin? 8, —cos? 0,)A, exp (iff,) = 0, (5.61)
where, as in the previous section, the quantities associated with the reflected
P- and SV-waves are denoted by n = 1 and » = 2, respectively. Since the
exponentials must appear as factors, we conclude from the definition of 7,
kosinfy =k, sinf, =k,sinf, =k
kocr =kcp = kser = .

These equations yield the simpler results

k, = kg (5.62)
kilko = cpfc, = k1 (5.63)
0, =0, (5.64)

sinf, = ksind,. (5.65)
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By employing (5.62)-(5.65), the algebraic equations for 4,/4, and A,/4,
can be simplified to

(A+24 cos? 0,)(4,/Ag)—Ku sin 205(A>/Ao) = —Ku sin 20,
—psin 20, (A, [Ay)—xp cos 204(A,/A,) = +ru cos 20,.

The solutions to this set of equations are

A, ‘ 'Ksm 4902 i (5.66)
A, sin 26, sin 26, +k° cos” 20,
A, _ sin26,sin 26, —x? cos? 20, (5.67)

A,  sin 26, sin 20, +x* cos? 26,

From the expression for A4,/A4, it is observed that the reflected P-wave
vanishes for 8, = 0, 84 = n/4, 6, = n/2. For these particular values of
f,, the incident SV-wave is reflected as an SV-wave. An incident SV-wave
is reflected as a P-wave if the numerator of (5.67) vanishes. We must,
however, also consider the relation (5.65), which shows that 6, is a real-
valued angle only if 6, is smaller than the critical angle 8,,, where

6., = sin~! (1/x).
For example, if v = 0.25 (A = u), we have k = /3, and the angle of in-

cidence must satisfy the restriction 8, < 35° 16’ in order that 8, be real-
valued. For 6, = 6,,, (5.65)-(5.67) become

T A, _ 4(k*—1)* Ay _

01 = > PN
2 4,  xk(2—«%) A,

If 8, > 6.,, the component pS"’ becomes

cr?

(1)

p;’ = —cosf; = —ikf,

where
B = (sin® 8, —x ")

The reflected P-wave may then be written as

u' = Sd exp (ko Bx,) exp [iko sin Oy(x, —cp t/x sin 8p)—ix], (5.68)

where
Ag sin 46
S = o Sin 46, 5.69
[« cos* 20, +4(x? sin? B, —1) sin® 2, sin” 0,]* (5.69)
2 .2 RS Y .
tan a — 2(x* sin? 8, — 1)* sin 26, sin 90' (5.70)

K cos? 20,
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Eq. (5.68) is an example of the type of inhomogeneous plane waves that
were discussed in section 4.2. Referring to (4.14), the vectors p’ and p”,
the wavenumber k and the phase velocity c are

m; _

p = pi'i

p’ = pi, = —x(sin® 0,—xk )i,

K sin 04 i,

k =k, = ko/xk, c=cg.

Since (5.67) is the ratio of two complex conjugates, we have |4,/4,| =1,
and
u® = —A,d® exp [iky(x, sin o —x, cos O, —cpt)—2ia],

where « is defined by (5.70). The reflected P-wave is a wave propagating
in the x,-direction with wavenumber k,sinf, and phase velocity ¢, /x
sin 8,. The amplitude of the reflected P-wave decays with the depth into
the material (decreasing x,). This type of wave is called a surface wave.

The amplitude ratio A4,/A4, is plotted in figure 5.6. The critical angle
0., as well as the angle at which an incident SV-wave is reflected as a P-
wave, is plotted in figure 5.7. The latter figure also shows the angle at which
an incident P-wave is completely converted into a reflected SV-wave.

+100
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_"2 o //// 0.25
Ao v/// 1028
- A /«\
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- /i
0.40 55
~-0.60 0.38\
-0.80 .
=0.455
-1.00 '

0O 5 10 15 20 .25 30 35 40 45
Angle of incidence 6, (degrees)

Fig. 5.6. Relative amplitude of the reflected SV-wave for various values of Poisson’s
ratio ».
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Fig. 5.7. Special angles of incidence for various values of Poisson’s ratio ». Total reflection
of an SV-wave: 0.. Reflection of an SV-wave as a P-wave: SV-P. Reflection of a P-wave
as an SV-wave: P-SV.

Figures 5.6 and 5.7 are after results from the previously cited paper by
Arenberg.

5.8. Reflection and partition of energy at a free surface

As shown in section 5.3, the average energy transmissions per unit area for
longitudinal and transverse waves may be expressed as

602
(Pry = Ha+2p) — 47
‘L
and
a)2 2
(P =t —47,
Cr

respectively. Now let us consider (see figure 5.8) a beam of incident P-waves
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of cross-sectional area 4S,. The corresponding beams of reflected P-waves
and SV-waves are of cross-sectional areas 4.5, and 45,, respectively. Since
the surface area 45 is free of tractions and since no energy is dissipated, the

AS
fo———
ASO; { I : ; AS1
|
! AS,

Fig. 5.8. Beams of incident and reflected waves.

average energy transmission across 45, must equal the sum of the average
energy transmissions across 4.5, and 4.5,. Thus

3+ 20) (4024 = 30+ 20 (4,248, +40 2 (4)45,.  (5T)
[4

¢y c, T
By using
AS, = A4Sy = 4S cos B, A4S, = AScosb,,
we find
(ﬂ)2+ (f%)z rooshy g, (5.72)
Aq Ap/ g cos B

If 6, is eliminated from (5.72) by means of (5.50), we obtain

2 2 102 %
(ﬁ) + (iz) 1 (1— xn 29°) = 1. (5.73)
Ag Ao/ K cos b, K

It can be checked that the previously derived amplitude ratios (5.52) and
(5.53) satisfy (5.73). From (5.71) we can also determine how the average
energy transmission is partitioned over the reflected P-wave and the reflected
SV-wave.

5.9. Reflection and refraction of SH-waves

If the space x, > O is filled by another medium, either gaseous, liquid or
solid, waves are transmitted across the interface x, = 0. Some of the salient
aspects of reflection and refraction can be exhibited by analyzing the
problem of an SH-wave incident on the interface of two solids. For this
case both the reflected and the transmitted waves are SH-waves. The wave
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Fig. 5.9. Reflection and refraction of SH-waves.

normals are indicated in figure 5.9, using the notation which was introduced
in section 5.4. The incident wave is represented by

u® = Ag exp [iko(x, sin 8, + x, cos 6, —crt)].
On the plane x, = 0 we find

u(30) = A, exp [iko(xl sin GO—CTl)]’
and
5% = ikop cos 0y Ag exp [iko(x, sin 6, —cr1)].

There are no other stress and displacement components associated with the
incident SH-wave. The reflected SH-wave yields at x, = 0

u(32) = A2 exp [ikz(xl sin 92_CT t)]
155 = —ik,pucos 0, A, exp [ik,(x, sin 6, —crt)].

Identifying the material constants in the half-space x, > O by superscripts
B, we find for the refracted SH-wave at x, = 0

u$? = A, exp [iky(x, sin 0, —c3t)]

138 = ik, pBcos 0, A, exp [iky(x, sin 0, —c2t)].
At the interface x, = O the displacement u; and the stress 7,3 are con-
tinuous, which leads to two equations for 4, and 4, in terms of 4,. Since

the exponentials must appear as factors, we conclude that the following
relations hold true

kosin@, = k, sin@, = k,sin 0,

kocr = kyer = k4ClT,‘)
and thus
ky = ko, 0, =0, (5.74)

e = (erleDky (575)
sin 0, = (cf/cr) sin 0. (5.76)
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The amplitude ratios are subsequently computed as

Ay _ pcos By —p(eq/e}) cos b, (5.77)
Ay ucosb, +#B(Cr/cl;') cos 04

As _ 24 c0s 0o . (5.78)
Ay pcos 0o+ u®(cp/cs) cos b,

The amplitude ratios are plotted in figure 5.10 as functions of 6,. Egs.
(5.74)-(5.78) prompt the following observations.

1 4474
] T~
< ~
E o 4,/A 3\\ \
2
é
I -1

0° 30° 60° 30°
Angle of incidence 8,
Fig. 5.10. Reflection and refraction of an incident SH-wave. u?/u = 0.64, co/cr = 0.8.

Az/Ao = relative amplitude of reflected SH-wave; A44/A4o = relative amplitude of re-
fracted SH-wave.

(1) The wave is completely transmitted if
p cos B — u®(cp/c2) cos 64 = 0.

Thus, a combination of angle of incidence and material properties is possible
for which no SH-wave is reflected.

(2) If (&/er) sin B, > 1, sin 0, exceeds unity. In this case cos 6, is pure
imaginary, and the transmitted wave takes the form

u§? = A, exp (~bx,) exp [iky(x, sin 0, —c2t)],

where b = ko[(cZ/cy)? sin? 8, — 1]*. Instead of a refracted wave this gives a
surface movement in the upper half-space whose amplitude diminishes
exponentially with increasing distance from the interface: When cos 0, is
imaginary, 4,/A, equals the ratio of two conjugate complex numbers.
Hence there is only a change of phase and the amplitude of the reflected
wave equals the amplitude of the incident wave. Thus, if sin 6, > cr/cz,
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we have total reflection with a shift in phase. If sin 8y = cy/cZ, i.e., if sin
6, = 1, there is total reflection without change of phase.
(3) If x, > 0 is vacuum, there is, of course, a reflected wave only, and
we find
ky = ko, 8, = b6, A; = Ay,

in agreement with eq. (5.25).

5.10. Reflection and refraction of P-waves

In general it should be anticipated that a P-wave incident on the interface
of two elastic solids will give rise to reflection and transmission of both
P-waves and SV-waves, as shown in figure 5.1. The incident P-wave is
represented by (5.33)-(5.36). From (5.28)-(5.30) we find the displacements
and the stresses for the reflected P-wave and the reflected SV-wave by
employing (5.28)-(5.30) with (5.38) and (5.39), respectively. For the trans-
mitted P-wave (# = 3), we have

d® =sinf;, d¥ = cos#, (5.79a)
pt® = sin 65, s = cos 6, (5.79b)
c4 = CF. (5.79¢)
The transmitted SV-wave (n = 4) is defined by
d¥ = —cosf,, d¥ =sinb, (5.80a)
p{® = sin b,, st = cos B, (5.80b)
cy = C3. (5.80c)

The wave speeds c; and cb are defined as
i = [(P+2%)/p°TF, o = (Wlp")

For the physically most significant case of perfect contact the displacements
and the stresses are continuous at x, = O:

0) ) 2y _ ,,(3) 4)
uJ +u1 +u1 = uJ +uJ (5'81)
0 1 2 3 4

where j = 1, 2. Egs. (5.81) and (5.82) must be valid for all values of x,
and ¢, which implies

o =1, = ’72 =173 = fl,. (5-83)
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By employing (5.31) we conclude that (5.83) implies

kosin 8y = k, sin 0, = k,sin 0, = ky3sin8; = kysinf, (5.84)

kocp = kycp = kyep = kyck = kyck. (5.85)

For a given 0, and k,, the other angles and wavenumbers can thus be
obtained from (5.84) and (5.85). Egs. (5.81) and (5.82) form a system of four
equations for the amplitudes 4,, 4,, 43 and 4, in terms of 4,. In matrix
notation the system can be written as

- —sin 6, —cos 8, sin 0 —cosfB, ] (Al“
cos 6, —sin 6, cos 65 sin 0, A,
B B
. . ¢
sin 26, K cos 20, il %‘ sin 20 -£ —; cos 20, || 45
4 B cr
u e u’ e
—x?cos20, iksin20, — -I(x")*cos20, = —Zsin 26, || 4,
L u Cp u cr JL .
sin O
cos Gy
= _ 5.86
°l sin 20, (5-86)
K? cos 26,

In (5.86) we have used relations of the form
A+2u cos® 0,

u
where k = ¢;/c; is defined by (5.51).
Explicit expressions for the amplitude ratios 4,/4,, etc. are given in the
book by Ewing et al.3, where additional references are also listed. Here we

will just briefly examine the special case of normal incidence which is defined
by

= k? cos 26,,

0o = 0.

In view of (5.84), the other angles then also vanish, and from the first and
the third of (5.86) it is found that

A2=A4EO.

3 W. M. Ewing, W. S. Jardetzky and F. Press, Elastic waves in layered media. New
York, McGraw-Hill Book Co., (1957), p. 87.
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The two remaining equations yield

ﬁ = chg—ch (5 87)
B B *
Ao peLtpcy

Ay _ 200 (5.88)

Ay pPei+pe
Eq. (5.87) shows that no wave will be reflected at normal incidence when
the product of the mass density and the velocity of longitudinal waves is the
same for the two media. A product of the form pc;, is known as a mechanical
impedance of the medium. If p®c? > pc,, the signs of 4, and A are the
same. Since the direction of propagation is, however, reversed upon reflec-
tion, the wave undergoes a change of phase of 180°.

Egs. (5.87) and (5.88) are, respectively, the reflection and the transmission
coefficients for a harmonic displacement wave under normal incidence.
In chapter 1, the coefficients were obtained for stress pulses of arbitrary
shape.

5.11. Rayleigh surface waves

The possibility of a wave traveling along the free surface of an elastic half-
space such that the disturbance is largely confined to the neighborhood
of the boundary was considered by Rayleigh.4

A

X2
Fig. 5.11. Rayleigh waves
4 Lord Rayleigh, Proceedings London Mathematical Society 17 (1887), 4.
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The criterion for surface waves or Rayleigh waves is that the displacement
decays exponentially with distance from the free surface. Here we investigate
the existence of Rayleigh waves for the two-dimensional case of plane waves
propagating in the x,-direction (see figure 5.11).

We consider displacement components of the form,

u, = Ae”"?exp [ik(x, —ct)] (5.89)
u, = Be ** exp [ik(x, —ct)] (5.90)
u; = 0. (5.91)

The real part of b is supposed to be positive, so that the dispiacements
decrease with increasing x, and tend to zero as x, increases beyond bounds.

Substitution of egs. (5.89)-(5.91) into the displacement equations of
motion yields two homogeneous equations for the constants 4 and B. A
nontrival solution of this system of equations exists if the determinant of
the coefficients vanishes, which leads to the equation

[c2b?—(c2 ~cHk*[c2 b* —(ck—cP)k*] = 0. (5.92)
The roots of (5.92) are

2\ 3 2\ %
b1=k(1—c—2), b, = (1—95).
CL Cr
It is noted that b, and b, are real and positive if ¢ < ¢; < ¢, and if positive

roots are taken.
The ratios (B/A) corresponding to b, and b, can now be computed as

(E)__ﬁ (B)-i
Al ik’ Al, b,

Returning to egs. (5.89)-(5.91), a general solution of the displacement
equations of motion may thus be written in the form

u, = [A;e "+ 4, e ] exp [ik(x, —ct)] (5.93)

u, = |:- by Aje bty ik 4, e_bm} exp [ik(x, —ct)].  (5.94)
ik b,

The constants 4, and 4, and the phase velocity ¢ have to be chosen such

that the stresses 7,, and 7,, vanish at x, = 0. By substituting egs. (5.93),

(5.94) and (5.91) into the expressions for 7,, and 7,, at x, = 0, we obtain
after some manipulation
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2b, A, + (2— _.,) e de -

CT b,

2

(2— C_z) d,+26, %2 20,
‘r b,

For a nontrival solution the determinant of the coefficients of 4,, 4, must

vanish, which yields the following well-known equation for the phase

velocity of Rayleigh waves:

2y 2 2\ % 2\ %
(2_ EE) _4 (1~ EE) (1_ C_Z) —0. (5.95)
cr L Ter

It is noted that the wavenumber does not enter in (5.95), and surface waves
at a free surface of an elastic half-space are thus nondispersive.

The computations leading to eq. (5.95) simplify somewhat if the dis-
placement potentials are employed, which were introduced in section 2.10.
For the two-dimensional case of plane strain the displacement components
u, and u, can be expressed in terms of ¢(x,, x,, t) and ¥3(xy, x,, t). By
considering expressions for the potentials of the general forms (5.89) and
(5.90) it follows from the wave equations V3¢ = (1/c})¢ and V3, =

(1/c2) 5 that

- Ce—b‘xzeik(xl —ct)

and
ws — De—-b;xzezk(xl—cr) ,

respectively. Substituting these expressions into t,, and 7,;, and invoking
the boundary conditions at x, = 0 yields eq. (5.95).

If we substitute ¢ = cy into the left-hand side of (5.95) we obtain unity.
Substitution of ¢ = ecy, where ¢ is a very small number, yields
—2[1—(cr/c)?1e?, which is always negative. Hence (5.95) has at least one
real root lying between ¢ =0 and ¢ = ¢r.

The questions now arise whether there is only one real root in the interval
0 < ¢ < ¢7, and whether there are possibly roots elsewhere along the real
axis or in the complex plane. A convenient method to check on the number
of roots of (5.95) is by means of the principle of the argument. This principle
may be stated as follows as a theorem of the theory of complex variables:
Let G(z) be analytic everywhere inside and on a simple closed curve C,
except for a finite number of poles inside C, and let G(z) have no zeros on
C. Then

1 dG dz

— —— =Z-P,
2m ¢ dz G(z)
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where Z is the number of zeros inside C, and P is the number of poles. The
numbers Z and P include the orders of poles and zeros, i.e., a pole of order
three counts as three in the number P. The formula can be checked by re-
placing C by a sum of contours surrounding each zero or pole of G(z),
since these are the only singularities of the integrand. By the use of Laurent-
series expansions these individual integrals are easily evaluated and their
sum yields the number Z —P.

To apply the principle of the argument to the Rayleigh equation it is
convenient to rewrite eq. (5.95) in the form

R(s) = (25 —s3)* +4s*(s; —s*)¥(s2 —s%)F = 0, (5.96)

where s = 1/c is the slowness of surface waves, and s; and sy are the slow-
nesses of longitudinal and transverse waves, respectively:

s = 1 R s = l (5.97a, b)

‘L cr
In the complex s-plane the function R(s) is rendered single-valued by in-
troducing branch cuts along (1/c.) £ [Z(s)] £ (1/er), F(s) = 0. Now
consider the contour C consisting of I', and I'; and TI', as indicated in figure
5.12a. Since the function R(s) clearly does not have poles in the complex

(a) s-plane (b) v-plane

Fig. 5.12. Mapping from s- to v-plane.

s-plane, we find that within the contour C = I'+I';+I, the number of

zeros is given by

LR (5.98)

- 2nidc ds R(s).
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The counting of the number of zeros is carried out by mapping the s-plane
on the v-plane through the relation

v = R(s).

If C, is the mapping of C in the v-plane, the integral (5.98) in the v-plane

becomes
Lfw_,
2riJe, v
The latter integral has a simple pole at » = 0, and thus Z is simply the
number of times the image contour C, encircles the origin in the v-plane
in the counter-clockwise direction. To determine the number of zeros in
the s-plane we thus carefully trace the mapping of the contour C into the
v-plane.
Since R(s) = R(—s) the images of I', and I', are the same, and one of
them, say I',, needs to be considered. We have (see figure 5.12)

at 4: R(sy) = (2s;—s3)?
along AB: R(s) = (25> —s3)* Fids*(s> —sp (st —s%)%,

where the minus sign applies above the cut, and the plus sign applies below
the cut. Also,

at B: R(sy) = sF.

Note that along I', we have Z{[R(s)] > 0, and the mapping into the v-
plane is thus qualitatively as indicated in figure 4.12b. For |s| large, we find

R(s) = 25%(s;—s7)+0O(1). (5.99)

The mappings of I', and I', do not encircle the origin in the v-plane but, as is
seen from eq. (5.99), the mapping of I' encircles the origin twice. In the
s-plane there are thus two zeros of the equation R(s) = 0, and consequently
eq. (5.95) also possesses two roots.

Since (5.95) is an equation for ¢? the two roots are each other’s opposite.
As noted earlier, eq. (5.95) shows that the roots may be expected along the
real axis for —cp < ¢ < ¢p. Obviously only the positive real root is of
interest. The root for ¢? is usually computed by rationalizing (5.95), where-
upon a cubic equation emerges, which may, however, yield three real roots
for ¢*. Two of these roots are extraneous; they arise from the rationalization
process of squaring.

Denoting the phase velocity of Rayleigh waves by ¢, eq. (5.95) can be



192 PLANE HARMONIC WAVES IN ELASTIC HALF-SPACES [Ch. 5,§5.11.

considered as an equation for cg/cy, with Poisson’s ratio v(0 < v £ 0.5) as
independent parameter.

TABLE 5.1

Velocity of Rayleigh waves for various values of Poisson’s ratio

v crlcr
0 0.862
0.25 0.919
0.333 0.932
0.5 0.955

For various values of Poisson’s ratio the phase velocity is tabulated in
table 5.1. A good approximation of ¢ can be written as

_0.862+1.14v
1+

er. (5.100)

Cr

As v varies from O to 0.5, the Rayleigh wave phase velocity increases
monotonically from 0.862¢ to 0.955 ¢.

For two values of Poisson’s ratio, figure 5.13 shows the variations of the
displacements with depth. The displacements are referred to the normal
displacement u, at the surface, and they are plotted versus the ratio of x,

1.0 £
2 N
¢ 08 N
5 \

{
8 0'6\\ | RN
& 04l > >
hel
o \\ \‘
S 02— - NS.
- \} ~t2
® \\ TFe—
.E). o RN g S
x N\ =TT |
-0.2 S|
‘o 0.4 08 1.2 1.6
Xy /A

Fig. 5.13. Displacement amplitudes «,/u,(x, = 0), curves 2, and u,/u;(x, = 0), curves 1,
for v =0.25 (----) and v = 0.34 ( ).
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and the wavelength. The variations of the stresses with depth are shown in
figure 5.14, where the stresses are referred to 7,y at x; = 0.

10

o8

O.G\g
0.4 !"\

N

‘// 2
A .

Q
0 —
0.2 \.\ BENS S
' 8 12 1.6

0 0.4 Q.
X>/A

Fig. 5.14. Stress amplitudes: curves 3, 7,,/7y:(x; = 0); curves 1, 7,2/711(x; = 0); and,
curves 2, T,3/T11(xz = 0) for v = 0.25 (----) and v = 0.34 (——).

Relative stresses

The figures show the localization of the wave motion in a thin layer near
the surface, of a thickness which is about twice the wavelength of the surface
waves. k

Since the displacement components u; and u, are 90° out of phase, the
trajectories of the particles are ellipses. For the coordinate axes of figure
5.11 the motion is counterclockwise at the free surface.

At a depth of x, ~ 0.2 A the direction of rotation reverses, since u,
changes sign. The semimajor axes of the ellipses are normal to the free
surface; the semiminor axes are parallel to the free surface. At the free surface
the normal displacement is about 1.5 times the tangential displacement.

Rayleigh waves have been studied in great detail, and they have found
several applications. For additional information we refer to the book by
Viktorov.?

The attractive features are the absence of dispersion and the localization
of the motion in the vicinity of the surface.

Given suitable generating conditions, surface waves as well as body
waves are generated at a bounding surface. For a two-dimensional geometry
the surface waves are essentially one-dimensional, but the body waves are
cylindrical and undergo geometrical attenuation. Thus at some distance
from the source the disturbance due to the surface wave becomes predom-
inant.

5 1. A. Viktorov, Rayleigh and Lamb waves. New York, Plenum Press, (1967).
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Surface motions of a more general nature than discussed in this section
were investigated by Knowles®, who considered all possible motions of the
half-space for which the scalar potential ¢ and the components of the vector
potential /; have the forms

@ = B(x,, x3)e” 2Tk (5.101)
Y = ¥(xy, xy)e brarike (5.102)

From the wave equations for ¢ and ¥; and from the condition that the shear
stresses 7,, vanish at x, = 0, where o = 1, 3, it can be shown that ¢ and
¥, can be expressed in terms of ¥/, , ¥ 3, k and c as

1 ( cz)"*( 1 c2)
=—--|1- = 1— - =) e, 5.103
@ k 012, 2 2 sV, ( )
1 cA\*
v, = 2(1_ c_z) Vs (5.104)
T
where o, § = 1, 3. It also follows that
c\? A\ ?
a =k(1—-—2) b=k(1——2) . (5.105a, b)
c
L T
Ineq. (5.103), e,z is the two-dimensional alternator defined by e,;, = e3; =0,
e,3 = —es3; = 1. Furthermore y, and {3 must satisfy the reduced wave
equation
V3, + k2, = 0, (5.106)

where V? = 8%/dx? + 8*/0x3. From the remaining condition of vanishing
normal stress, 7,, = 0 at x, = 0, it then follows that ¢ must satisfy eq.
(5.95).

5.12. Stoneley waves

Propagating disturbances confined to the neighborhood of a surface occur
not only in the vicinity of a free surface but also at the interface of two
half-spaces filled with different materials. Thus, there can be surface waves
at the interface of a solid and a fluid and also at the interface of two solids.
The latter waves, which are called Stoneley waves, will be briefly discussed
in this section.

¢ J. K. Knowles, Journal of Geophysical Research T1 (1966) 5480.
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Let the material constants in the half-space x, < 0 be denoted by sub-
scripts and superscripts B. The material constants in the half-space x, > 0
do not carry subscripts and superscripts. For x, > 0 the displacement
components u, and u, are given by (5.93) and (5.94). In the half-space
x, < 0 we have

u, = [A3e"+ A, ") exp [ik(x, —ct)] (5.107)

Uy

[+ l? Ay e ;—kA4 e”‘”} exp [ik(x,—ct)],  (5.108)

ik a4

by =k [1— (g)zr by =k [1— (CC—B)ZT (5.109)

where ¢} and c2 denote the phase velocities of longitudinal and transverse
waves, respectively, in the half-space x, < 0.

The condition that the displacements and the stresses are continuous at
x, = 0yields four homogeneous equations for the four constants 4, 4,, A5
and A,. The determinant of the coefficients must vanish which yields the
following equation

where

!— 1 1 -1 -1 ]
b, k by k
k b, k b,
2 B B 2 —
2 (2_ C_z)k 2K b #_[2_(5) }k =0 (5.110)
k cr/ b, u k U C? b,
2 B 2 B
5 tpefy)
- Cr u Cr u J

This equation is, of course, much more difficult to analyze than the much
simpler Rayleigh equation (5.95).

Taking note of the definitions of b,, b,, b3 and b,, we observe that
the wavenumber & does not appear in eq. (5.110). Thus Stoneley waves are
not dispersive. The number and the nature of the roots of (5.110) can again
be determined by the principle of the argument. This analysis is presented
in the book by Cagniard.” It turns out that there are always two roots. The
roots are, however, not necessarily real or on the proper Riemann surface.
Only over a certain range of the ratios p®/p and u®/u are real roots of (5.110)
obtained.

7 L. Cagniard, Reflection and refraction of progressive seismic waves, translated and
revised by E. A. Flinn and C. H. Dix, New York, McGraw-Hill Book Co. (1962), p. 47.
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5.13. Slowness diagrams

Some of the results on the reflection and refraction of waves can be il-
lustrated graphically by means of slowness diagrams. In particular, the
relations between the angles of incidence, reflection and refraction can be
shown, the critical angles can be identified, and the decay rates normal to
the direction of propagation for plane waves with complex-valued unit
propagation vectors can be determined.

In this section, we provide a few examples of the use of slowness diagrams
by reproducing some results from a paper by Crandall.® Slowness diagrams
were introduced in section 4.2, where it was shown that the components of
the slowness vector ¢ (which appears in the representation of a plane wave)
are related by a circle or an equilateral hyperbola. Given g, < ¢, the cor-
responding value of g, is on the circle of radius g. When g < ¢q,, the cor-
responding value of § is on the hyperbola, as indicated in figure 4.1. In a
homogeneous isotropic elastic medium, ¢ = q; = 1/c; for longitudinal
waves, and ¢ = gr = l/cy for transverse waves.

Considering reflections at a free surface, we draw two slowness diagrams,
each consisting of a circle and a hyperbola, one pair with ¢ = q;, = 1/c,,
and one with ¢ = g1 = 1/c;. In figure 5.15, the incident longitudinal wave
is given. The slowness vector of the incident wave is q(®’. The slowness
vectors of the reflected P- and SV-waves are ¢(*) and q®, respectively.

NI

e
90

Fig. 5.15. Slowness diagram for incident P-wave.

Since the space-time distribution of the incident wave, see eqs. (5.33)-(5.36),
on the surface x, = 0 is a sinusoidal wave with frequency w and slowness
q\®, the reflected wave must have this same slowness and frequency on
x, = 0, if two independent boundary conditions are to be satisfied at al//
times and a/l positions on the surface. In figure 5.15, the directions of g
and q‘® are fixed by the requirement that their component in the x,-direc-
tion be ¢{». Note that

8 S. H. Crandall, Journal of the Acoustical Society of America 47 (1970), 1338.
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61 = 60, Sin 62 = (qL/qT) Sin 60

in agreement with (5.49) and (5.50).
Figure 5.16 illustrates the similar configuration for an incident transverse
wave. In both figures 5.15 and 5.16, the slowness component g along the

V y Y

et
90

Fig. 5.16. Slowness diagram for incident SV-wave, 0 < ¢'°' < ¢q,.

free surface is less than either g; or g4, so all waves have real slowness
components. In figure 5.17, the incident transverse wave has a slowness
q'® such that ¢, < ¢{® < gy, so that the reflected P-wave has a complex
slowness. The amplitude decay rate is fixed by 8, see eq. (4.20). This case
corresponds to the results presented by egs. (5.68)-(5.70).

Fig. 5.17. Slowness diagram for incident SV-wave, g, < ¢\ < gr.

The configurations in figures 5.15-5.17 represent reflections of incident
waves with entirely real slowness components. Various other cases are
examined in the previously cited paper by Crandall.

Slowness diagrams can also be used to examine refraction and reflection
at an interface, as discussed in some detail in a paper by McNiven and
Mengi.’

9 H. D. McNiven and Y. Mengi, Journal of the Acoustical Society of America 44 (1968),
1658.
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5.14. Problems

5.1. A thin layer of a substance whose elastic constants are very small and
can be neglected is adhered to the surface of an elastic half-space. The
mass density of the substance is p;. A plane harmonic longitudinal wave is
incident on the covered surface,

X2

X4

%

(a) Determine the influence of the mass-layer on the amplitudes of the
reflected waves.

(b) Consider beams of incident and rgflected waves and investigate the
averaged energy transmission over the cross sections of the beams.

5.2. An elastic half-space is covered by a stretched thin membrane, as shown
in the figure. The equation governing the motion of a membrane subjected
to a load ¢(x,, x5, ¢) per unit area is

0*u,  *u, q_p 0*u,

ox2  oxX T T o

Now let a plane harmonic longitudinal wave be incident on the covered
surface, as shown in the figure. Assuming that there is perfect contact

X

|
;—T?m’z;m?—?

between the membrane and the half-space, and assuming that the membrane
is infinitely rigid in its own plane, determine the amplitudes of the reflected
wave(s).
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5.3. Consider the reflection and refraction of SH-waves at an interface
of two materials. This problem is discussed in section 5.9. For a specific

set of material properties a slowness diagram is shown in the figure. Obtain
the results (5.74)~(5.76) and the observations 1-3 (p. 184) from an examina-
tion of slowness diagrams.

5.4. The reflection and refraction of SH-waves is discussed in section 5.9.
Consider beams of incident, reflected and refracted waves and examine the
averaged transmission of energy, in particular for the case (c3/cy) sin 6, > 1.

5.5. An elastic half-space is covered with an ideal elastic fluid. Equations
governing the motion of an ideal fluid are given in section 2.15. A harmonic
longitudinal wave propagating in the solid is incident on the interface.

%2

Fluid
Ce

Xy
Solid
6y ¢ ,Cr

(a) Draw slowness diagrams for the case ¢p < ¢r < ¢p,c¢p < g < ¢,
and ¢y < ¢ < ¢p, and determine the critical angles.
(b) Determine the amplitudes of the reflected and transmitted waves.

5.6. The origin of a system of cylindrical coordinates is placed at a point
on the surface of an elastic half-space. The z-axis is normal to the surface,
with the positive z-axis pointing into the half-space.

To investigate the propagation of axially symmetric surface waves it is
convenient to use displacement potentials. The pertinent relations can be
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found in section 2.13. Start off with expressions for @(r, z, t) and y,(r, z, )
of the forms

Q= Q(r)e—blzeikd
and

llle = lljo(r)e—bzzeikct,

where b, and b, are as stated in section 5.11, and determine ®(r) and
¥,(r). Show that the phase velocity ¢ must satisfy eq. (5.95).

5.7. An elastic half-space is covered by a thin layer of fluid, as shown in
the figure. Suppose that the layer is subjected to surface tension, so that it
acts as a stretched thin membrane. We assume that the fluid adheres
perfectly to the half-space, but that it is nonviscous, so that shear interac-
tion with the half-space can be ignored.

Consider the propagation of surface waves in the half-space:

(1) Determine the equation for the phase velocity.

(2) Are the waves dispersive?

(3) Check that the classical equation for Rayleigh waves along a free
surface is a proper limit case.

(4) Examine the roots of the equation.

5.8. Examine the propagation of surface waves at an interface of a solid
and an ideal elastic fluid.

5.9. Consider two semi-infinite elastic solids in smooth contact, i.e., the
shear stresses vanish as the interface while the normal displacement is
continuous. Examine the propagation of Stoneley waves along the interface.

(a) Show that the equation for the phase velocity can be expressed in

the form
293 2114 B
o= 1- () re [ () e
K K u



201

Ch. 5,§ 5.14.] PROBLEMS
where
C C
= —73: K = —é
Cr cr

R, =(2-7n°) -4 [1— (Z)ZT(I—”Z)*

2,232 ou12 H 2, 2v4
and

n=—.
Cr

(b) Does S(n) = 0 always have real roots? If not, what are the conditions
for real roots?

5.10. Two semi-infinite elastic solids are in perfect contact. Draw a slowness
diagram for the case

¢ <cp<cr<ecp,
and determine the critical angle(s) for an incident longitudinal wave. Do
the same for the other cases that are conceivable.



CHAPTER 6

HARMONIC WAVES IN WAVEGUIDES

6.1. Introduction

The analysis of plane time-harmonic waves in a half-space does not meet
with many difficulties. Indeed, the rules governing the reflections at the
surface can be derived in a straightforward manner, as was shown in some
detail in chapter 5. In the present chapter we will examine the complications
that enter if a body has a finite cross-sectional dimension.

Let us first consider harmonic wave motion in a homogeneous elastic
layer of thickness 24 and of infinite in-plane dimensions. The results of
chapter 5 suggest that harmonic waves can propagate in a layer by being
reflected back and forth between the two plane surfaces. In a steady-state
situation, which is assumed for harmonic waves, the systems of incident and
reflected waves form, however, a standing wave across the thickness of the
layer, so that the propagation is essentially in the direction of the layer.
This motivates the term waveguide for the layer or, for that matter, for any
extended body with a cross section of finite dimensions. As another example
of wave motion in a waveguide we will in a later section of this chapter
examine waves in a circular cylinder of infinite length.

For motion in the (x, x,)-plane the picture of reflecting waves in a layer
becomes complicated because, as depicted in figure 6.1, both P- and SV-
waves are generally reflected at the incidence of either one. In a circular

22

A X
h 5/sv

Fig. 6.1. Waves in a layer.

cylinder it becomes rather impractical to trace the reflection of waves. The
idea of reflecting waves is, therefore, usually discarded and the analysis
is approached by a priori considering a wave motion of the form
f(x,, x3) exp [ik(x; —ct)]. (6.1)
202
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Eq. (6.1) represents a standing wave across the cross section and a traveling
wave in the direction of the waveguide. For the much simpler case of
horizontally polarized shear motion of an elastic layer (SH-waves) some
interesting insight is, however, gained by indeed considering the reflections
at the two surfaces.

The function f(x,, x3) is the interference pattern formed by the reflecting
waves. In an unbounded layer the interference pattern is a function of the
thickness coordinate only, and it is represented by trigonometric functions.
The analysis of motions of a circular cylinder is more complicated because
the distribution of the motion across the cross section involves Bessel func-
tions which are somewhat more difficult to deal with.

The investigation of progressive waves in waveguides leads to the in-
troduction of several new concepts such as modes of wave propagation,
the frequency spectrum, dispersion and group velocity.

In the last sections of this chapter we examine some approximate theories
which considerably simplify the analysis of waves in layers and cylinders.
The classical approximate theories are generally applicable for wavelengths
that are large compared to the cross-sectional dimension of the waveguide.
The higher order approximations are good up to frequencies that are
somewhat higher than the frequency of the highest thickness mode contained
in the equations.

6.2. Horizontally polarized shear waves in an elastic layer

The reflection at a free surface of an incident SH-wave was studied in section
5.5, where it was found that there is total reflection without change of phase,
ie, 0, =0,,A4, = Ay and k, = k,, see eqs. (5.25a, b, ¢). If we consider
a layer it is therefore conceivable that two systems of plane waves will
propagate in the layer. One system has unit propagation vector sin
801, +cos Byi, and can be considered as an ‘‘incident” wave on the free
surface x, = -4, and a “‘reflected” wave from the surface x, = —hA. The
second system has unit propagation vector sin ,i, —cos 84i, and can be
considered as a reflected wave from the surface x, = +A, and an incident
wave on the surface x, = —#h. Since the bounding surfaces of the layer are
free of tractions, the system of incident and reflected waves must sustain
itself if it is to form a steady-state pattern. For free waves the reflections
must thus constructively interfere with each other.

Referring to figure 6.2, we consider a ray 4 DEF which has been reflected
once from each boundary. If the disturbance in the plane PBE is to interfere
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Fig. 6.2. SH-waves in a layer.

constructively with the coincident disturbance which has traversed the ad-
ditional path BDE, it is required that

217 x length BDE = n, (6.2)

where A’ is the wavelength and » is an integer. From the geometry of figure
6.2 we obtain

2h 2h cos 20,
+

length BDE =
cos 8, cos g,

= 4h cos 0. (6.3)
As the disturbance in the plane PBE moves a distance BC it traces the
distance PQ in the horizontal direction. If ¢ is the phase velocity of wave
motion in the x,-direction, we find from figure 6.2

sin 8, = BC/PQ = cy/c. (6.4)

Denoting the wavenumbers in the x,-direction and the direction of the
ray AD by k and k', respectively, we have

w = ke =K'cr,
and thus

2n sin By (6.5)

= k'sin 0y =
0 A,

=
li
>

In (6.5), A and A’ are the wavelengths in the x,-direction and in the direction
of AD, respectively. Eq. (6.5) implies

A = A'fsin 8. (6.6)
Substitution of (6.3) into (6.2), with the aid of (6.5), yields

nm
kcotfy = —. 6.7
o= (67)
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E 2 E
et~ () = (2"
sin” 6, cr/

where we have used eq. (6.4). Eq. (6.7) can thus be expressed as

(CC—T)Z -1+ (2 )2. (68)

2kh
This result shows that except for » = 0 the phase velocity depends on the
wavenumber k. Harmonic SH-waves in an elastic layer thus are dispersive.
Since w = kc the result (6.8) can also be written in the form

Q= n?4+8, (6.9)

where the dimensionless frequency 2 and the dimensionless wavenumber &
are defined as

Also,

Q= the o _ 2kh
ncr n

(6.10a, b)

respectively. Eq. (6.9) is called the frequency equation.

The treatment based on the principle of constructive interference is in-
structive. It is, however, mathematically more straightforward to derive
the frequency equation (6.9) by postulating at the outset solutions of the
form

uy = f(x,) exp [i(kx, —wr)]. (6.11)
This solution must satisfy the equation

2 ~2 2
Tus Oy L 0wy (6.12)

oxg  oxi ko ’

and the boundary conditions at x, = thA

PRLEpS (6.13)

-

0x,

Substituting (6.11) into (6.12), and solving for f(x,) we find

f(x;) = By sin (gx,)+ B, cos (¢x,), (6.14) .
where

N
g
N

- k2. (6.15)

[~
]
Sl
NN
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The boundary conditions (6.13) yield

B, cos (gh)+ B, sin (gh) = 0. (6.16)
Eq. (6.16) can be satisfied in two ways:
either

By =0 and sin(gh) =0 (6.17)
or

B, =0 and cos (gh) =0. (6.18)

For an arbitrarily specified value of the wavenumber %, egs. (6.17) and
(6.18) yield an infinite number of solutions for the frequency w. A specific
wave motion of the layer, called a mode of propagation, corresponds to
each frequency satisfying (6.17) or (6.18). If B, = 0, the expression for
f(x,) shows that the displacement is symmetric with respect to the midplane
of the layer. The displacement is antisymmetric if B, = 0. In both cases the
frequencies follow from

qh - (6.19)
where, however, n = 0, 2, 4, . .. for symmetric modes, andn =1, 3,5,...
for antisymmetric modes. By using the definition of ¢, (6.15), and the
definitions of the dimensionless frequency and the dimensionless wave-
number, (6.10a, b), eq. (6.19) can also be written as 2% = n?+¢2, which
was derived earlier on the basis of constructive interference as eq. (6.9).

6.3. The frequency spectrum of SH-modes

In the Q-¢-plane the frequency equation
Q% = n? 42, (6.20)

yields an infinite number of continuous curves, called branches, each
corresponding to an integer value of n. A branch displays the relationship
between the dimensionless frequency 2 and the dimensionless wavenumber
¢ for a particular mode of propagation. The collection of branches con-
stitutes the frequency spectrum.

To identify the modes we call the symmetric SH-modes (n =0, 2, 4, .. .)
the SS-modes. Similarly, the antisymmetric SH-modes (n = 1, 3,5, .. .) are
called the AS-modes. Moreover, we introduce the index r in such a manner
that SS(r) and AS(r) identify the rth symmetric and antisymmetric SH-
modes, respectively. For symmetric modes, r is related to n by r = in.
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For antisymmetric modes we have r = 4n+3%. In figure 6.3 the displacement
distributions for several modes are sketched. For the lowest symmetric
mode (n = 0) the displacement is constant across the layer, for the lowest
antisymmetric mode (n = 1) there is one node, etc.

o 5

3

n=0 ‘n=1 n=2

Fig. 6.3. Displacement distributions in the x,x3-plane.

By eliminating Q through the relation w = k¢ or Q = &c/cy, the fol-
lowing relation between & and the dimensioniess phase velocity ¢/cy can

be written
2\ %
c n

Cr

If ¢ is eliminated, ¢/c; may also be expressed in the form

2\ —%
Tt (1— E;) : (6.21)
cr Q

In these equations the sign before the radical indicates the propagation
sense of the wave. It is clear from both equations that except for SS(0) the
phase velocity depends on the wavenumber (or on the frequency), and the
higher modes are thus dispersive.

In free motions the frequency should be taken as real-valued. It is now
seen from the frequency equation (6.20) that for Q < » this equation can be
satisfied only if £ is purely imaginary. As is evident from eq. (6.11), dis-
placements associated with positive imaginary wave numbers decay ex-
ponentially with x; . Such displacements do not represent progressive waves,
but rather localized standing wave motions. For a particular mode the
frequency at which the wavenumber changes from real to imaginary (or
complex) values is called the cut-off frequency. It is noted that for horizontal-
ly polarized shear waves the cut-off frequencies are given by the frequencies
at vanishing wavenumbers.
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The frequency spectrum is shown in figure 6.4. If ¢ is real, the branches
are hyperbolas with asymptotes @ = £. For imaginary wavenumbers eq.
(6.20) represents circles with radii #. Since the frequency spectrum is sym-
metric in &, the second quadrant can be used to plot @ versus positive

Q

i i 1
4 3 2 1 O 1 2 3 4

¢(imag.) $(real)

Fig. 6.4. Frequency spectrum for SH-modes in a layer.

imaginary values of &. Negative values of Q need not be considered. Since
the two relevant material constants u and p and the one relevant geometrical
parameter / appear in Q and ¢ only, the frequency spectrum can be employed
for any homogeneous isotropic layer.

6.4. Energy transport by SH-waves in a layer

In section 5.3 it was shown that the propagation of time-harmonic waves
is concomitant with a flux of energy. The time average energy transmission
per unit area for transverse waves was computed as eq. (5.10) of chapter 5.
Let us now examine the transport of energy for the case of SH-waves
propagating in a layer. We are particularly interested in the velocity of energy
flux along the layer.

The time average over a period of the power per unit area integrated
over the thickness of the layer is denoted by {P),

1 T h
<P> = - }J‘O dtJ‘_h‘Cl:;l‘ls de. (622)
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The time averages of the integrals over the thickness of the total energy
density, the kinetic energy density and the strain energy density are denoted
by (H)», {K) and (U, respectively, where

(H) = (K)+{U) = KK>. (6.23)
In eq. (6.23),

T h
(K> = lT Ldz f 3p(i)d. (6.24)

To compute the velocity of energy flux we use the relation between the time
average power transmission and the time average total energy

(PY = (Hec,. (6.25)
Suppose we consider an antisymmetrical mode, i.e.,
u3 = By sin (gx,) cos [k(x, —ct)], (6.26)

where ¢ and c are defined by egs. (6.15) and (6.8). We can now determine
7,3 and 43 and easily evaluate the integrals in eqs. (6.22) and (6.24). The
results are

(P> = LuchB} k*

(K> = 3pc’hB2 k2.

By means of (6.25) and (6.23) the velocity of energy transmission is then
computed as

or

Ce_Cr_ & 6.27
cr c (nz_{_iz)«;.’ ( . )

where we have used eq. (6.8). From the frequency equation (6.20) we derive

@ ¢

e __ ¢ (6.28)
¢ (n®+&)?
Comparing (6.27) and (6.28) it is concluded that
e _ 492 (6.29)
cr dé&
or
¢, = 9o (6.30)

T dk
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It has thus been shown that for the propagation of SH-waves in a layer, the
velocity of energy flux equals the derivative of the frequency with respect
to the wavenumber. Using the relation w = kc, we can also write this result

de
¢, =c+k —. 6.31
I (6.31)

For the lowest symmetric mode (n = 0) c is constant (¢ = cr) and then ¢,
equals the phase velocity. If there is dispersion, i.e., ¢ = c(k), it follows
from (6.31) that the velocity of energy transport is different from the phase
velocity.

Historically the velocity defined by dw/dk entered the literature under
the name group velocity, independent of the idea of energy propagation,
but rather through a kinematic argument. The kinematic argument which
motivated the terminology *““‘group” velocity involves superposition of waves
of various frequencies and will be presented in the next section. From now
on we will however refer to ¢, = dw/dk as the group velocity.

The dimensionless group velocity of SH-waves can be computed as

c dQ +¢&

fe

o d—é = m . (632)

An alternative expression can be obtained by eliminating &,

2\4
&=i(1—”—2>.
Cr Q

For a particular mode the group velocity is zero when dQ/d¢ vanishes,
which implies that the group velocity is zero at the cut-off frequencies.
The dimensionless group velocity is plotted for several modes in figure 6.5.
We note that for the lowest symmetrical mode, which is not dispersive,
c¢,/cr = 1. For the higher modes c,/cr < 1, but ¢ /c; approaches unity as
¢ increases, i.e., as the wavelength decreases. The asymptotic limit ¢ = ¢y
as £ increases, of both the phase velocity and the group velocity, is easily
understood on physical grounds. As ¢ increases the wavelength decreases,
which means that the thickness of the layer becomes relatively large and
waves propagate as in an unbounded medium.

For imaginary wavenumbers the motion is nonpropagating. Indeed for
imaginary & the stress is 90° out of phase with the particle velocity, and
the energy flux through a plane normal to the x,-axis is zero. It is thus seen
that for the modes with imaginary wavenumbers the associated energy
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n=(?
n=
_C;Q n=2
c

T n=3

0.8 n=4

0.6

04

02

) J I I 1
O 1 2 3 4 5 I3

Fig. 6.5. Group velocity for SH-modes.

is stored in the vicinity of x, = 0. The modes with imaginary wavenumbers
play animportant function in the forced horizontally polarized shear motions
of a layer. In general an external forcing agency will generate motion in a
large number of modes, consisting of both propagating and nonpropagating
modes. Only the inclusion of nonpropagating modes generally makes it
possibie to satisfy prescribed boundary conditions on planes x; = const.
In a later chapter we shall return to forced motions of layers.

6.5. Energy propagation velocity and group velocity

The result that in a perfectly harmonic motion of fixed wavenumber and
fixed frequency, energy is propagated at a velocity which can be expressed
as a ratio of changes of frequency and wavenumber in going to a neighboring
wave solution, is rather surprising. For the case of SH-waves in a layer the
result was verified rather than proven in the previous section. For several
other examples similar verifications were presented by Biot.!

As we shall see in this section it can in fact be proven for general periodic
wave motion that energy propagates with the velocity dw/dk.

For a one-dimensional case the relation between dw/dk and energy

! M. A. Biot, The Physical Review 105 (1957) 1129.
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transport was already discussed by Rayleigh.? In Rayleigh’s discussion it is
supposed that in a general dynamical system a pure imaginary change in
wavenumber is made. It is then shown that the corresponding imaginary
change in the frequency would be replaced by a zero frequency change if
the motion of every particle in the system were resisted by an additional
small force proportional to its momentum. The energy flow across a plane
in this steady state is then calculated by balancing it against the dissipative
action of those forces throughout the region beyond that plane.

A general proof applicable to periodic waves in rather general systems
is due to Lighthill.> The proof is based on an argument that utilizes real
rather than imaginary changes in frequency and wavenumber. Here we
present a simpler proof that is suitable for waves in a waveguide.

A time-harmonic wave propagating in an elastic waveguide of constant
cross-sectional area A is represented by

u; = fi(x,, xa)g(n), (6-33)
where
g(n) = By sin (1) or g(n) = B, cos (n), (6.342)
and
n = kx;—ot. (6.34b)

For example, a symmetric mode of horizontally polarized shear waves in a
layer is represented by

uz = B, cos (gx,) cos (n).

In this expression, ¢ is a constant which depends on the boundary con-
ditions and on the mode that is considered. Thus, ¢ does not change along
a particular branch of the frequency spectrum. Similarly, the function
fi(x5, x3) in eq. (6.33) is independent of k and w along a branch of the
corresponding frequency spectrum.

A mechanical system can be completely specified by the Lagrangian
density .Z. For a linearly elastic, homogeneous and isotropic body the
Lagrangian density is

Ly, uy,;) = dpiiy it —[$4(e)” + pej €51
where the summation convention must be invoked, and the components of
the small strain tensor ¢;; are
& = ¥(u;, j+u;,).
2 Lord Rayleigh, The theory of sound, Vol. 1. New York, Dover Publications (1945),

p. 475.
3 M. 1. Lighthill, Journal of the Institute of Mathematics and Applications 1 (1965) 1.
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Possible motions of the body must obey a set of governing equations that
can be obtained from Hamilton’s principle. As noted in section 2.9, the
usual form of the principle states that

5]
5f dzf FdV =0, (6.35)
ty |4

for any changes du; of the function u;(x,, x,, X3, ¢) which vanish at ¢ = ¢,
and t = t,, and on the boundary of the arbitrary volume of integration V.
For a Lagrangian density which depends on 4; and u; ;, the equations of
motion implied by (6.35) are

5(5$)+§3j i(aj).—.o. (6.36)

ot \ ou j=10x; \Ou, ;

For a time-harmonic wave of the general form (6.33), propagating in a
waveguide with free or clamped cylindrical surfaces, Hamilton’s principle
can be used in a slightly special form to obtain an expression for the velocity
of energy propagation. This special form states that

2n
oI = 5f dnf #dx,dx, = 0, (6.37)
0 A

for all du; that are harmonic functions of the form (6.33), with the same
frequency and wavenumber as the u; themselves. In eq. (6.37), 4 is the
cross-sectional area. To prove (6.37), we write

21: 3
51_f f ¥ (i/pa 4y 2 5u,1)dx2dx3, (6.38)

u, j=1 614,J

which can also be written as

el 2 GG
oLl

3
f d”f a (ag 5“,-) dx2 dx3 .
Ai= 1 i= 1 6x Ouy ;

The first of these integrals vanishes by (6.36). The second integral can be

rewritten as
2n 3
—wfdxzdx3f g (Z (zéu)d’?,
4 0 5;1 i=1 0u,

IlMu

d (5$
i ox,

du;dx,dx
Oou ):I .

Q)“Q

) dx, dx;
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whereupon it is immediately seen that the inner integral vanishes because
of the periodicity of éu;. The third integral can be expressed in the form

2z 3
f dnf { ( gé ) +k 9 ( Y 0% 51&)} dx,dx;.
,26x i1 0y, ; on \i<1 du; 4

The first of these vanishes in view of the conditions on the cylindrical
surfaces of the waveguide (note that 7;; = —0.%/0u; ;), and the second is
zero because of the periodicity of du; with respect to 7.

By a simpler argument eq. (6.37) follows from the observation that for
a linearly elastic solid the time average over a period of the kinetic energy
equals the time average of the strain energy, and the time average over a
period of the Lagrangian thus vanishes.

In the usual manner the velocity of energy transport is defined as the
ratio of the time average of the power per cross section and the time average
of the total energy per unit length of the waveguide

=
©O(H)
where
P 1J‘TPd
= — t’
(P> 7),
and

1 T
(H) = %fodth(%+f)dx2dx3.

In the latter equation, % and ¢~ are the strain energy density and the kinetic
energy density, respectively. We can write
dx3>

(P)=— <f i aidxzdx3> = < .
A

T 3
(HY = %f dtf A dx,dxy = <f Y aL?u ;dx, dxs
TJo A 4i=1 Ou,

3
<f Y o0& a,-dxzdx3>
e = \Jais 1 0u;,
e — 3 .
<f Y aL?u dxzdx3>
Ai=1 0

Thus

(6.39)

To show that ¢, also equals dw/dk, we consider a perturbation of the
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displacement field in which the wavenumber and the frequency change,

up+ou; = fi(x,, x3)g*(k*x; —0*t),
where
k* = k+ 6k, w* = w+dw. (6.40a, b)

We find by employing (6.38),
()]
u, ; \0x;

81 ~f“dr]f 3 [—5(—

where

. _dg
Cdng’

In view of (6.40a, b), this expression can be rewritten as
2n 3 g

o1 =f dqf Y [6—~5(—wf,-g')+ ‘i"‘?_ 5(kf;g")
0 Ai=1 Lon, du;

3
+y fa—ggié ((if{ g)jl dx, dx,

i=20u;; \Ox;

2n 2n 3 a
- —5kf dnf Y —fgdxzdx3+5kf dr]f
Ai=1 0U; 0 Ai=1

Of the three terms on the right-hand side, the first 1epresents the changes
resulting from changes in the function g(#n) without changes in w and k. By
virtue of the version of Hamilton’s principle for changes in #; which main-
tain frequency and wavenumber, i.e., eq. (6.37), this integral must vanish.
In the remaining two integrals the integrations can be changed from # to ¢.
By identifying

’
;g'dx,dxy.

d
i = —fi(x;, x;) 0 ;‘Z J

we find

f dt 0z u;dx, dx;
Ai= 1 u o1

f f ——u ;dx, dx,

Comparison of (6.39) and (6.41) yields the desired result
dw
Co=—.
dk

(6.41)
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The treatment of energy propagation velocity as it is presented in this
section also provides a link with the concept of group velocity as it was
originally introduced by means of a kinematic argument. The first def-
inition and derivation of the group velocity is apparently due to Stokes,
whose treatment was discussed by Sommerfeld.*

In Stokes’ treatment the group velocity appears when two plane waves
that advance in the positive x-direction, with the same amplitude, but
slightly different wavenumber, hence slightly different frequency, are super-
posed

u = A{sin (k; x —w; t)+sin (k, x —w, 1)}

= 24 cos (k‘ —k om0 t) sin (lfijhk? x— L t) . (6.42)
2 2 2 2

Introducing

k‘+k2=k0; w1+w2=w0
2 2
kl_kz — Ak; W, — W, — Aw,
2 2
Eq. (6.42) can be written as
u = Csin(kgx—wyt), (6.43)
where
C = 24 cos (dkx—dwt). (6.44)

It is seen that a modulation represented by C is impressed on the carrier.
The sttuation is depicted in figure 6.6.

—-—-D-Cg

Modulation
<L —

oo

Fig. 6.6. Propagation of a group.

Carrier
wave

———

The introduction of the ‘‘amplitude factor” C(x, r), which is responsible
for the modulation, suggests that the cosine in eq. (6.44) is a slowly variable

¢ A. Sommerfeld, Mechanics of deformable bodies. New York, Academic Press, Inc.
(1964), p. 184.
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quantity. The modulation results in the building up of groups with am-
plitude C which move along with the group velocity c,. The succession of
wavelets represented by sin (ko x—w o) moves along with the phase velocity
Co = weolky, which is not very different from the phase velocities of the
component waves, ¢, = w,/k, and ¢, = w,/k,, respectively. On the other
hand, the velocity of propagation of the modulation, or of the group, is
found by setting
Akx— Awt = constant,

which when differentiated yields

dx Adw
a4k’
In the limit of Ak — 0 we obtain the group velocity as
., _do
dk

which is just the same as the velocity of energy transport of a monochromatic
wave, as discussed earlier in this section.

Both the dynamic and the kinematic arguments take as points of departure
supposed small changes of the wavenumber and the associated small
changes of the frequency. In the kinematic argument one can infer that the
rate of transfer of energy is identical with the group velocity from the fact
that no energy can travel past the nodes which move with velocity ¢,. Thus,
even in the limit as Ak approaches zero and when the wavelength of the
modulation increases beyond bounds, the energy still propagates with
velocity c,. This himitcase just yields the superposition of two waves of
the same amplitude, wavenumber and frequency, i.e., a monochromatic
wave, Thus in a monochromatic wave the energy also propagates with the
group velocity.

There are several ways of expressing the group velocity:

_do
¢ dk’
or
¢y = c+k9-c-,
or
¢y = c—Agc—
da
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The group velocity and the phase velocity are shown in figure 6.7 in the
(w-k)-plane.

w

/\Slopez ¢
k

Fig. 6.7. (w-k)-plane.

Another useful relation is

In general, de/dk < 0 and thus ¢, < c. The wavelets of the carrier wave
are then building up at the back of the group, progressing through the
group and disappearing in the front. If dc/dk < 0 we speak of normal
dispersion. The converse case when dc/dk > 0 and ¢, > c is referred to
as anomalous dispersion.

6.6. Love waves

The criterion for surface waves is that the propagating disturbance decays
exponentially with distance from the surface. In chapter 5 Rayleigh surface
waves propagating along the free surface of a half-space were examined.
For Rayleigh waves the material particles move in the plane of propagation.
Thus, for propagation in the x,-direction along the surface of the half-
space x, = 0, the displacement u3(x,, x,, x) vanishes for classical Rayleigh
waves.

The question may now be raised whether surface waves with displacements
perpendicular to the plane of propagation, the (x, x,)-plane, are possible
in a homogeneous isotropic linearly elastic half-space. We recall that SH-
waves are governed by the equation

Tus | Fuy _ 1 Sy (6.45)
ox;  oxi i ar?

A solution of (6.45) representing a surface wave would be of the form

uy = Ae” " exp [ik(x, —ct)], (6.46)
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where the real part of b must be positive. By substituting (6.46) into (6.45)

we find
b=k [1- (Cﬁ)T (6.47)

For a free surface the boundary condition at x, = 0 is

s _y, (6.48)
O0x,

The boundary condition (6.48) can, however, be satisfied only if either

A = 0 or b = 0. Neither case represents a surface wave.

Experimental data, particularly as gathered from seismological obser-
vations, have, however, shown that SH surface waves may occur along free
surfaces. An analytical resolution of this question was provided by Love,
who showed that SH-waves are possible if the half-space is covered by a
layer of a different material, as shown in figure 6.8.

YPB,MB H J

Fig. 6.8. Layered half-space.

The wave motion in the layer can be represented by eq. (6.11),

u3 = [B, sin(gpx,)+ B, cos (gpx;)] exp [ik(x, —ct)], (6.49)

g =k [(é)z—lr. (6.50)

The motion of the half-space is given by eq. (6.46). The condition of
vanishing shear stress at the free surface, x, = — H, yields

B, cos (g5 H)+ B, sin (gg H) = 0.

where

Continuity of the shear stress and the displacement at the interface x, = 0
is satisfied if
1%qgB, = —ubA
B, = A.
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By combining these three results we find the following equation for the
phase velocity c,

tan {[(3)2—1]*1&} S e G20 Y (6.51)

2 u® [(c/B?~17¢

Cr
The left-hand side of (6.51) is positive for ¢ = ¢, while it is negative for
¢ = cp. Apparently we can thus find a real root in the interval c3 < ¢ £ cy.
No real root exists if c; < cf.

Eq. (6.51) shows that Love waves are dispersive, as opposed to Rayleigh
waves which are not dispersive. If we consider kH as the independent
variable, we have ¢ = ¢ for kH = 0. As the wavelength decreases (kH
increases), the phase velocity decreases. The phase velocity also approaches
cr as [(c/c3)*—11*kH approaches n, 2n, etc. The latter limits are for the
higher modes. For the lowest mode, c/cr is shown versus the dimensionless
wavenumber in figure 6.9. More extensive quantitative information can be
found in the book by Ewing et al.’

0.5 Il i ! I
O 05 1.0 1.5 20 2.5

2kH

T

Fig. 6.9. Phase velocity for the lowest mode of Love waves.

6.7. Waves in plane strain in an elastic layer

For time-harmonic wave motion in plane strain of an elastic layer the
equation relating frequency or phase velocity to the wavenumber can also

5 W. M. Ewing, W. S, Jardetzky and F. Press, Elastic waves in layered media. New York,
McGraw-Hill Book Company (1957), p. 210.
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be derived on the basis of the principle of constructive interference. This
approach was pursued by Tolstoy and Usdin.®

In most treatments, however, the alternative approach is followed of
employing expressions for the field variables representing a standing wave
in the x,-direction and a propagating wave in the x,-direction. The expres-
sions are then substituted into the boundary conditions to derive the
frequency equation. This more straightforward approach will be followed
here.

It is convenient to decompose the displacement field by the use of scalar
and vector potentials, as discussed in chapter 2. For motion in plane strain
in the (x, x,)-plane, we have

u; =0, i( ) = 0. (6.52)
0x4

Eq. (2.87) then reduces to

u =92 W (6.53)
0x, 0x,

2 - a—(p — a—lll . (6‘54)
0x, 0x,

For simplicity of notation the subscript 3 has been omitted from y in (6.53)
and (6.54). The relevant components of the stress tensor follow from
Hooke’s law as

2 2 2
121=#((1u_2+%)=”(2 o’ _M+M)’ (6_55)

0x, 0x, ox,0x, 0x*  ox}
3 2 2 2 2
122:,1(&+%) 12 %2 (fiig+f?_<§)+2 (M_ﬂ)
0x, X, X, 0x;  0x; 0x3;  0x,0x,
(6.56)

As discussed in chapter 2, the potentials ¢ and y satisfy wave equations,
which for plane strain are two-dimensional,
d*p % 1 3%
PRSP Tl e I
Oxy 0x3 c¢f Ot
0* 0* 1 0*
o, _ 10y (6.58)
axl axZ cr (3t

¢ 1. Tolstoy and E. Usdin, Geophysics 18 (1953) 844.

(6.57)
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To investigate wave motion in the elastic layer, we consider solutions of
(6.57) and (6.58) of the form

@ = D(x,) exp [i(kx, —wt)], (6.59)
W = ¥(x;) exp [i(kx, ~w1)]. (6.60)

Substituting (6.59) and (6.60) into (6.57) and (6.58), respectively, the
solutions of the resulting equations are obtained as

il

D(x,) = A, sin (px,)+ A4, cos (px;) (6.61)
¥(x,) = B, sin (gx,)+ B, cos (gx,), (6.62)
wherein
w? w?
P =2 ok =2 (6.63a, b)
ct Cr

In the expressions for the displacement and the stress components, which
are obtained from (6.53)-(6.56), the term exp [i(kx, —wt)] appears as a
multiplier. Since the exponential appears in all of the expressions it does not
play a further role in the determination of the frequency equation and it is
therefore omitted in the sequel. Thus we write

u, = ikd+ d_l{/ (6.64)

dx,
U, = d—? —ik¥ (6.65)

dx,
2y

Ty = U (?.zkgqi +k2P 4+ cl__) (6.66)

X2 x2

d?o d?o¢ d¥

= A D+ — 2ul —= —ik —|. 6.67
( dlz) ” #<dx2 l dx2> ( )

Inspection of (6.64) and (6.65) shows that the displacement components
can be written in terms of elementary functions. For the displacement in
the x,-direction the motion is symmetric (antisymmetric) with regard to
x, = 0, if u; contains cosines (sines). The displacement in the x,-direction
is symmetric (antisymmetric) if u, contains sines (cosines). The modes of
wave propagation in the elastic layer may thus be split up into two systems
of symmetric and antisymmetric modes, respectively:
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Symmetric modes:
& = A, cos (px,)
¥ = B, sin (gx,)
ikA, cos (px,)+¢qB, cos (gx,)

uy
u, = —pA, sin (px,)—ikB sin (gx,)

Ty, = u[ —2ikpA, sin (px,)+(k* —q*)B, sin (gx,)]

— A(k* + p*)A, cos (px;)—2u[p*A4, cos (px,) +ikgB, cos (gx,)].

It

T22
Antisymmetric modes:

¢ = A, sin (px,)

¥ = B, cos (gx;)
ikA; sin (px,)—qB, sin (gx,)

uy
u, = pA; cos (px;)—ikB, cos (gx,)

T3y = u[2ikpA, cos (px,)+(k*—g*)B, cos (¢x2)]

Ty = —A(k*+ p*)A, sin (px;)—2u[p® A, sin (px;)—ikqB sin (¢x,)].

The frequency relation, 1.e. the expression relating w to the wave number
k is now obtained from the boundary conditions. If the boundaries are free,
we have at x, = +h:
Ty =Ty, =0,

For the symmetric modes the boundary conditions yield a system of two
homogeneous equations for the constants 4, and B,. Similarly, for the
antisymmetric modes two homogeneous equations for the constants 4, and
B, are obtained. Since the systems are homogeneous, the determinant of
the coefficients must vanish, which yields the frequency equation. Thus, for
the symmetric modes we find

(k*—q°)sin(gh) _ 2uikq cos (qh)
2ikp sin (ph) (Ak*+ip* +2up?) cos (ph)

This equation can be rewritten as

tan (gh) _  4k’pq
tan (ph) (g% =k’

(6.68)

For the antisymmetric modes the boundary conditions yield

_ (k*—q*) cos (gh) _ 2uikq sin (qh)
2ikp cos (ph) (Ak?+ Ap® +2up?) sin (ph)
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or
tan (gh) (¢’ —k*)
tan (ph) 4k’pg

(6.69)

Egs. (6.68) and (6.69) are the well-known Rayleigh-Lamb frequency
equations. These transcendental equations look deceptively simple. Although
the frequency equations were derived at the end of the 19th century 1t was
not until quite recently that the frequency spectrum was unraveled in com-
plete detail by Mindlin.”

The frequency equations for horizontally polarized shear waves, eq.
(6.9) and for symmetric and antisymmetric motions in plane strain, egs.
(6.68) and (6.69), respectively, can also be obtained as the result of a some-
what more general approach if we take as point of departure expressions
representing propagating waves for the scalar potential ¢ and for al! three
components of y:

@ = (A cos px,+ B sin px,) exp [i(kx; —wt)]
Y, = (Ccos gx,+D sin gx,) exp [i(kx, —wt)]
Y, = (E cos gx,+ F sin gx,)exp [i(kx, —wt)]
Y3 = (G cos gx, + H sin gx,) exp [i(kx, —wt)].

The boundary conditions of vanishing stresses 7,,, 7o, and 7,3 at x, = +h
yield six homogeneous equations for the eight constants. Two additional
equations are obtained, however, by evaluating the condition V -y = 0 at
x, = th. A necessary and sufficient condition that the eight equations for
the eight constants 4, B, C, D, E, F, G and H possess solutions is that the
determinant of the coefficients be zero. It can subsequently be shown that
the eight by eight determinant can be reduced to the product of four sub-
determinants.® Wave motions are thus possible if for given material
parameters the frequency w and the wave number k are related in such a
manner that one of these four subdeterminants vanishes. The equations that
are obtained by equating the subdeterminants individually to zero are just
the frequency equations (6.9), (6.68) and (6.69).

Much simpler frequency equations than the Rayleigh-Lamb equations
are obtained if we consider (the unfortunately rather unrealistic) mixed

7 R. D. Mindlin, “Waves and vibrations in isotropic ¢lastic plates”, in: Structural
mechanics, ed. by J. N. Goodier and N. J. Hoff. New York, Pergamon Press (1960).

8 See T. R. Meeker and A. H. Meitzler, “Guided wave propagation in elongated
cylinders and plates”, in: Physical acoustics, ed. by W. P. Mason. New York, Academic
Press (1964), p. 115.
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boundary conditions. These are described by the following conditions at
x, = th:either u; =0, 1, =0, or 4, =0, 1, = 0. As conceivable ap-
proximations to these conditions one may think in the first case of a thin
layer of lubricant, and in the second case of a thin layer of felt separating
the elastic layer from a rigid boundary.

We have seen earlier in the discussion of the reflection of time-harmonic
waves that the mixed boundary conditions do not couple the equivoluminal
and dilatational waves. Thus, if the boundary conditions u, =0, 7,;, =0
are examined for symmetric motions, we note that both boundary conditions
can be satisfied by either 4, = 0 and sin gk = 0, or B; = O and sin ph = 0.
These two cases correspond to uncoupied equivoluminal and dilatational
modes, respectively. The condition sin gh = 0 yields the following frequency
equation

nx
q e n=24,506.
By employing the definition of g, eq. (6.63b), we rewrite the frequency
equation as
Q2 = n?4+¢&2,

where € and ¢ are the dimensionless frequency and the dimensionless wave
number, respectively, which were earlier defined as

The frequency equations corresponding to the boundary conditions
u; = 0,1, =0 at x, = +h can be summarized as follows:
Symmetric equivoluminal modes:

Ay, =0; Q? = n?4¢2, n=0,246,... (6.70)
Antisymmetric equivoluminal modes:

A, =0; Q? = n? 42, n=1335,... (6.71)
Symmetric dilatational modes:

B, =0; Q@ =k*m?+&), m=0,2,46,... (6.72)
Antisymmetric dilatational modes:

B, = 0; Q? = kK*(m?+ &%), m=13,5,... (6.73)

where ¥ = ¢;/cr, see eq. (4.8).
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For real-valued wave numbers, (6.70)-(6.73) represent hyperbolas in
the Q-¢-plane, with asymptotes @ = ¢ and Q = x¢ for (6.70), (6.71) and
(6.72), (6.73), respectively. For imaginary wave numbers, eqs. (6.70) and
(6.71) represent circles with radius n, and eqs. (6.72) and (6.73) represent
ellipses with semi-axes m and km. It is clear that the frequency spectrum is
very similar to that of horizontally polarized shear waves.

For completeness, we also summarize the frequency equations for the
boundary conditions u#; = 0 and 7,, = 0 at x, = +h:

Symmetric equivoluminal modes:

A, =0; Q* = n?+ &2, n=1735... (6.74)
Antisymmetric equivoluminal modes:

A =0; QF = n? &2 n=20,246,... (6.75)
Symmetric dilatational modes:

B, =0; Q=xr*m*+E), m

1,3,5,... (6.76)
Antisymmetric dilatational modes:

B, =0; Q@ =x}m2+&), m=0,24,6,... (677)

6.8. The Rayleigh-Lamb frequency spectrum

The relations between the frequencies and the wave numbers gxpressed by
the Rayleigh-Lamb frequency equations yield an infinite number of branches
for an infinite number of symmetric and antisymmetric modes. The sym-
metric modes are usually termed the longitudinal modes because the average
displacement over the thickness is in the longitudinal direction. For the
antisymmetric modes, the average displacement is in the transverse direction,
and these modes are generally termed the flexural modes.

It 1s again convenient to introduce the dimensionless frequency € and the
dimensionless wave number & by

2h 2kh
=.—a)1 é:—

ey n

Q

The frequency equation for the longitudinal modes may then be rewritten as

tan [4n(Q° &)Y 48i(@%x*-E)N@ -
tan [$n(Q%/x* —&%)F] (Q*—2£%)

. (6.78)
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while for the flexural modes we have

tan [3n(Q* &) _ (@*—-2¢%)°
tan [4n(Q%/x* - &%)¥] 4EHQY R - EHQ2 - EN)

(6.79)

If the frequency equations are written in this form it is apparent that only
one material parameter represented by x needs to be specified to compute
a system of curves showing Q as functions of &. The material constant
K = ¢ /cr may be expressed in terms of Poisson’s ratio v by

-]

1-2v

A frequency spectrum for in-plane motions of a layer thus displays the
branches of the longitudinal and flexural modes for a specific value of
Poisson’s ratio.

Although the Rayleigh-Lamb equations look rather simple, it is not
possible to write analytical expressions for the branches. To obtain detailed
and precise numerical information, the roots of egs. (6.78) and (6.79) must
be computed on a digital computer. In rough outline the most commonly
used numerical technique is to choose a value of the frequency €2, and then
scan in the domain of wave numbers for values of ¢ at which the expressions
(6.78) and (6.79) change signs. For real-valued ¢, this is quite straight-
forward and extensive numerical results are available. The wave number &
may, however, also be imaginary or complex, and for these cases numerical
information is less readily available. Without actual numerical computation
of the roots it is, however, quite possible to examine the frequency spectrum
and to discuss its most important features.

In analyzing the Rayleigh-Lamb frequency equations the dimensionless
frequency € is taken as real and positive. The dimensionless wave number
¢ may be real, but analogously to the frequency spectrum of SH-waves in a
layer, imaginary wave numbers should also be expected. It will become
evident later in this section that for motion in plane strain we should also
expect complex wave numbers. Real-valued wave numbers correspond to
time-harmonic waves that are not attenuated while propagating in the
x,-direction. Imaginary values of ¢ give displacements in the form of sums
of exponentials. Complex wave numbers result in products of exponentials
and trigonometric functions. In physical terms, imaginary and complex
wave numbers correspond to standing waves with decaying amplitudes as
X, increases.
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It is informative to investigate the limiting values of Q for very small
and very large values of £. In particular, an examination of ¢ < 1, i.e.,
kh << 4m 1s of interest. Since k = 2n/A, the condition £ <1 corresponds to
the, for practical applications, most common case of a layer thickness 2k
which is much smaller than half the wavelength.

For real-valued &, there are three ranges in the Q-¢-plane in which the
radicals in eqgs. (6.78) and (6.79) are of different character: & > Q,
Q>E>Qlk, and Qfk > & > 0. We first consider the range ¢ > Q,
where the two radicals in (6.78) and (6.79) are both purely imaginary and
the trigonometric functions become hyperbolic tangents. For small values
of £, we now assume the following expansion for Q:

Q= Q,E+3Q,8%+ .. .. (6.80)

The expansion does not include a constant term because the expansion is
within the region ¢ > Q. Upon substituting (6.80) into the frequency equa-
tion for flexural waves, eq. (6.79), we find, after expanding the hyperbolic
tangents as well as the radicals, whereby a sufficient number of terms must

be retained,
Q 0 =2 1 1 1) !
v=0 &= Gl
Thus, for £ < 1 we may write

2 3
Kk°—1
Q= ) né?, 6.81

( 3xc? ( )

It will be shown in a later section that (6.81) is the frequency found from
the Lagrange-Germain plate theory for flexural motions, which indicates
that the classical plate theory can be used to describe wave motions provided
that the wavelength is much larger than the thickness of the plate. If the
expansion (6.80) is substituted into the frequency equation for longitudinal
motions, eq. (6.78), no solutions can be obtained in the range £ > Q.

In the region ¢ > Q, the left-hand sides of both (6.78) and (6.79) approach
unity as ¢ increases beyond bounds. For very large values of £, these equa-
tions then reduce to

(QZ _262)2 _462(62 _QZ/KZ)-}(EZ _QZ)} = 0.
This equation is recognized as the frequency equation for Rayleigh surface

waves, which was derived earlier in the previous chapter. The asymptotic
behavior of the frequency as the wave number increases is intuitively very
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acceptable because for very short waves the frequency spectrum of the elastic
layer should include the frequency of surface motions in a half-space.

We next consider the range Q > ¢ > Q/k, where one of the radicals is
imaginary and the other one is real. It can be checked that for large values
of & the solutions of the two frequency equations asymptotically approach
the line = &.

For & « 1, we obtain from (6.78), by a limiting process,

KZ

sz:z(ﬂ'4)2. (6.82)

The frequency equation (6.79) does not yield a solution near ¢ = 0 in the
range Q/k < ¢ < Q. It will be shown in the sequel that (6.82) is also the
frequency according to the elementary Poisson theory for extensional
motions of a plate. The exact curve relating the frequency and the wave
number for this lowest longitudinal mode later crosses the line = ¢ and
asymptotically approaches = (cg/cr)é as ¢ increases, where cp is the
velocity of Rayleigh surface waves.

In the region 0 < & < Q/k, there are no asymptotic limits for large &,
For small values of &, we find that the frequency equation is satisfied for
symmetric motions if

sin(372) = 0 or cos (3nQ/k) = 0, (6.83a, b)
and for antisymmetric motions if
sin (47Q/k) = 0 or cos (4nR2) = 0. (6.84a, b)

These equations yield the frequencies for waves of infinitely long wave-
lengths, i.e., for motions that are independent of the x,-coordinate. We
can, of course, study these motions directly by writing out the expressions
for the displacements and the stresses. It is then found that the displacements
in the x;- and x,-directions are not coupled. We have either dilatational
motions (u; = 0, u, # 0), or equivoluminal motions (u; # 0, u, = 0).
The frequency equations (6.83a, b) and (6.84a, b) then immediately follow
from the expressions for the stresses and the conditions that the boundaries
are free of tractions. In the limit of vanishing ¢ the dimensionless frequencies
2 may thus be written as follows:

Symmetric dilatational modes:

Q=xm, m=1305... (6.83)
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Antisymmetric dilatational modes:
Q = km, m=20,2,4,6,... (6.84)
Symmetric equivoluminal modes:
Q =n, n=0,24,6,... (6.85)
Antisymmetric equivoluminal modes:
Q = n, n=135... (6.86)

The dilatational motions for m # 0 and the equivoluminal motions for
n # 0 are also termed thickness stretch and thickness shear motions,
respectively. It is noted that the limiting frequencies coincide with the cor-
responding limiting frequencies for the layer with mixed boundary conditions,
as obtained from (6.76), (6.77), (6.70) and (6.71), respectively.

Much more can be said about the frequencies for real and imaginary
values of the wave numbers. We shall just summarize some of the salient
results, which are due mostly to Mindlin.® It is of interest that it can be
shown that the branches for the layer with mixed boundary conditions, as
defined by egs. (6.76), (6.77), (6.70) and (6.71), form bounds for the curves
of the layer with free boundaries, for real as well as for imaginary wave
numbers. Over a finite interval a curve of the Rayleigh-Lamb frequency
spectrum is confined between two of these bounds, but then it must cross one
of them. The crossings take place at successive intersections of bounds
m even with n even, and m odd with » odd. At these intersections the cor-
responding modes satisfy both mixed and traction-free boundary con-
ditions. Furthermore, the frequencies at £ = 0 are known, and informa-
tion on the slopes and the curvatures at ¢ = 0 can easily be obtained.
It is also known that the two lowest modes, whose behavior for ¢ <« 1
is given by (6.81) and (6.82), approach 2 = (cg/cr)¢ as & is real and in-
creases. All the other modes approach Q2 = ¢ as & 1s real and increasing.
In addition, the slopes and the curvatures at the points where the bounds are
crossed can be computed. Altogether, the foregoing information is sufficient
to sketch the branches for real and imaginary values of ¢ on the gridwork
of bounds.

For real-valued wavenumbers the branches for the four lowest longitudinal
modes governed by eq. (6.78) have been plotted in figure 6.10. Analogous
branches computed for the flexural modes from eq. (6.79) have been plotted

2 R. D. Mindlin, see fn. 7, p. 224.
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Fig. 6.10. Branches for the four lowest longitudinal modes; v = 0.25.

in figure 6.11. The curves were taken from a report by Potter and Leed-
ham.'® An observation which would be particularly obvious if a large number
of branches were shown is that a line Q = const intersects only a finite
number of curves for real and imaginary ¢. Since we would expect an in-
finite number of wavenumbers for any value of the frequency, it is to be
expected that there is an infinite number of branches with complex wave-
numbers. The existence of these branches can easily be checked for very
small values of Q. Let us consider longitudinal modes and rewrite eq.
(6.78) as

FQ,¢&) =0, (6.87)
where

F(Q, &) =

tan [$n(@° &)1 48%@%x’ —E)HQ1- &)
tan [4n(Q%/k? - £%)*] (@*~2¢%)°

19 D. S. Potter and C. D. Leedham, Normalized numerical solutions for Rayleigh
Sfrequency equation. Santa Barbara, Calif., GM Defense Research Laboratories, TR 66-57.

(6.88)
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Fig. 6.11. Branches for the four lowest flexural modes; v = 0.25.

For small values of Q@ we write
F(Q, &) = Fo(&)+ F(E)Q+F,(8)Q*+ .. .. (6.89)

In view of (6.87), we have Fo(¢) = 0. Also, since F(Q, &) is a function of
Q?, a solution of (6.87) intersects the plane 2 = 0 at a right angle, which
implies F,(¢) = 0. For very small values of Q the first term of the expansion
(6.89) is thus quadratic. The points at which a curve satisfying eq. (6.87)
intersects the plane @ = 0 then follows from the equation

F,(&) = 0. ‘ (6.90)
According to eq. (6.89), the function F,(¢) can be computed as

. F(Q,
F2(€)=!1)1_r2)—(g—2€),
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where F(Q, ¢) is defined by eq. (6.88). By applying 'Hopital’s rule we can
obtain F,(¢), whereupon (6.90) yields

sinh (n€)+n¢ = 0.

The solutions of this equation are the intersections of the curves defined by
(6.87) with the plane Q = 0. In a completely analogous manner we find for
the flexural modes

sinh (nf)—n¢ = 0.

If we write { = &, +i¢,, we obtain the following system of simultaneous
equations for £, and &,

cos (n&,) = Fny/sin (ny).
cosh (n,) = Fn&,/sinh (n¢,),

where the minus and the plus signs apply to longitudinal and flexural
modes, respectively. Since this set of equations possesses an infinite number
of solutions, it is now clear that the frequency spectrum will contain an
infinite number of modes with complex wave numbers.

It 1s evident that detailed information on the behavior of the curves for
complex ¢ and 2 > 0 can be gathered only by actual numerical computa-
tions. Analytically it is also possible, however, to determine the intersection
points with the planes &, = 0 and &, = 0. This can be done on the basis
of the observation that £ occurs in the frequency equation in ¢ to the
second power. The negative of a solution for &, as well as its complex
conjugate, thus also satisfies the frequency equation, which implies that at
the points of intersections the curves must be normal to the planes ¢, =0
and ¢, = 0, respectively. As a consequence, the derivative of F(£, &) with
respect to & must vanish, i.e., 0F/3¢, = 0 and 0F/o¢, =0 at &; = 0 and
&, =0, respectively. We have also

OF 0Q OF
i )
6Q o o

£}

and thus in both cases the intersection points are located at points where
0Q/9¢ = 0. Since the additional condition is still F(£, &) = 0, the inter-
section points of the curves for complex values of & with the planes &, =0
and ¢, = 0 are defined by

<D
[Q

F(&,¢8) =0,

I
[
)

(6.91)

jo3
g
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Eqs. (6.91) define the extreme values of the frequency curves. For real-
valued wave numbers the minimums defined by eq. (6.91) were earlier termed
the cut-off frequencies. For symmetric motions a few curves, including one
with complex wave numbers, have been sketched in figure 6.12. Numerical
information on the frequencies for imaginary and complex-valued wave-
numbers can be found in the previously cited report by Potter and Leedham.

Q

Fig. 6.12. Symmetric modes with complex wavenumbers.

To trace a particular branch we start at the point where the frequency Q
is zero. Except for the two lowest modes, whose behavior at small values of
Q is given by eqs. (6.81) and (6.82), respectively, this means that we start
with a complex wave number. We choose £; > 0 and &, > 0, so that the
amplitude decays as x, increases. For the branch shown in figure 6.12, the
mode is nonpropagating at small frequencies and decays more slowly as
Q increases. At the point defined by the cut-off frequency, where the wave
number becomes real-valued, the mode is converted into a propagating
mode as we proceed along the curve for which real £ increases as €2 increases.
The group velocity vanishes for complex wave numbers and, in choosing
the branch as described above, the group velocity is always positive for the
part of the branch with real wave numbers. In figure 6.12, the branch is
shown by a heavy line and indicated by LD(1). The terminology LD(1)
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indicates that we consider a symmetric mode which, for real-valued wave
numbers larger than the wave number corresponding to the cut-off frequency,
follows the curve which intersects £ = O at the frequency of the first dilata-
tional mode as given by eq. (6.83). It should be emphasized that a solution
curve in the plane of 2 and real ¢ is thus not necessarily part of a single
branch. For example, for real £, the dashed part in figure 6.12 does not
belong to the LD(1) branch. In general, the LD(r) branch is the branch
which in the plane of real wave numbers runs completely or in part along
the curve that intersects £ = O at the frequency of the rth purely dilata-
tional mode. In a completely analogous manner the mode defined by
LE(r) is associated with the rth purely equivoluminal mode. The anti-
symmetric or flexural modes are labeled FD(r) and FE(r), and they are
defined in a completely equivalent manner as the LD(r) and LE(r) modes.
This labeling system does not hold for the two lowest modes whose branches
come out of the origin of the 2-&-plane, and which are completely defined
by real-valued wave numbers. For small values of £ and Q2 the branches of
these modes are represented by (6.82) and (6.81) for the longitudinal and
the flexural modes, respectively. Although some authors call these modes the
first longitudinal and flexural modes, we will denote them by the more
consistent terminology of zeroth modes, L(0) and F(0). Often these two
modes are referred to as the flexural and the longitudinal mode.
Consistent with the scheme of selecting the branches such that the group
velocity does not change sign along a branch, the dashed part which would
appear to be the lower end of the LD(1) branch (see figure 6.12) is to be
considered part of the branch which emanates from the point Q =0,
&, >0, but £, < 0. This branch decays toward decreasing x,, and fol-
lowing the dashed line, via a brief detour (not shown) in the plane of purely
imaginary (negative) &, it becomes a mode propagating in the negative x;-
direction. Over a short range of frequencies in between the cut-off frequency
and the frequency of the first purely dilatational mode, the energy propagates
in the negative x,-direction but the phase velocity is positive. A similar
situation develops when we start at Q =0, ¢; < 0 and ¢, > 0. In con-
sistently following a curve such that the group velocity is either zero or
positive, we define the branch LE(1), which is indicated by a solid line in
figure 6.12. For real-valued but negative wave numbers this branch includes
a range of frequencies where the group velocity is positive but the phase
velocity is negative. Such wave motions carry energy in one direction but
appear to propagate in the other direction. The wave troughs and crests
appear to move against the energy flux. This *‘backward-wave” transmission
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was investigated experimentally and theoretically by Meitzler.'!
We will return to the Rayleigh-Lamb frequency spectrum in our discus-
sion of the forced motions of an elastic layer.

6.9. Waves in a rod of circular cross section

In cylindrical coordinates the equations governing the motions of a homo-

geneous, isotropic, linearly elastic medium are given in section 2.13. To these

equations we now seek solutions which represent time-harmonic wave

motions propagating in the axial direction along a circular cylindrical rod.
The displacement equations of motion may be written as
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where V2 is the Laplacian
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and the dilatation 4 is defined as
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1 A. H. Meitzler, “Backward-wave transmission of stress pulses in elastic cylinders
and plates”, J. Acoust. Soc. Am. 38 (1965) 835.
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As discussed in chapter 2, the displacements u, v and w may be expressed
in terms of potentials ¢ and ¥. In cylindrical coordinates the expressions
are stated by eqs. (2.132)-(2.134). The scalar potential ¢ and the component
i, of the vector potential satisfy the following uncoupled wave equations

2

D
S

Vi = cli 2 (6.100)
V.- i (6.101)

The equations for y, and 4 are coupled
v Y L2 L (6.103)

In addition, the components of the vector potential must satisfy a con-
straint condition, for example V-3 = 0.

We consider an infinitely long cylinder with a solid circular cross section
of radius a. If the cylindrical surface is free of tractions the conditions at
r = a are

7, =0, T, = 0, 7,, = 0. (6.104a, b, ¢)

Let us first consider the scalar potential ¢(r, 9, z, 1). A wave propagating
in the positive z-direction is of the form

¢ = &(r)O(8) exp [i(kz—-wt)],

where, in view of the finite cross-sectional dimensions of the rod, we have
assumed a separation-of-variables type of solution in r and 6. Eq. (6.100)
yields the following two equations for @(r) and @(6):
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The solutions of the equation for @(8) are sines and cosines of argument
nf. Since the solutions should be continuous functions of 8, with continuous
derivatives, n can only be zero or an integer. The equation for ®(r) yields
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ordinary Bessel functions as solutions. For a solid cylinder the field quan-
tities should be finite at the center of the cylinder, and only Bessel functions
of the first kind thus should be retained. The expression for the scalar
potential then emerges as

@ = [A, cos (n)+ A4, sin (n0)V,(pr) exp [i(kz—wt)],  (6.107)

where J, ( ) is the Bessel function of the first kind of order n, and where
p was defined in eq. (6.63a) as
2
Pt = -c% — k2.
‘L
The wave equation governing \, can be treated in the same manner. The
solution can be written as

Y, = [ B, cos (n8)+ B, sin (n8)}J,(qr) exp [i(kz—wt)], (6.108)

where ¢ is defined as
2
®
q* = = — k2

Cr
We now turn to the equations governing ¥, and y,. These equations are
somewhat more difficult to deal with because they are coupled. It is, however,
evident that i, and 4 also contain trigonometric functions of §. Moreover,
the form of the coupling in egs. (6.102) and (6.103) indicates that a sine-
dependence on 6 in y, is consistent with a cosine-dependence on 6 in y,,

and vice-versa. Thus we can consider the pair
Y, = P,(r)sin (n0) exp [i(kz — wt)] (6.109)
Yo = Po(r) cos (nf) exp [i(kz —wt)]. (6.110)

The equations for ¥, (r) and Wu(r) are then obtained from (6.102) and
(6.103) as

2 2
d q: + 1d% + iz(—nzqf,+2nq/,,—q1,)—k2q1,+ ‘iz P, =0
dr rdr r cr
dy, 1d¥, 1 2 2 o’
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In a convenient manner these two equations can be solved simultaneously.
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First we subtract to obtain an equation for ¥,— ¥,, which can easily be
solved as
Y, —¥y =2CyJ,,4(qr). (6.111)

Upon adding the two equations, we can solve for ¥, + ¥, as

Y.+ ¥y =2C,J,-(qr). (6.112)

The corresponding expressions for ¥, and ¥, are
Y, = CJ,-1(qr)+CaJ,1(qr) (6.113)
VYo = CJ,_1(qr)—Cy J, 4 {qr). (6.114)

The scalar potential and the three components of the vector potential
have now been determined in terms of four arbitrary constants.

The displacement vector is, however, specified in terms of three constants
and there are, moreover, only three boundary conditions to provide us with
three homogeneous equations. The required additional condition is provided
by the condition V -y = 0. The latter condition is, however, somewhat
arbitrary, and since it yields an awkward equation it is often replaced by the
simpler condition??,

Y, = —-VY,, (6.115)

which implies C; = 0.
On the basis of the foregoing discussion we may then consider the fol-
lowing set of potentials

@ = A, J,(pr)cos (n6) exp [i{kz—wt)] (6.116)
W, = B, J,(gr) sin (nf) exp [i(kz—wt)] (6.117)
¥, = CyJ,+1(qr) sin (n0) exp [i(kz - wt)] (6.118)
Yo = —C,J,,,(qr) cos (nd) exp [i(kz—wt)]. (6.119)

These expressions can be employed to compute the stresses in terms of the
potentials. The boundary conditions (6.104a, b, ¢) then yield three homo-
geneous equations for the three constants 4,, B, and C,. The requirement
that the determinant of the coefficients vanishes provides us with the fre-
quency equation which relates w, # and k. The frequency equation is stated
in the article by Meeker and Meitzler.!?

*2 T. R. Meeker and A. H. Meitzler, see fn. 8, p. 224.
13 See fn. 12 above.
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As an alternative to eqgs. (6.116)-(6.119) the following analogous set
of potentials may be considered

@ = A,J,(pr) sin (n9) exp [i(kz— wt)] (6.120)
Y, = B,J,(gr) cos (nd) exp [i(kz—wt)] (6.121)
U, = Clys(ar) cos (n0) exp [i(kz—or)] (6.122)
Yo = —CJ,s1(qr) sin (n9) exp [i(kz—wt)]. (6.123)

The analysis of wave motion in a hollow circular cylindrical rod can be
carried out In a completely analogous manner. In the solutions of the Bessel
equations we must now retain the Bessel functions of the second kind. Thus
instead of (6.116) we have

¢ = [4,J,(pr)+ 4, Y,(pr)] cos (n6) exp [i(kz — w1)].

The expressions for i, ¥, and {4 are modified in an analogous manner. The
corresponding expressions for the stresses are now in terms of six arbitrary
constants. If the stresses vanish at the inner as well as the outer radius of
the rod, the boundary conditions yield six homogeneous equations for the
six constants. The requirement that the determinant of the coefficients must
vanish yields the frequency equation. For details of the analysis and for
numerical information we refer to the work of Armenakas et al.'4

6.10. The frequency spectrum of the circular rod of solid cross section

A reasonably complete examination of the transcendental equation relating
the frequency w, the axial wavenumber k and the circumferential order
number n requires a rather extensive effort of numerical computation. For
every choice of the integer n and the real-valued wavenumber £ an infinite
number of roots of the frequency equation can be found, which represent
the frequencies of an infinite number of modes of wave propagation in the
rod. Moreover, for a complete investigation of the frequency spectrum it is
necessary to consider imaginary and complex-valued wavenumbers as well.

Some insight in the structure of the frequency spectrum can be gained
by examining the motions in the limit of vanishing wavenumber. The wave-
number becomes smaller as the wavelength increases and the limit & - 0
thus corresponds to infinite wavelength, i.e., to motions which are indepen-

14 A. E. Armenakas, D. C. Gazis and G. Herrmann, Free vibrations of circular cylin-
drical shells. New York, Pergamon Press (1969).
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dent of the axial coordinate z. Inspection of (6.92)-(6.99) reveals that for
motions that are independent of z the displacements u(r, 6, t) and v(r, 0, 1)
remain coupled. The axial displacement w(r, 8, t)} uncouples, however, from
the other displacement components. For infinite wavelength we thus have
uncoupled motions in plane strain and axial shear. If the motions are not
only independent of z but also independent of 6, the displacements u(r, t)
and u(r, t) become uncoupled, to describe radial dilatational and circum-
ferential shear motions, respectively. The results for vanishing wavenumber
can be extended to small values of k, as shown by Achenbach and Fang.!’
By means of an asymptotic analysis these authors determined higher-order
derivatives dw,/dk at k& = O for all branches in the real w—k-plane.

Motions which are independent of §, but do depend on z may be separated
in torsional motions involving v(r, z, t) only, and longitudinal motions
involving u(r, z, t) and w(r, z, t). For motions which depend on both z
and 6 we will examine in some detail the case » = 1 which corresponds
to flexural waves.

6.10.1. Torsional waves

Torsional waves involve a circumferential displacement only which is in-
dependent of 6. The governing equation follows from (6.93) as

~2 n2 2
v lov v 0“v 1 0%
— s — - o e = — 6.124
ort  ror  r* 8z* 2 or? ( )

The displacement may be written as

o(r, 2, f) = é B, J1(ar) exp [i(kz — wt)]. (6.125)

From the three boundary conditions (6.104a, b, c) only the condition
7,4 at r = a is nontrivial. This condition yields the frequency equation in
the form

(ga)Jo(qa)—271(ga) = 0. (6.126)

Eq. (6.126) is a transcendental equation whose roots have been tabulated.!®
The first three roots are g, a = 5.136, g,a = 8.417 and g3a = 11.62. It is

!5 J. D. Achenbach and S. J. Fang, Journal of the Acoustical Society of America 47
(1970) 1282, '

16 Cf. Handbook of mathematical functions, ed. by M. Abramowitz and I. A. Stegun.
Washington, National Bureau of Standards (1964), table 9.7, p. 414.
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noted that ¢ = 0 is also a solution of the frequency equation. By taking
the limit ¢ — 0 of eq. (6.125) we find

v = B, rexp [i(kz—wt)]. (6.127)

This displacement represents the well-known lowest torsional mode. In
the lowest mode the displacement is proportional to the radius, and the
motion is thus a rotation of each cross-section of the cylinder as a whole
about its center.

Since g = 0 implies that the phase velocity equals ¢y, the lowest torsional
mode Is not dispersive. The higher torsional modes are dispersive with
frequencies which follow from the definition of g as

2
(Z) = @+, (6.128)
Cr/
where g, a are the solutions of (6.126). It is noted that given a real-valued
frequency the wavenumber may be real-valued or imaginary. Just as for
the case of SH-waves In a layer, the branches are hyperboles for real-valued
k and circles for imaginary values of the wavenumbers.

As pointed out by, among others, Redwood!”, the lowest torsional mode
can be used in delay lines when undistorted pulse propagation s required.
This mode requires a special sort of excitation, with the amplitude of the
displacement proportional to the radius, but such an excitation is practicable.
Even if the excitation takes some other form, the additional modes will be
evanescent if the frequency and the radius are adjusted so that the waveguide
is operating below the cut-off frequency of the second mode.

6.10.2. Longitudinal waves

Longitudinal waves are axially symmetric waves characterized by the
presence of displacement components in the radial and axial directions. The
governing equations follow from eqs. (6.92)-(6.94). It is, however, con-
venient to employ the displacement potentials, which follow from (6.116)
and (6.119) as

@ = AJo(pr) exp [i(kz—wt)]

Yo = CJ,(qr) exp [i(kz—w?)].

The corresponding radial and axial displacements are obtained from
(2.132) and (2.134) as

17 M. Redwood, Mechanical waveguides. New York, Pergamon Press (1960), p. 148.
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u = {—pAJ,(pr)—ikCJ(qr)} exp [i(kz—wt)] (6.129)
w = {ikAJo(pr)+qCJo(gr)} exp [i(kz—wt)]. (6.130)

At the cylindrical surface (r = a) the stresses must be zero. Substituting
egs. (6.129) and (6.130) into 7,, and setting the resulting expression equal
to zero at r = a, we find

ik
[—%(qz—kz)Jo(pa)+ P Jl(pa)} A+ [—iquo(qa)Jr = Jl(qa)} C=0.
a a
A second equation comes from the condition that 7,, vanishes at r = g,
[—2ikpJ,(pa))d - (¢ —k*)J (qa)C = 0.

The requirement that the determinant of the coefficients must vanish yields
the frequency equation as

i—p(quwul(paw,(qa%(qz—kZ)ZJo(pa)Jl(qw
—4k*pgJ (pa)Jo(ga) = 0, (6.131)

which is known as the Pochhammer frequency equation.
Eq. (6.131) appears to relate five quantities w (or ¢), k, a, ¢, and ¢r. Just
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Fig. 6.13. Dimensionless frequencies for longitudinal modes; » = 0.30.
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Fig. 6.14. Dimensionless phase velocity for longitudinal modes; » = 0.29.

as in the case of the Rayleigh-Lamb frequency equation for the layer, a
choice of appropriate dimensionless quantities reduces the number, however,
to three. The three variables in dimensionless form are Poisson’s ratio v
(or the constant k), the dimensionless frequency w/acy (or the dimensionless
phase velocity c¢/cr) and the dimensionless wavenumber ka. A rather
detailed discussion of the frequency spectrum of longitudinal modes, in-
cluding real, imaginary and complex branches was given by Onoe et al.'®

For real-valued wavenumbers numerical results for the frequency
spectrum are included in the work of Armenakas et al.*®

18 M, Onoe, H. D. McNiven and R. D. Mindlin, Journal of Applied Mechanics

28 (1962) 729.
'9 A. E. Armenakas, D. C. Gazis and G. Herrmann, see fn. 14, p. 240.
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Some numerical values for real-valued wavenumbers are displayed in
figures 6.13-6.15. For Poisson’s ratio v = 0.31, the dimensionless frequencies
are shown in figure 6.13, after the results of Armenakas et al. For v = 0.29
(steel), figure 6.14 shows the dimensionless phase velocity. The numerical
data plotted in figure 6.14 are after a paper by Davies.?? Davies also pre-
sented curves showing the variation of the group velocity with frequency,
and these curves are reproduced in figure 6.15.

The lowest longitudinal mode is the most important mode from the
practical point of view. At very small and very large values of ka the fre-
quencies or the phase velocities can be computed by taking appropriate
expansions of the Bessel functions in eq. (6.131) in the same manner as was
discussed in section 6.8 for the layer. For small values of ka (ka <« 1) we
find

wa

— = w,(ka)+ws(ka)> +0[(ka)’], (6.132)
Cr
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Fig. 6.15. Dimensionless group velocity for longitudinal modes; » = 0.29.

20 R. M. Davies, Philosophical Transactions of the Royal Society A240 (1948) 375.
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where
+ E +
», = (3“2“) - (—) (6.133)
At+p ©
+
w3 = — 1(5) V2, (6.134)
4 \u

In these expressions E is Young’s modulus. The expression for the phase
velocity corresponding to eq. (6.132) is

¢ = (%)i[l—-;}vz(ka)z]+0[(ka)4]. (6.135)

In the limit as (ka) — O the phase velocity thus becomes equal to (E/p)},
which is called the bar velocity and which is the value found from the
simplest theory of rods.

As (ka) — oo the phase velocity approaches from below the velocity
of Rayleigh waves. At some intermediate wavenumber the phase velocity
has a minimum value slightly less than cz. As can be seen from figure
6.15, the group velocity of the lowest mode shows a pronounced minimum
for an intermediate value of ka.

6.10.3. Flexural waves

It remains to examine wave motions that do depend on the circumferential
angle 0 through the trigonometric functions shown in egs. (6.116)-(6.123).
Of the circumferential modes the family defined by » = I is the most im-
portant. Let us thus examiné potentials of the form

@ = AJ,(pr) cos (8) exp [i(kz—wt)]

Y, = BJ,(qr)sin (8) exp [i(kz—wt)]

¥, = CJ,(qr)sin (0) exp [i(kz— wt)]

Yo = —CJy(gr) cos (8) exp [i(kz—w1)).

By the use of (2.132)~(2.134) the displacements are obtained as

u = U(r)cos (8) exp li(kz—wt)] (6.136)
v = V(r)sin (8) exp [i(kz—wr)] (6.137)
w = W(r)cos (8) exp [i(kz—w1)], (6.138)
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where

B
U(r) = A 5‘3_ Ji(pr)+ 21, (gr)+ikCa(qr)
r r
4 . P
Vir) = — —Jl(pr)+szJ2(qr)—Ba—.]l(qr)
r r

W) = ikl (pr) = = 2 [rda(an)] = Sl

To illustrate the motions represented by these displacement distributions
we choose the (yz)-plane (the vertical plane) as the plane from which 6 is
measured, as shown in figure 6.16. The (xz)-plane is termed the horizontal
plane. It now follows from (6.137) that for points in the vertical plane the

Ay

Fig. 6.16. Cross section of rod.

displacement component v vanishes, so that these points remain in the
vertical plane. In the horizontal plane (6 = 4+m/2) the displacement
components ¥ and w vanish. Points in the horizontal plane thus perform
purely vertical oscillations, since in the (xz)-plane v points in the y-direction.
These observations suggest the terminology flexural waves for the motions
defined by eqs. (6.136)-(6.138). Indeed, it can further be checked that w
is odd in y, and the displacement component in the y-direction is even in y.
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To determine the frequency equation the displacement (6.136)-(6.138)
must be substituted into the expressions for the stresses, and 7,, 7,, and 7,
must subsequently be set equal to zero at r = a. This leads to a system of
three homogeneous equations for 4, B and C. The requirement that the
determinant of the coefficients must vanish yields the frequency equation.
This frequency equation was examined in considerable detail by Pao and
Mindlin.?! Numerical computations on the frequency spectrum were car-
ried out by Armenakas et al.2? Some typical curves showing the dimensionless
frequency versus the dimensionless wavenumber are shown in figure 6.17.

2.8 n=1

wa

o) 0.2 04 06 08 1.0

Fig. 6.17. Dimensionless frequencies for flexural modes; v = 0.30.

Of particular interest is the lowest flexural mode. Either by employing
expansions of the Bessel functions in the frequency equation, or more
efficiently by the asymptotic method of the previously cited paper by
Achenbach and Fang, it can be shown that for small values of ka(ka < 1)
we may write

wa 1 (3l+2u

“-EE ) (ka)? + O [(ka)*]. (6.139)

cr 2

As ka increases the phase velocity of the lowest mode approaches the
velocity of Rayleigh waves. For the lowest flexural mode the phase velocity,

21 Y. H. Pao and R. D. Mindlin, Journal of Applied Mechanics 27 (1960) 513.
22 A. E. Armenakas, D. C. Gazis and G. Herrmann, see fn. 14, p. 240.
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as well as the group velocity, is shown in figure 6.18. The numerical results
displayed in figure 6.18 are after the work of Davies.??

cr _g_g_
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27

Fig. 6.18. Phase velocity and group velocity for the lowest flexural mode; » = 0.29.

Families of flexural modes of higher circumferential orders have also been
investigated. For specific information and references we refer to the
previously cited article by Meeker and Meitzler and to the book by
Armenakas et al.

6.11. Approximate theories for rods

The exact treatment of harmonic wave motions in an elastic circular cylinder
is already rather complicated. For a cylinder with other than a circular or
an elliptical cross section it becomes impossible to carry out an exact
analysis. Even for a strip of rectangular cross section whose lateral surfaces
are free of tractions it Is not possible to analyze general harmonic wave
motions rigorously within the context of the linear theory of elasticity.**
It is for that reason that several models have been proposed which provide
an approximate description of wave motions in rods of rather arbitrary
cross section.?® In this section we review the models that are commonly

23 R. M. Davies, see fn. 20, p. 245.

2% Some special cases which are amenable to a rigorous analysis are reviewed in the
paper by Meeker and Meitzler, see fn. 8, p. 224.

25 For a survey see: W. A. Green, in: Progress in solid mechanics, Vol. 1, ed. by R. A.
Hill and I. N. Sneddon. Amsterdam, North-Holland Publishing Company (1960), p. 225.
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used. These models are based on a priori assumptions with regard to the
deformation of the cross-sectional area of the rod. The assumptions simplify
the description of the kinematics to such an extent that the wave motions
can be described by one-dimensional approximate theories. For the prop-
agation of time-harmonic waves it was found that the approximate theories
can adequately account for the dispersive behavior of the lowest axisym-
metric and flexural modes over a limited but significant range of wave-
numbers and frequencies. In chapter 8 we will comment on the applicability
of the approximate theories for transient motions.

The governing equations can be obtained either by using variational
methods or by straightforward momentum considerations of an element of
the rod. The latter have the advantage that the physical concepts are con-
veyed more clearly. For the more complicated theories it is, however, easier
to employ the assumed displacement distributions to compute the cor-
responding kinetic and strain energies for an element of the rod, whereupon
Hamilton’s principle can be applied to obtain the governing equations.
Since an abundance of literature on the derivation of the approximate
theories is already available we will present only a brief derivation of the
equations for the Timoshenko model, and we will state the governing
equations for some other models.

6.11.1. Extensional motions

In extensional wave motions the dominant component of the displacement
is in the longitudinal direction. Based on the assumption that the (arbitrary)
cross-sectional area of the rod remains plane, it was shown in section 1.5
that consideration of the forces acting on an element leads to the equation

0%u 1 *u

T (6.140)

where

Cb = —. (6.141)

Eq. (6.140) predicts that harmonic waves are not dispersive.

For a rod of circular cross section Mindlin and McNiven?® derived a
system of one-dimensional equations which takes into account the coupling
between longitudinal axial shear and radial modes. The spectrum of fre-
quencies for real, imaginary and complex wavenumbers was explored in

26 R. D. Mindlin and H. D. McNiven, Journal of Applied Mechanics 27 (1960) 145.
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detail and compared with the corresponding branches from the exact
spectrum.

Several other approximate theories which can describe the effect of
dispersion are discussed in the previously cited paper by W. A. Green.

6.11.2. Torsional motions

In the approximate theory it is assumed that transverse sections remain
plane and that the motion consists of a rotation of the sections about the
axis. This leads to a wave equation for the angle of rotation with a propaga-

tion velocity

¢ = (i)*l. (6.142)

pA/ K

Here K is the radius of gyration of a cross section of the rod about its axis,
A 1s the cross-sectional area and C is the torsional rigidity of the rod. For a
circular cylindrical rod ¢ reduces to (u/p)*. As shown in section 6.10, this is
the exact result for the lowest mode of torsional wave propagation in a
circular cylinder.

An approximate dynamical theory of torsion for rods of noncircular cross
section which includes the effects of both the warping and the in-plane
motions was developed by Bleustein and Stanley.?” The approximation is
based on expansions of the displacements together with a truncation
procedure which retains only the torsional, contour-shear and warping
motions.

6.11.3. Flexural motions — Bernoulli-Euler model

In the simplest theory of flexural motions of rods of arbitrary but uniform
cross section with a plane of symmetry it is assumed that the dominant
displacement component is parallel to the plane of symmetry. It is also as-
sumed that the deflections are small and that cross-sectional areas remain
plane and normal to the neutral axis. For a beam which is free of lateral
loading the equation of motion becomes

o*w  EI o*w

ot pA 0x
where w is the deflection, I is the second moment of the cross-sectional area
about the neutral axis and A4 is the cross-sectional area. Substituting a

(6.143)

27 J. L. Bleustein and R. M. Stanley, International Journal of Solids and Structures 6
(1970) 569.
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harmonic wave, we find for the phase velocity

(5 (1) 6144

Thus the phase velocity is proportional to the wavenumber, which suggests
that (6.144) cannot be correct for large wavenumbers (short waves). For a
circular cylindrical rod, (6.144) becomes

k3
¢ = ! (E) ka. (6.145)
2\p
The frequency according to (6.145) is
k3
o= ! (E) k*a. (6.146)
2\p

It can be checked that (6.146) agrees with the asymptotic expression (6.139),
which was obtained as a limitcase from the exact frequency equation.

6.11.4. Flexural motions — Timoshenko model

By taking into account shear deformation in the description of the flexural
motion of a rod we obtain a model which yields more satisfactory resuits
for shorter wavelengths. In this model it is still assumed that plane
sections remain plane; it is, however, not assumed that plane sections
remain normal to the neutral plane. After deformation the neutral axis has

o(x,t)
-
|
L oW
e —m————— ax
| wix,t)
|
|
X

Fig. 6.19. Timoshenko beam.

been rotated through the small angle dw/dx, while the cross section has been
rotated through the angle ¢, as depicted in figure 6.19. The shearing angle
y is the net dec¢rease in angle



Ch.6,§6.11.] APPROXIMATE THEORIES FOR RODS 253

y = o (6.145)
0x
The bending moment M acting over the cross section is related to ¢
by the well-known relation
o

M= —-EI—

: 6.146
P (6.146)

The relation between the shear force Q and the angle y is
Q = xudy, (6.147)

where x is a numerical factor which reflects the fact that the beam is not in a
state of uniform shear, but that (6.146) represents a relation between the
resultant shear force and some kind of average shear angle. The factor x
depends on the cross-sectional shape and on the rationale adopted in the
averaging process. Fortunately there is not very much spread in the values of
x obtained by different averaging processes. The factor does, however,
depend noticeably on the shape of the cross section. A table of shear coeffi-
cients is included in a paper by Mindlin and Deresiewicz.2®

By employing (6.146) and (6.147) the strain energy of a finite segment
of a Timoshenko beam can be computed as

U =f: |:}El (i ) +4rkpAd (Z_x —-qo)z] dx. (6.148)

The corresponding kinetic energy is

S T

Subsequently Hamilton's principle and the Euler equations (2.74) can be
employed to obtain the following set of governing equations for a homo-
geneous beam:

J [ow 2w
22 ) = 6.150
H Oox ((7x qo) P or? ( )
Ela—22 +KA(a——qo)— Ia—z—? (6.151)
ox? 0x p ot '

28 R. D. Mindlin and H. Deresiewicz, Proceedings Second National Congress of Applied
Mechanics, ASME (1954).



254 HARMONIC WAVES IN WAVEGUIDES [Ch. 6, §6.12.

Since there are two degrees of freedom this set of equations describes two
modes of motion. The corresponding frequencies, phase velocities and group
velocities, as well as the character of the motions, are discussed in the book
by Crandall et al.?®

For a circular rod it was found that the lowest mode generally provides
a very good approximation to the phase velocity. The phase velocity of the
second mode agrees less well with the exact result. Often the second mode is
discarded by ignoring rotatory inertia. This simplifies the equation and it
does not appreciably affect the results for the lowest mode. Curves comparing
the branches according to the Bernoulli-Euler model, the Timoshenko model
and the exact theory can be found in many places in the literature.*°

6.12. Approximate theories for plates

The analysis of free and forced harmonic motions of elastic layers of in-
finite extent does not present essential difficulties. As was shown in sections
6.7 and 6.8, the free motions of an elastic layer can take place in an infinite
number of modes whose frequencies are governed by the Rayleigh-Lamb
frequency equation. Forced motions will be considered in chapter 8. In a
plate of finite dimensions, with free or clamped edges, each of these modes
(or its overtones) couples, however, with all the others (or their overtones),
leading to an extraordinarily complex spectrum. These complications have
motivated the formulation of approximate theories to describe the motions
of plates. In these theories the system of field equations governing the three-
dimensional elastic continuum of the layer is reduced to a set of two-
dimensional equations for field quantities defined in the mid-plane of the
layer. The reduction from three- to two-dimensional equations is achieved
by making certain kinematical assumptions with regard to the deformation
of the cross-sectional area, such as the Kirchhoff assumption. In a general
approach which was developed by Mindlin?!, the displacement components

2% 8. H. Crandall, D. C. Karnopp, E. F. Kurtz and D. C. Pridmore-Brown, Dynamics
of mechanical and electromechanical systems. New York, McGraw-Hill Book Co. (1968),
p- 360.

30 Cf. Y. C. Fung, Foundations of solid mechanics. Englewood Cliffs, N.J., Prentice-Hall
(1965), p. 325.

3L R. D. Mindlin, An introduction to the mathemarical theory of the vibrations of elastic
plates. Fort Monmouth, N.J., U.S. Army Signal Corps Eng. Lab. (1955). It appears that
this monograph is not readily available. The approach is, however, also discussed in
R. D. Mindlin, Quarterly of Applied Mathematics 19 (1961) 51; while the general tech-
niques are also displayed in the book by Tiersten: H. Tiersten, Linear piezoelectric plate
vibrations. New York, Plenum Press (1969), p. 141.
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are expanded in an infinite series of powers of the thickness coordinate.
This series is substituted in the equations of motion from the theory of elas-
ticity. The resulting equations are subsequently integrated across the thick-
ness of the layer. Upon introduction of the boundary conditions on the
tractions, the three-dimensional equations of elasticity are in this manner
converted into an infinite series of two-dimensional equations in the n-
plane coordinates. The system is then truncated to produce the approximate
equations.

The truncation of the series expansions implies in physical terms that
only a finite number of modes will be desoribed. The approximate theories
yield, nevertheless, very good results for the frequencies and the phase
velocities over a substantial range of wavenumbers. This 1s due to the fact
that the higher modes do not greatly affect the spectrum at lower frequencies.

6.12.1. Flexural motions — classical theory

The classical theory of the bending of plates is based on the hypothesis that
every straight line in the plate which was originally perpendicular to the
middle surface of the plate remains straight after deformation and perpen-
dicular to the deflected middle surface. In terms of an (x, y, z)-coordinate
system, where the x- and y-axes are in the plane of the plate, the equation
governing bending of a plate of uniform thickness 24 is

0*w o*w 3w  2ph &’w _

P 0, (6.152)

ox2y*  ay: D o
where w(x, y, t) is the transverse displacement and D is the flexural rigidity
3
_ BEw (6.153)

12(1—v?)

For a derivation of (6.152) we refer to the book by Fung.?? Eq. (6.152) can
also be obtained as a limitcase of Mindlin’s more general approach.??
By considering a harmonic wave of the form

u, = A7, (6.154)

E +

w = k*h [—_2] : (6.155)
3p(1-v7)

32 Y. C. Fung, Foundations of solid mechanics. Englewood' Cliffs, N.J., Prentice-Hall

(1965), p. 456.
33 See p. 6.14 of the previously cited monograph by Mindlin.

we find
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This expression agrees with eq. (6.81) which was derived from the Rayleigh-
Lamb frequency equation by considering long waves (small values of k).
The classical theory thus is applicable for long waves.

6.12.2. Effects of transverse shear and rotary inertia

These effects can be accounted for by extending the classical plate theory
in a manner which is completely analogous to the extension of the Bernoull:-
Euler model to the Timoshenko model for beams. A plate theory for elastic
isotropic plates which includes transverse shear and rotary inertia was
presented by Mindlin.3* For flexural motions the displacement components
are expressed in the forms

u=—zy(x, 1) (6.156)
v = —zy(x,p,1) (6.157)
w = w(x, 1), (6.158)

where , and , are the local rotations in the x- and y-directions, respec-
tively, of lines normal to the mid-plane before deformation. These rotations
are analogous to the rotation ¢ shown in figure 6.19. For a plate of thick-
ness 24, these displacement expressions lead to the following system of
governing equations:

D

ow ph® 8%y
-2k h( . -) =8 — x 6.159
uh (v ox 12 or? ( )
10 {107y (140 2 (20 ) |
dy
ow ph* 3%y
e h( _ _) gt OV 6.160
uh Ly, % 5 A (6.160)
- 2
2kuh (Vzw— W _ %) = 2ph av—z“—] , (6.161)
ox dy ot
where
2 2
vie Lo
ax*  9y?

3% R. D. Mindlin, Journal of Applied Mechanics 18 (1951) 31.
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In egs. (6.159)-(6.161), x is a numerical factor (correction coefficient)
which is introduced to account for the fact that the shear stresses are not
constant over the thickness as the simple kinematic relations would really
imply. The correction coefficient is chosen so that the frequency of the lowest
thickness shear mode computed from (6.159)~(6.161) yields the same result
as given by (6.86) for the exact theory. Setting

Yy=w=0, Y, =e" (6.162)

we obtain from (6.159)
12c\*
w={—) cr. 6.163
(4h2) ’ (6:163)
According to (6.86) the exact result is

T :
W= —Cr. 6.164
e (6.1649)

Eqgs. (6.163) and (6.164) will agree if

2
T

K= —. 6.165
5 (6.165)

Plots showing a comparison of the phase velocities for the lowest mode
of harmonic waves according to the classical theory, eqs. (6.159)-(6.161),
and the exact theory of sections 6.7 and 6.8 are also shown in Mindlin’s
paper. It is found that eqs. (6.159)-(6.161) yield very good results for
frequencies up to about 20 9 higher than the frequency of the thickness
shear mode, eq. (6.164).

6.12.3. Extensional motions

In the elementary Poisson theory for the stretching of a plate of uniform
thickness a state of generalized plane stress is assumed. By integration
the governing equations follow from egs. (2.60) and (2.53) as

u  1-vd®u L v _(1=v)p 3%u

i, 6.166
ox? 2 ay? 2 0x0dy E ot? ( )
3% . 1—v 8% . 1+v d%u  (1—v?)p é* 6.167
oy* 2 ox? ' 2 oxéy  E o (6.167)

Considering a harmonic wave of the form

u = Ae**"  p =0, (6.168)
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we obtain
w=E K _
p (1-v*)
Thus, this theory cannot describe dispersion. Eq. (6.169) agrees however
with eq. (6.82) which was obtained for long waves from the Rayleigh-
Lamb frequency equation.

A theory which goes well beyond the elementary theory was presented
by Mindlin and Medick.>® Their theory takes into account the coupling
between extensional symmetric thickness-stretch and thickness-shear modes.
The spectrum of frequencies for real, imaginary, and complex wavenumbers
in aninfinite plate was explored in detail and compared with the corresponding
branches of the Rayleigh-Lamb spectrum.

(6.169)

6.13. Problems

6.1. An elastic layer of thickness 24 is referred to a rectangular coordinate
system. The x, and x, axes are placed in the midplane of the layer. Examine
the wave motion which is described by

o=y, =yY3=0

Y, = Acos gx, sin Ix, **1 7,

Determine g from the condition that the surfaces x, = +h are free of
tractions. What is the relation between the phase velocity ¢ and the wave-
numbers k and /? Sketch the displacement distributions for the lowest three
modes.

6.2. In section 5.7 it was noted that an SV-wave incident under an angle of
incidence 6, = 45° on a traction-free surface is reflected as an SV-wave
only. This observation, in conjunction with the idea of constructive inter-
ference which was discussed in section 6.2, can be used to construct simple
modes of motion of an elastic layer over a discrete spectrum of wavelengths.

(1) What is the phase velocity of these modes?

(2) What is the velocity of energy transmission?

(3) Show that the frequencies are given by

w—hzx/ig, where n=1,2,3,...
cL 2

35 R. D. Mindlin and M. A. Medick, Journal of Applied Mechanics 26 (1959) 561.
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(4) Do these motions belong to the families of longitudinal or flexural
waves, or both?

(5) Sketch the displacement distributions for a few of the modes.

These modes are known as the Lamé modes. Do the Lamé modes apply
toastrip (—axy<a, ~hgx,£h —00 < x; < o) which is free
of surface tractions?

6.3. The analysis of motions in a layer can easily be extended beyond the
case of plane strain. Consider, for example, wave motions that are described
by
@ = Bcos px, cos Ix; sin k(x, —ct)
Y, = Clsin gx, sin Ixy sin k(x; —ct)
Y3 = Ck sin gx, cos Ix;y cos k(x, —ct).
What are the planes of symmetry for these motions? Determine the stresses

T2, T2y and 7,3, and show that the frequency equation for a layer free of
surface tractions at x, = £/ is given by

tan(ph)  (K*+1’-g¢%)°
tan (qh) apg(k*+12)

where

&,

PPk =

(2}
[N

|5

g+ 1Pk =

o
~'N

6.4. We consider standing waves in an elastic layer bounded by traction-
free surfaces at x, = +h. Let
@ = — AL cos &x, cos ax, cos {x3 sin wt

W, = Bl cos {x, sin fx, sin {x3 sin wt

W3 = —BEsin &x; cos fx, cos {x3 sin wt.
These give modes which are symmetric with respect to the three coordinate
planes. Show that the conditions of vanishing tractions at x, = +# require
{2+ (P—p)cosah 2al sin oh

282+ %) cos B (BP—¢E*—(*)sin Bh

B_
A
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Choose « and f as
mn nm

o« = — and = s
2h g 2h

respectively, and compute the corresponding frequencies.
Consider in addition the horizontally polarized shear motions defined by

¥, = [C,{sin nx; cos ax, sin {x3+ C,{ sin £x, cos fx; sin {x3]sin we.

Check that the surfaces x, = =+ A are free of tractions if « and § are chosen
as stated previously.

Now compute the tractions on x; = ta. First determine the specific
values of & and 5 for which the shear stresses vanish at x; = +a. Proceed
to compute the specific ratios of a/h for which the normal stresses vanish
at x; = +a.

The results of this problem give an exact solution of the equations of
the theory of elasticity for a family of modes in a strip of infinite length and
certain specific ratios of width to depth.

6.5. A sandwich construction consists of three layers: a core and two cover-
sheets, as shown in the figure. Investigate the propagation of horizontally

a X2

l ub.pt
h
I L e _Mp
h X
a u®,p®

polarized shear waves in the sandwich, i.e., consider displacement solutions
of the forms
uy = f(x,)e*=1™n.

Determine the frequency equation. What are the limiting frequencies for
kh < 1 and kh > 1?

6.6. Determine the frequency equation for the propagation of torsional
waves in a hollow circular cylinder of inner radius @ and outer radius b.

6.7. Axial shear motions of a circular cylinder are defined by the following
displacement distribution:
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W = Wr(r)eineeimt.

Consider a solid circular cylinder of radius a and determine the frequency
equation.

6.8. The Pochhammer frequency equation for longitudinal waves of a rod
is given by eq. (6.131). Show that for the lowest mode the phase velocity
approaches from below the velocity of Rayleigh waves as ka increases
beyond bounds.

6.9. Derive the equations of motion for the homogeneous Timoshenko
beam, egs. (6.150) and (6.151), by considerations based on the balances of
linear and angular momentums of an element of the beam.

6.10. Employ the Mindlin plate equations, egs. (6.159)-(6.161), to examine
the propagation of straight crested waves. Neglect rotatory inertia and
compute the dimensionless frequency Q = 2hw/rmcy as a function of the
dimensionless wavenumber ¢ = 2kh/m. For v = 0.25 the corresponding
branch of the exact frequency spectrum is shown in figure 6.11. Plot the
frequencies according to the Mindlin theory, the classical plate theory and
the theory of elasticity in one graph, and estimate the wavelengths for which
the approximate frequencies differ by about 5 % from the exact frequencies.



CHAPTER 7

FORCED MOTIONS OF A HALF-SPACE

7.1. Integral transform techniques

The dynamic response of elastic bodies to time-varying external loads can
be investigated in an efficient manner by the use of integral transform
techniques.

The integral transform f7(¢) of a function f(x) defined in an interval
(x;, ) is an expression of the form

£7(¢) =J f()K(x, &)dx, & £ &< oo, (7.1)
where x; and ¢, are real numbers, and K(x, £) is called the kernel of the
transformation. Provided that the function f(x) satisfies appropriate
conditions, we can express f(x) in terms of its integral transform by using an
inversion formula of the general form

£(x) = f :’ff(g)M(x, £)de. (7.2)

Here, M(x, &) is a suitable function defined in the region x; < x < 00,
&, < & < o0, and is called the kernel of the inverse transform,

The definition of an integral transform can be made more general by
letting the kernel K depend on a complex parameter { varying over some
region D of the complex plane. Eq. (7.1) is then replaced by

£7(¢) = ff(x)K(_x, Odx  LeD. (7.3)

In this case, the inversion formula takes the form
1 .
f(x) =— 'J‘fT(C)M(x, 0)d¢, (7.4)
2niJr

where M(x, () is the kernel of the inverse transform, which is defined for
all xin the interval (x;, o). The complex variable { is in the region D,
while I' is a suitable path of integration contained in D.

262
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Integral transform techniques are very useful in solving partial differential
equations. The basic idea is to select an appropriate kernel K so that ap-
plication of the transform to an equation for f yields a simpler equation
for fT, with one less independent variable. If the reduced equation for f”
can be solved, the solution f can be expressed in terms of the inversion
integral, which must then be evaluated.

To operate effectively with integral transforms some knowledge of complex
variable theory is required. We will summarize the definitions and theorems
that are needed in the sequel. Generally Greek symbols will be used to denote
complex variables, e.g., { = {, +i(,. If to each point { in a certain region R
there correspond one or more complex numbers, denoted by y, then we
write y = f({), and we say that y is a function of the complex variable {. The
function x = f({) is analytic at the point { when it is single-valued and dif-
ferentiable at this point. The function f({) is said to be regular in a region D
if it is analytic at every point of D. We say that f({) is an analytic function
in a region D if f({) is analytic at every point of a region except for a certain
number of exceptional points, which are called singularities. An analytic
function which is regular in every finite region of the {-plane is called an
entire function.

Of great importance is Cauchy’s theorem, which leads directly to the
residue theorem which was stated in section 1.9. We also recall Jordan’s
lemma, which was also stated in section 1.9.

An integral transform as defined by eq. (7.3) is essentially an integral of
the form

f7(0) =f:g(x, {)dx, (7.5)

where g(x, {) is a function of the complex variable { and the real variable x.
The variable { will be assumed to lie inside a region D, i.e., the boundary of
D, if any, is excluded.

We now state a theorem for the conditions under which fT(C) as defined
by (7.5) is regular. This theorem is a simplification to integrals over a real-
valued variable of a theorem stated by Noble®:

Theorem 7.1: Let g(x, () = f(x)K(x, {) satisfy the conditions

(1) K(x,¢) is a continuous function of the complex variable { and the
real variable x, where ( lies inside the region D, and x lies in the closed
interval [a, b],

! B. Noble, Methods based on the Wiener-Hopf technique. New York, Pergamon Press
(1958), p. 11.
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(2) K(x, () is a regular function of { in D for every x in [a, b],

(3) f(x) has only a finite number of finite discontinuities in [a, b] and a
finite number of maxima and minima on any finite subinterval of [a, b],

(4) f(x) is bounded except at a finite number of points. If x, is such a
point, so that g(x, {) - oo as x — x,, then

b

fg(x, {)dx = limf g(x, Odx
a =0+ [a,b~5]

exists, where the notation [a, b—3J] denotes the interval [a, b] apart from a

small length & on both sides of x,, and lim (6 — 0) denotes the limit as

this excluded length tends to zero. The limit must be approached uniformly

when  lies in any closed domain D’ within D.

(5) If the range of integration goes to (oo, 00) then conditions (1) and
(2) must be satisfied for any bounded part of the range of integration. The
infinite integral f7({) must be uniformly convergent when { lies in any closed
domain D’ within D.

Then f7({) defined by (7.5) is a regular function of { in D.

In the next two sections we briefly summarize the most commonly used
integral transforms.

7.2. Exponential transforms

Integral transforms are based on the Fourier integral theorem. For a real
function f(x) defined in the interval (— o0, 00) of the real variable x, the
Fourier integral theorem may be stated as

f(x) = _I_J"" d{fm £(u)e™ ™™ Vdu. (7.6)
2nd - -®

Iff(x) has a jump discontinuity at the point x = x,, the left-hand side should
at x = x, be replaced by the sum

HE(xy +0)+f(x; —0)].

A heuristic derivation of (7.6) can be found in section 1.8. The Fourier in-
tegral theorem is valid provided that the function f(x) satisfies certain
conditions. The theorem is easiest to prove if f(x) is piecewise smooth and
if |f(x)| is integrable from —oo to + c0.? Proofs of the Fourier integral

2 For a proof see G. F. Carrier, M. Krook and C. E. Pearson, Functions of a complex
variable. New York, McGraw-Hill Book Co. (1966), p.305.
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theorem for functions satisfying less restrictive conditions were presented
by Titchmarsh.?
7.2.1. Exponential Fourier transform

The Fourier integral theorem suggests the definition of F[f(x)], the
exponential Fourier transform of f(x), as

f*(&) = F[f(x)] =f € (x)dx, (7.7)
with inverse transform
1 | O (R
()= 75 (@) = - | oo (9)
LY —w

It is actually immaterial which of the transform operations is conducted
with the negative exponent and where the factor 1/2n is placed. As an al-
ternative to (7.7) and (7.8) we can thus also define the exponential Fourier
transform as

FHE) = f T eI (x)dx, (7.9)

0

with the inversion

f(x) = —1—f e (E)de. (7.10)
2nd -»

The transform pairs (7.7), (7.8) or (7.9), (7.10) play an important role in

solving a wide variety of problems in elastic wave propagation.

The transform of a derivative is related in a simple manner to the trans-
form of the function itself. Let us confine our attention to functions f(x)
which vanish as |x| - co. By employing the definition (7.7), the Fourier
transform of df/dx is then given by

f/TE li(‘ii} =f e d—f dx.
dx -» dx

By an integration by parts,

§

3 [‘if} _ [eiéxi‘(x)]’;z‘fw—iéf ¢ (x)dx.
dx —©

3 E. C. Titchmarsh, Introduction to the theory of Fourier transforms, 2nd ed. London,
Oxford University Press (1948), p. 16.
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Thus,
df *
F L‘i—j| = —ilf*(¢).

X

Similarly, assuming that all derivatives of f(x) up to the (n—1)st vanish at
+ o0, we find

Fx|55] = (T, (111)

As an example we consider the exponential Fourier transform of the
Gaussian function

f(x) = f, exp (— z—z)

Fig. 7.1. The Gaussian function.

This function has the form shown in figure 7.1. Its shape is characterized by
the central height f, and the width parameter o. Its transform is
g% T x

AR

= f, exp (— 5202)joo exp [— (i —%iéa)z} dx.
4 - 2

This integral can be evaluated by employing the standard integral

«©

f exp (—s°)ds = /=, (7.12)
with s = x/o—1is. We obtain

f*(&) = foo/m exp (—E%a?/4). (7.13)
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The transform is again a Gaussian function, but now with width parameter
2/e, which is inversely related to the width parameter of the transformed
function. We see that a tall and narrow pulse gives rise to a low and wide
pulse in the transformation variable.

The Gaussian function can very conveniently be employed to introduce
the Dirac delta function. The delta function was introduced in section 3.3.
According to (7.12), the area under the curve defined by the Gaussian func-
tion is fo o/ If we choose fy = 1/0,/m, the area becomes unity. Suppose we
consider a sequence of functions

2
fn(x) = 1, €Xp ('— x_z) s
[

0'"\/ n n

with decreasing values of g,,, and thus increasing values of the central height.
The limit of this sequence as o, — 0 defines the Dirac delta function. This
limit has the value zero, except when x = 0, but its integral over an interval
which includes x = 0 is unity. If f, = 1/o/n, the Fourier transform of the
delta function is unity, as can be seen from (7.13).

7.2.2. Two-sided Laplace transform

The two-sided Laplace transform, which is a slight modification of the
exponential Fourier transform, will often be used in the sequel. Let us return
to the Fourier integral theorem (7.6) and let us assume that the theorem
holds for a function of the form g(x) = f(x) exp (—¢&x). Upon substitution
of g(x) into (7.6), the integral theorem may be expressed in the form

1 {1tico ©
f(x) = — e"‘dcf e "f (u)du, (7.14)
27id {i-iw ~w
where { = {,+i(,.

Eq. (7.14) suggests the following definition of the two-sided Laplace

transform of f(x):
£*©0) =jw e %f(x)dx (7.15)

with the inverse transform
14+

fo) = = [T e, (7.16)

2nid g —io
For x = x, the left-hand side of (7.16) should be replaced by
if f(x) suffers a discontinuity at the point x = x,.
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Note that we use the same notation f*({) to indicate the two-sided Laplace
transform and the exponential Fourier transform. This will not give rise to
confusion because it will always be clearly stated which transform is actually
used.

To determine the domain of regularity of f*({), we consider a function
f(x) which satisfies the conditions (3) and (4) of theorem 7.1. The function
exp (—{x) obviously satisfies the conditions (1) and (2). Now suppose that
If(x)] < A exp ({,-x)forx —» +c0,and [f(x)] < Bexp ({,+x)forx— — oo,
then *({) as given by (7.15) is uniformly convergent for {, - < Z({)<{,+,
which implies that condition (5) is satisfied. In view of these observations it
follows from the theorem that f*({) is a regular function of { provided
Lo < () < ys.

A very useful property of the two-sided Laplace transform is the con-
volution theorem. An integral of the form

h(x) = fio ke(x — w)f (1)du (7.17)
is called the convolution of k(x) and f(x). It can be shown that
h(x) = fio k(u)f (x —u)du. (7.18)
The convolution theorem states
f e h(x)dx = K*OF*(0), (7.19)

where £*({) and f*({) are the two-sided Laplace transforms of k(x) and
f(x), respectively. Conversely, the inverse two-sided Laplace transform of
k*f* is the function 4(x) as given by (7.17) or (7.18).

7.2.3. One-sided Laplace transform

The one-sided Laplace transform which is frequently used for initial value
problems with time ¢ as the independent variable is defined as

f(p) = ZLLf(1)] =J?f(t)e“"'dt. (7.20)

It is customary to use p as the transform parameter for the one-sided
Laplace transform. If the integral of eq. (7.20) converges for p = p,, then
it also converges for any value of p satisfying Z(p) > Z(p,). In general,
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the function t:(p) is a regular function of the complex variable p for
Z(p) > Z(p,). The inverse Laplace transform follows from (7.16) as

() = 200 = o[ “Tokenan, (7.21)

where Z(y) > Z(p,)- Thus the path of integration in eq. (7.21) can be
any vertical line to the right of all singularities of f(p). As in the case of the
exponential Fourier transform, the left-hand side of (7.21) should be

replaced by
F[f(r+0)+f(r—0)]

at a point of discontinuity of f(z).

In later applications we will employ the one-sided Laplace transform
without ever having to involve the inversion integral (7.21). In those cases
p may be considered as real.

The Laplace transforms of the derivatives of a function can be obtained
by integrations by part

a1 |

% [d_J — pF(p)—f(0+) (7.22)
a2 .

Z [d?J — pF(p)— pf(0+)—'(0+) (7.23)

etc.,

where by f'(0+) and f(0+) we mean the limits of df/ds and f(¢), respec-
tively, as ¢t = O with ¢ > 0.

We also quote from certain well-known results concerning asymptotic
relations, known as Abelian theorems, between functions and their Laplace
transforms. If f(p) is related to f(z) by (7.20), then, if for —1 < & < 0

f(1) ~ A" for t -0+, (7.24)
then
f(p) ~ AI'(a+1)p™*"' for p — oo, (7.25)

where p tends to infinity along paths in the right half-plane, 2(p) > 0.

7.3. Other integral transforms

In this section we summarize some of the integral transforms whose kernel
are not exponential functions.
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7.3.1. Fourier sine transform

For conditions on f(x) under which the Fourier integral theorem is valid,
the sine transform is defined as

£5(¢) = FL[f(x)] = f :f(x) sin &xdx, (7.26)

with inverse transform
f(x) = 5«751[1‘5({)] = ;f:fs(é) sin Exdé. (7.27)

7.3.2. Fourier cosine transform

Analogously to (7.26) and (7.27), we have

f6(¢) = FLf(x)] = f:f(x) cos &xdx (7.28)
f(x) = FcUYE)] = %f:fc(;“) cos ¢xdé. (7.29)

7.3.3. Hankel transform

Let the real function f(r) be defined in the interval (0, c0). Under rather
weak restrictions on the behavior of f(r) we can, analogously to the Fourier
integral theorem, state Hankel’s integral theorem

f(r) = f:Jv(cr)é dé f :f(r).lv(ér)r dr, (7.30)

where J,(&r) is the Bessel function of the first kind of order v > —3%. If
f(r) has a jump discontinuity at the point r = ¢, the left-hand side should
be replaced by

3[f(c+0)+f(c—0)].

The Hankel transform of a function is defined as

f9(E) = #[f(r)] = j f(r)J,(Er)rdr. (7.31)
4]
By virtue of eq. (7.30), the inverse is given by

f(r) = o7 [£7(E)] =f:f”“(é)Jv(ér)é de. (7.32)
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7.3.4. Mellin transform

Let f(r) be a real function defined in the interval (0, c0) such that both
integrals

1 0
f r* " Hi(r)|dr and f r 2 YE(r)ldr
0 1

are finite for suitably chosen real numbers ¢, and ¢,. Then, the Mellin
transform of f(r) is defined as

p) = | e

where p = o+t is any complex number in the strip 6, < Rep < o,. The
inversion is given by the formula

1 y+iwo

f(r) = 5 fM(p)r~2dp, (7.33)

i y—iw
where 0, <y < 06,.

7.4. Asymptotic expansions of integrals

7.4.1. General considerations

The application of integral transform techniques to wave propagation
problems yields expressions for the field variables that are of the general
form

I(A) =f F({)e @4, (7.34)
r

where I' is a path in the complex {-plane and the parameter A may be
considered as real-valued and positive. Expressed in its real and imaginary
parts, the function f({) is

f() = g(& n)+ih(¢, n), (7.35)

where
{ =¢&+in. (7.36)

It is often impossible to reduce these integrals to closed-form expressions
by such analytical methods as contour integration. For that reason we will
discuss ways to develop asymptotic expansions for integrals of the type
(7.34).

To define the idea of an asymptotic expansion we consider a function
for large values of a parameter; say we consider I(A) for large values of A.
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The function I(4) is now said to have the asymptotic expansion
N
1)~ Sy =Y &, i-o (1.37)
n=0 A

if for fixed N
lim AN[I(A)— Sx(4)] = 0. (7.38)
A=

The asymptotic character of the expansion is indicated by the use of the
~ symbol. An alternative way of writing (7.37) is

X a, 1
1) =Y % +0 (,{N—“> . Ao (7.39)

It should be noted that for fixed A the summation Sy(4) usually diverges as
N increases. Nevertheless, if the limit (7.38) holds, the difference between
I(1) and Sy(4) can be made arbitrarily small by taking 4 large enough, and
Sy(4) can be used as an approximation to I(4).

We will first consider two special cases of (7.34).

7.4.2. Watsor’s lemma

An asymptotic expansion of the type defined by (7.39) can easily be found
for an integral of the form

1(2) = f:e'“é“g(é)dé. (7.40)

The result is known as Watson’s lemma. It may be stated as follows:
Suppose that in some interval (0, £,) the function g(&) can be written as

9(&) = go+9,:¢+9, E+ ... gN§N+RN+1(§)a

where N is some nonnegative integer and where some constant C exists
such that
N
|Ry+ (&) < C&"*1

for &in (0, &,). Also, u is real and 4 > —1, and constants K and b exist so
that [g(¢&)| < Kexp (b¢) in (0, a). Then as 4 — <o,

1) = 3 g, Ftnt1) +0( ! ) (7.41)

sptntl cptn+2
n=0 ARTE ARTE

where I'( ) is the gamma function. The proof of this statement of Watson’s
lemma can be found in the book by Carrier et al.’

$ G. F. Carrier, M. Krook and C. E. Pearson, Functions of a complex variable. New
York, McGraw-Hill Book Co. (1966), p. 253.
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7.4.3. Fourier integrals

Some useful asymptotic expansions of integrals of the form
b
f e*g(£)d¢ (7.42)

are given by Erdélyi.® It is assumed that (g, 5) is a real interval and g(¢&)
is an integrable function so that (7.42) exists for all real x.

Of particular interest are the expansions for the case that the integrand
has a singularity of a simple type at one end point of the interval. Let us
consider the following integral:

I(x) = f ,,bei’f(é —a) " lg(E)de. (7.43)

It can now be stated that if g(£) is N times continuously differentiable for
a<é<b g™b)=0forn=0,1,...,N-1,and 0 < u < I, then

I(x) = ——AN(x)+O(x_N), as x — oo, (7.44)
where
N-1
AN(_X) — Zo F(':' /‘) e*"‘("*“'2)g(")(a)x"'"‘e"“’. (745)

The proof is given in the book by Erdélyi (p. 48).

Asymptotic expansions of Fourier-type integrals are also discussed in
the book by Carrier et al.”

In the preceding special cases the path of integration was along the real
axis. Let us now return to the form of the integral as it is stated by (7.34), and
let us consider a rather general method of constructing asymptotic expan-
sions for integrals in the complex plane.

7.4.4. The saddle point method

In the classical presentation of the saddle point method a path of “‘steepest
descent” passing over.the saddle point(s) of the function f({) is found, and
contour integration is employed to effect the change of contour from I’
to the path of steepest descent. The classical approach will be discussed in the
next section.

An alternative and perhaps simpler version of the saddle point method

8 A. Erdélyi, Asymptotic expansions. New York, Dover Publications, Inc. (1956), p. 46.
7 Loc. cit., p. 255.
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was presented by van der Waerden.® In van der Waerden’s version an
asymptotic expansion of (7.34) is obtained by carrying out the following
operations:

(1) Introduce Af({) or (if A is real) f({) as a new variable.

(2) Draw the contour C in the f-plane. This is easy since the function f
is given on the contour.

(3) Determine the branch points and the poles of the functions occurring
in the integral in the f-plane.

(4) Expand the integrand in a power series in the neighborhood of every
branch point and every pole.

(5) Integrate term by term.

The branch points correspond to the saddle points of the classical pre-
sentation. Only those branch points and poles lying to the right of the
contour C in the f-plane need be considered. As a further simplification,
those branch points or poles which lie more to the right than others may be
neglected.

The method of van der Waerden is particularly useful if a pole is located
close to the saddle point. For details we refer to the cited paper.

7.5. The methods of stationary phase and steepest descent

These two methods have been used in numerous wave propagation problems.
The two methods are related in that they both involve concentrating the
integration in the vicinity of the stationary point of the exponent appearing
in integrals of the form (7.34).

7.5.1. Stationary-phase approximation

The stationary-phase approximation is usually employed if the path of in-
tegration is along the real axis and if the exponent is imaginary, i.e., if
(7.34) is of the form

b
I(r) =J F(&)e"™®de, (7.46)
where ¢ is the large parameter and 4(£) is taken in the form
o EX
hE) = o()- = (7.47)

8 B. L. van der Waerden, Applied Scientific Research B2 (1950) 33.
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Eq. (7.46) is the type of representation that is obtained for a traveling pulse
by Fourier transform methods. If the medium is not dispersive, @ = ¢¢,
where ¢ is a constant, and the integral is a function of c¢f—x, so that the
pulse does not change shape as it propagates. If there is dispersion, i.e., if
¢ = ¢(€), it is usually impossible to evaluate (7.46) exactly. The alternatives
then are a numerical evaluation or an approximate analytical evaluation.
With the availability of electronic computers it has become feasible to
evaluate integrals of the form (7.46) by numerical methods.” It is, however,
also possible to employ a quite accurate analytical approximation which is
known as the stationary phase approximation and which is due to Stokes
and Kelvin. The approximation can be used for eq. (7.46) when ¢ is large.
The integral (7.46) may also be written in the form

- f "F(£){cos [th(2)] + i sin [th(E)]}E. (7.48)

th({)

{=§S\

| h(g)

cos [th(g)}

- /W&ﬂ/\ﬂag

Fig. 7.2. Point of stationary phase.

Assuming that F(&) is a relatively slowly varying function, the approximate
evaluation of (7.48) rests on the observation that for large ¢ the trigonometric

® Numerical methods were discussed by I. M. Longman, Proceedings Cambridge
Philosophical Society 52 (1956) 764.
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functions are very rapidly oscillating, with a self-cancelling effect on the
integral. This is illustrated in figure 7.2. Only when the phase 4(¢) varies
slowly will there be an appreciable contribution to the integral. In particular,
if there is a point of stationary phase defined by a root of dA(¢)/d¢é = 0, it
is reasonable to argue that the positive and negative loops tend to be
mutually canceling except near the point(s) of stationary phase.

For eq. (7.46), the point of stationary phase & is obtained from d#/d¢ =0,
ie.,

) (7.49)

Thus &, depends on x and f. At the point of stationary phase we have
x/t = dw/d, i.e., the point propagates with the group velocity c,. Since
t is positive, the integrand of (7.46) will have points of stationary phase for
positive x only if dw/d¢ > 0.

By virtue of the foregoing arguments eq. (7.46) may be approximated by

Est+e X
I=F¢)| "%, (7.50)
§s—¢

where ¢ = £, is the point of stationary phase and ¢ is a small number. To
approximate (7.50) further, we expand 4(¢) about & = ¢

h(E) = ho+(E—Eh +3(E—=8) %+ . ., (7.51)
where
ho = h(&)le=e, (7.52)
h, = L (7.53)
dé" §=¢s
Since 4, = 0, eq. (7.50) can be written in the form
Sste . N
I = eihU'F(és) ei"(":_":s) hz'dé’ (754)
$s—e

where we limit ourselves for the present time to second-order terms. Once
again using the argument that the contributions from values of £ not in the
immediate vicinity of &, are mutually cancelling, the limits of integration
are extended to + o0, so that (7.54) becomes

I =e™F() f e¥hrq g, (7.55)
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To evaluate (7.55) we use the following formulas:

a\ ¥

j sin ($a£?)d¢ =f cos (Ja¢?)d¢ = 1(—) ,
0 0 2\a
and thus
P tiiagty m\}
j e HOEgE — (141) (‘) . (7.56)
~ a
Applying this result to (7.55), we find

| :
[ = F(és) ‘: 2n } ez(lxolin/4), (757)
t|h,|

where + and — apply for s, > 0 and h, < 0, respectively. If (7.49) can
be solved explicitly for &;, eq. (7.57) yields an asymptotic representation of
the integral (7.46), valid for large values of ¢.

Near points where 4, = 0, that is near a stationary point of the group
velocity, the approximation provided by (7.54) breaks down. A sufficient
degree of accuracy can usually be secured by following the same procedure
but including third-order terms in (7.51). Rather than expanding around the
point of stationary phase, we compute the value & = £, from the condition

=——- ==, (7.58)

and we employ the expansion

th(é) = th(éSg) + (é - ng)b + (é - ng)3a’

where
, dh
D=1 -
d¢ le=g,,
41,8
=% T3
d€3 §=8sg.
Instead of (7.54) we then have
[ = e‘"‘¢w>’F(é,,)J et rade, (7.59)
o0

This integral is recognized as the Airy function. Using the definition®®

1% Handbook of mathematical functions, ed. by M. Abramowitz and 1. A. Stegun.
Washington, National Bureau of Standards (1964), p. 446.
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(3a) *nAi[ +(3a)"*b] = f cos [a&? + bE]de, (7.60)
0
we see that for ab > 0 we may write

— Lih&sg)t % %
I=e F(csg)(31 D}Az[3 lal 4], (7.61)

while for ab < 0 we have

I = e"GtEE ) T Ai[—37¥a]"¥]b{]. (7.62)

(3| D*
Graphs as well as tables of the Airy function can be found elsewhere.!°
For positive argument the Airy function is monotonically decreasing. For
negative values of the argument the Airy function is oscillatory with a
pronounced maximum at 37*|a|"*d| = I. Thus for values of x and ¢
corresponding to stationary values of the group velocity a conspicuously
large amplitude wave is propagated. Since the Airy function is of the order
of magnitude of unity, the amplitude is proportional to |a| ™%, that is to
x~*% approximately, since x ~ tc,(&5,)- On the other hand, it follows from
(7.57) that wave groups corresponding to the point of stationary phase are
proportional to x~* Thus, as the dispersive wave travels outward the
relative importance of solutions corresponding to dc,/d¢ = 0 increases.

Some other interesting points related to the solutions (7.61) and (7.62)
are brought out in the book by Tolstoy and Clay.!!

If F(¢) has a pole on the real axis, an additional contribution to the
integral may occur. Another special case arises if a pole of the integrand
and a point of stationary phase coincide. This case comes up in section 8.5.

For a formal discussion of other special cases we refer to the book by
Erdélyi'? and to the paper by Eckart.!?

7.5.2. Steepest-descent approximation

For the purpose of introducing the steepest-descent approximation let us
first consider the case that the integration in eq. (7.34) is along the real axis

I(2) = f:F(C)e"'““)dC. (7.63)

11 1. Tolstoy and C. S. Clay, Ocean acoustics. New York, McGraw-Hill Book Co.
(1966), p. 42.

12 A. Erdélyi, Asymptotic expansions. New York, Dover Publications, Inc. (1956), p. 51.

13 C. Eckart, Reviews of Modern Physics 20 (1948) 399.
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If the function g(¢) is real valued and positive, an approximate evaluation
of the integral is based on the observation that for large A the exponential
exp [—A4g(&)] is relatively small except in the vicinity of the point where
9(¢) shows a minimum (see figure 7.3). The major contribution then comes
from the part of the path where the integrand shows a steep peak.

Fig. 7.3. Behavior of the integrand.

Let us now examine the integral of eq. (7.34) in the complex plane,

I(2) = LF(c)e“““’dc. (7.64)

It is assumed that f({) and F({) are analytic functions of { in a domain
containing the path of integration. It is also assumed that these functions are
independent of A. We will summarize the classical presentation of the saddle
point approximation as it can be found in several treatises.'*

In terms of its real and imaginary parts the function f({) is written

f() = g(¢, n)+ih(¢, n). (7.65)
The integrand in (7.64) then assumes the form
e-la(é,ﬂ)e—ilh(é. ﬂ)F(§+ i’])-

When 4 is large a small change of A(&, n) due to a small change of { will
produce rapid oscillations of the trigonometric functions. If a path is now
chosen along which A(¢&, 1) is constant, the rapid oscillations disappear and

4 E.g., H. Jeffreys and B. C. Jeffreys, Methods of mathematical physics, 2nd ed.
Cambridge, University Press (1950), p. 503.
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the most quickly varying part of the integrand is exp [—Ag(¢, )). Then,
just as was discussed in the context of eq. (7.63), the main contribution to the
integral will come from the neighborhood of the point(s) { = {,, where
g(&, n) is smallest. It will be shown in the sequel that the path through
{ = {, defined by A = constant is in fact the path along which g(¢, )
changes most rapidly (the path of steepest descent), so that the requirement
of concentrating the largest values of g(&, #) to the shortest possible segment
of the integration path 1s optimized along the path 4 = constant. The idea of
the steepest descent approximation thusis to deform the path of integration
in the {-plane into a contour on which 4(&, 1) is constant and which passes
through the point { = {;, where g(&, n) is stationary.
The point { = {, is determined from the condition that

9 _ 9% _, (7.66)
& on

which shows that the tangent plane at the surface g(&, ) is horizontal at
{ = {,. If this point were an absolute minimum (maximum), we would have

d%g d%g
— >0(<0) and 6—5>0(< 0).
n
The function g(&, n) is, however, harmonic, i.e.,
-2 2
Py,
0 on?

and the point { = {, thus is neither an absolute maximum nor an absolute
minimum, but must be a saddle point, as shown in figure 7.4.

gt

|

. S
/_MJ‘gs’qs

U)
Fig. 7.4. The saddle point.

By the Cauchy-Riemann conditions we have

dg _0Oh ?g__gz

(7.67a, b)

6¢  an’ on ¢
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These results, together with (7.66), show that the position of the saddle

point can be determined from the condition

df
E = 0 at ( = L (7.68)

It will now be verified that the path along which 2 = constant is the path
of steepest descent. At a position defined by { = { we consider a local
coordinate s in a direction defined by the angle § with the positive {-axis.

Then
g .
—= = g cos §+g,sin 0,
0s ly=¢
where
ag | dg
ge =51 > gy = (3_ B
06 i=¢ N le=¢

If dg/ds is to be a maximum for variable , we must have
—gesint+g, cos § = 0.
By using the Cauchy-Riemann conditions, (7.67), this expression is rewritten
as
oh

—h,sing—hgcos = — —
0s

0.

Since { is arbitrary, # must be constant along the path of steepest descent.

The saddle points link the “‘valleys” and the “ridges” on the surface
g(&, ). The curves & = constant will go either up a ridge or down a valley,
since these are the directions of greatest change. The ones of most interest

- ///g =const

-y

1 valley

g

Fig. 7.5. Saddle point and path of steepest descent AB.
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to us are those going along a ridge. These are the paths of steepest
descent for which the neighborhood of the saddle point produces the most
significant contribution.

A sketch of the saddle point and the path of steepest descent is shown in
figure 7.5. In employing the method of steepest descent it is assumed that
the path of integration I' is deformed into paths of steepest descent running
along the rims of the hills.

Along the path of steepest descent we expand f({) in a Taylor series

F(0) = fo+ (=L +3( -8+ .. .,

where
L=
dd” le=c,
Keeping only second-order terms, we have, since f; = 0 by eq. (7.68),
f(0)—fo = 3¢ =0)fs, (7.69)

where the right-hand side is real because A(¢, n) is constant. The right-
hand side is also positive because we are on the path of steepest descent.
Thus we introduce the real variable ¢ by

3(C-0), =1, (7.70)

whereupon (7.64) becomes

I~ e ™o f F(Q)e ™ g
T, dt

Since the exponential decays very rapidly, this integral may be rewritten as
+e
I = e *F(L) f e M j—c dt, (7.71)
- t

provided that F({) is not singular in the vicinity of { = {,. Writing
(=, = re'™, (7.72)
we conclude from (7.70) that
arg [4f, 2] = 0, (7.73)
which yields 6. It also follows that
r = tl4f,]"*. (7.74)
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Substituting (7.74) into (7.72), d{/d¢ can be computed and (7.71) may be

written as
'9 +e
I~ -Afo C ) J‘ e_“zdt.

31
The limits of integration are now extended to =+ o0, and in first approx-
imation we find
(27'5)% F(C ) —).fo+;0s (775)
A lleir

The steepest descent approximation is valid for large values of 7.

In the complex plane, integrals of the type (7.64) can also be represented
by the stationary-phase approximation. In fact, the stationary-phase and
steepest-descent approximations are nearly equivalent. If one wishes to use
the stationary-phase idea, the integration through the saddle point should
be taken along a path for which g(&, n) is constant.

In section 7.6 we will present an application of the steepest-descent ap-
proximation to a wave propagation problem. An application to the problem
of wave motion generated in a half-space by a buried line-source is given by
Newlands.!?

7.6. Half-space subjected to antiplane surface disturbances

The exponential Fourier transform can conveniently be used to determine
the dynamic response of a half-space y = 0 to surface disturbances of the
form (at y = 0)

. = uT(x)e".

Since the external excitation is independent of the z-coordinate, the problem
is two-dimensional in the coordinates x and y. The distribution of shear
tractions generates an antiplane shear motion in the half-space, which is
governed by
2 2 2
Fw dw_ 17w (1.76)
ax* oyt koo
where w(x, y, t) is the displacement in the z-direction.
If the surface tractions have been operating for a long time it is reasonable
to assume that a steady state has been reached. Under that assumption we

15 M. Newlands, Philosophical Transactions of the Royal Society (London) A245 (1952)
213.
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may consider displacements of the form

w(x, y, 1) = w(x, y)e'". (7.77)
The governing equation for w(x, y) follows from (7.76) as
F*w  w o,
— + — +krw =0, 7.78
ox?  oy? ’ ( )
where
kp =2 (7.79)
Cr

The boundary condition at y = 0 reduces, to

ow

P T(x). (7.80)

7.6.1. Exact solution

By applying the exponential Fourier transform according to the definition
given by eq. (7.7), eq. (7.78) becomes an ordinary differential equation,
2 %
‘1_‘?2_ —(E2—kP)w* =0, (7.81)
dy

while the boundary condition assumes the form

ok
D10, (7.82)
dy
In egs. (7.81) and (7.82), ¢ is the Fourier transform parameter.
The general solution of (7.81) is

W&, y) = A(E) exp [(€ —k7)ty]+ B(E) exp [— (&% —k7)*y],

where A(¢) and B(¢) are as yet unknown functions of ¢. The condition
at y = 0 is not enough to determine both 4(¢) and B(¢). The additional
requirement is that w(x, y) be bounded as y — oo, which implies that
w*(&, y) cannot grow exponentially as y — co. Since 4(¢) and B(&) do not
depend on y, the only way to avoid such an exponential growth is to set the
coefficient of the growing exponential term equal to zero.

The radicals in the exponents are made single-valued by choosing branch
cuts emanating from the branch points ¢ = +k;. We shall choose the
branches such that (&% ~kZ)* is nonnegative on the real é-axis. The desired
behavior at the limit y — oo then requires that we set 4(£) = 0. The func-
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tion B(¢) can then be determined from the boundary condition (7.82). We
find

% T*(¢ —(&2-kr)ty
w (é, y) = - (—éz—%:}e (§* -k )\% . (7.83)

According to (7.8), the inverse transform is

: f"’ T*('f) ~igx—(&2-kr)ly
w(x, y) = — — — e ! dé. 7.84
)= ) @iy ° (759

The major task of the analysis consists of .the evaluation of the integral
in eq. (7.84). Since the branch points are located on the path of integration
it is necessary to describe in more detail the choice of the branch cuts. For

A«iwz
4

= o

A +iay

§=_ —_—

Cr

Fig. 7.6. Branch points for a complex frequency.

that purpose it is simpler to consider first a forcing term with a complex
frequency
0 =w+io,.

For positive w,, the motion exponentially decays with increasing time.
The branch points now are located at

. w,+iw
-+ 2

- [}

Cr

as shown in figure 7.6. The location of the branch points for w, # 0 in-
dicates that in the limit of vanishing w, the path of integration should be

!

-k,

Fig. 7.7. Path in the &-plane.
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chosen as depicted in figure 7.7, where the appropriate branch cuts are also
shown. We choose (£2 —k2)* positive for Z(¢) > ky, F(&) = 0—.

To carry out an exact evaluation of (7.84) a specific choice must be made
for T(x). The simplest choice is T(x) = 8(x), which yields T*(¢) = 1. The
integral then reduces to

e, (7.85)

1 [ e~i:x—(:2—k72)*y
w(x, y) = — J

mdow (kD
As a first step we introduce
x=rcosf®, y=rsinb, (7.86a, b)

whereupon (7.85) assumes the form

1= e—ir[;cosa—i(a;:—k-rz)*l‘sine]

272d - (E—k2)*

w(x, y) = — dé. (7.87)

An elegant way of evaluating this integral is to seek a curve in the complex
¢-plane along which the exponent assumes a simple form, for example, the
simple form exp (—irs). To achieve this simplification we seek a contour
in the ¢-plane defined by

s = Ecos 0—i(E*~ k%) sin 6. (7.88)
Eq. (7.88) can be solved for ¢ to yield
€. = scos B+i(s>—k3)*sin 6. (7.89)

In the ¢-plane eq. (7.89) describes a hyperbola as shown in figure 7.8 by
C, and C,. If #(£,) = 0 we have s = kg, and the vertex of the hyperbola
is thus defined by £ = k; cos 8. The modulus of £ increases as s increases.

R]/

G2
L1A [} {
—kr l 7,
Gy
2

Fig. 7.8. Change of contour in the &-plane.
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The asymptotes of the hyperbola are evidently defined by

im J(fi) 4 sm9 _
s— 0 ‘Z(ét) cos 0

The real variable s increases from s = ky to o0 as we move out along the
branches of the hyperbola. For 6 # 0, the vertex of the hyperbola is located
in between the origin and the branch point at k; the vertex and the branch
point coincide for 8 = 0.

The change of path of integration from the real axis to the hyperbola
is very simple. In changing from L, to C, and L, to C,, respectively (see
figure 7.8) no poles or branch cuts are crossed. The complementary in-
tegrations along the circular contours R, and R, vanish as || — co. Thus

kT -
w (@ -kt a:+ -""ds+2in (5i—k§)‘*%i—"e'*‘"ds. (7.90)

27[ kr

By employing (7.89) we find

RIS LLL (7.91)
ds (s*—k3)?*
Also
(&% —k3) = —(s*—k%)* cos O—is sin 0 (7.92)
(2 —kdt = (s*—k3)* cos H—issin 0, (7.93)
and thus
6é+ 2= - 1
k)P = F ——. 7.94
(éi T) (sz _ k%)* ( )

Substituting the result (7.94) into the integrals in eq. (7.90), we obtain
1J‘00 e—trs
wx,y) = — - s, 7.95
() ndur (s*—k3)? (7.93)
By introducing s = kru the integral becomes
IJ‘OO e—ik'rur
w(x, —— du. 7.96
(x,7) = WD)t (7.96)

Apart from a multiplying constant the integral in (7.96) is a well-known "
representation of the Hankel function of the second kind, see eq. (4.71).
It can be verified that w(x, y) may be written as

w(x, y) = 3iHP (kr). (7.97)



288 FORCED MOTIONS OF A HALF-SPACE [Ch. 7,§ 7.6.

7.6.2. Asymptotic representation

An asymptotic representation of w(x, y) can be obtained in a convenient
manner by taking the first term of the expansion (7.44). Thus we rewrite
(7.95) in the form

W= — %J e” " (s—kg) *g(s)ds,

kr

where
1
9() = — -
(s+kp)t

According to (7.44), we can write

4,

w~=—, as r— oo,
n

where, according to (7.45),
A, = F(%)e*"i(%‘ 2)(2kT)—%( —r) ReT T,
Thus

i —ikrr—n/4)
WA~ ———— ¢ . 7.98
(2rkyr)t (7.98)

7.6.3. Steepest-descent approximation

An approximate evaluation of (7.84) provides an instructive exercise in the
application of the method of steepest descent. First we introduce the polar
coordinates

X =rcosb, y =rsinf.

Eq. (7.84) may then be written as

i TN -
w(r, 6) = — 517: f B (cz—(k%* PN T (7.99)

where

() = il cos 6 +{C*—k$)*sin 6. (7.100)

By differentiation of (7.100) it is found that the position of the saddle
point follows from

{sin 6

icosbf+ >——— =
(kD)

(7.101)
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Eq. (7.101) can hold for a point on the real axis in the range —kr < { < ko,
where, consistent with the branch cuts shown in figure 7.7, we have

(2 —kp) = i(kz =) (7.102)

After substitution of (7.102) into (7.101) it can easily be verified that the
solution of (7.101) is

{;=kpcos (0£6<m).

At the saddle point we subsequently find

fy =ik, f,=— .
° ? kysin* @
From (7.73) it follows that
m . O
295— 5 = 0, 1e, b5 = Z

By the use of (7.75) the approximation for w(r, ) can now be written as

i .
w(r,0) = ——— T*(ky cos @)e” ‘krr=m/4), 7.103
(0) = s Tk cos ) (7.103)
For the special case T*({) = 1, eq. (7.103) agrees with (7.98).
It is an instructive exercise to determine at least roughly the course of the
path of steepest descent elsewhere in the {-plane.

7.7. Lamb’s problem for a time-harmonic line load

One of the contributions of lasting significance in the area of wave propaga-
tion in elastic solids is the article entitled ““On the propagation of tremors
over the surface of an elastic solid”, by H. Lamb.'® In this work, Lamb
investigated the wave motion generated at the surface of an elastic half-
space by the application of concentrated loads at the surface or inside the
half-space. Most fully discussed were the surface motions generated by a
line load and a point load applied normally to the surface. Both loads of
harmonic time dependence and impulsive loads were considered. In recent
years the methods and solutions in Lamb’s paper have been cast in a some-
what more elegant form and more detailed computations have been carried
out, particularly for loads of arbitrary time dependence. These modifications,

16 H. Lamb, Philosophical Transactions of the Royal Society (London) A203 (1904) 1.
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which mainly concern the transient dynamic response of an elastic half-
space, will be discussed in section 7.11. It is, however, of interest to discuss
the surface motion generated by a time-harmonic line load applied normal
to the surface. This problem, which was solved by Lamb in almost complete
detail, is one of the classical problems in elastic wave propagation. The
boundary conditions for the problem are (at y = 0)

T, = —Qd(x)e™" (7.104)

7, = 0. (7.105)

7.7.1. Equations governing a state of plane strain

A line load which is applied normal to the free surface of an elastic half-
space along a line coincident with the z-axis generates a deformation in
plane strain. It is expedient to employ the decomposition of the displacement
vector discussed in chapter 2. For the case of plane strain the displacement
vector and the V-operator are in the (xy )-plane and consequently the vector
potential ¥ is directed normal to the (xy)-plane; we write ¥ = k. Thé
displacement components u(x, y, t) and v(x, y, f) may then be written as

_ % + 4 (7.106)
ox 0dy
e _ W (7.107)
dy oOx
provided that ¢ and ¥ satisfy the following two-dimensional wave equations
o’  9* o _ g 0’
A =527 7.108
ot oyr top (7.108)
iy 2 W 2 %Y
AT UR A A 7.109
axr eyt o’ (7.109)

where s, and sy are wave slownesses defined by

1 1
§p =, Sp=—. (7.110a, b)
L cr
The relevant components of the stress tensor are

2 2 2 2
=i (a d “2’) +2u (a ¢ ﬂ) (7.111)

ax* By ox*  0xdy
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2 ~2 2 a
T, = A (a ¢ "Z) +2u (L 4 ) (7.112)
ox* ay oy*  oxdy
2 a2 2
rx,=u(2h’3"’ —‘”’2’+a—‘€). (7.113)
ox0y 0x Oy

7.7.2. Steady-state solution

Assuming that a steady state has been reached, the potentials may be ex-
pressed in the forms

o(x, y, 1) = o(x, y)e'* (7.114)
Y(x, y, 1) = Y(x, ), (7.115)
where @(x, y) and Y/(x, y) satisfy the equations

2 2
?—‘ZB + a (7.116)
ox

~2 2
2 "f + Yy =, (7.117)
0x dy*

and k; and k; are defined as
kp =si0,  ky =s;o. (7.118a, b)

In the expressions for the displacements and the stresses the term exp (iw?)
appears as a multiplier. In the sequel this exponential term is omitted. The
formulae (7.111)-(7.113) then give the stresses

r 2

T o= | —kio—2 ¢ s M] (7.119)
L dy* 0x dy
r ,0 _, 0

T, =u|~kio 67"’ -2 ﬂ (7.120)
SR

Ty = |2 (7.121)
L oxay

The problem is solved by applying the exponential Fourier transform over
x. The appropriate expressions for ¢* and y* then follow from (7.116) and
(7.117) as

0* = &(¢) exp [~ (& —kp)*Y] (7.122)
y* = P exp [—(S* - kD)*y). (7.123)

il

]
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The radicals in the exponents are made single-valued by choosing branch
cuts emanating from the branch points £ = +k; and &£ = t+ky, respec-
tively. The choice of the branch cuts relative to the path of integration is
dictated by the same arguments that were used in the previous section.
Thus we first take a complex valued frequency @ = w, +iw,, with positive
imaginary part w,. In the limit w, — 0 we arrive at the branch cuts shown
in figure 7.9. The radicals (£2 —kZ)* and (&2 —k2)* are taken as real and
positive for F(¢) = 07 and #(¢) > k. and Z(&) > kr, respectively.

B //
A T %
// K ke ke

Fig. 7.9. Branch cuts for Lamb’s problem.

Substituting (7.122) and (7.123) into the Fourier transforms of (7.120)
and (7.121), and employing the boundary conditions (7.104) and (7.105), we
arrive at the following equations for #(¢) and ¥(&):

(282 —k2)® —2iE(E2 —k2)*Y = — 2 (7.124)
U
2iE(E* ~ k)P + (28— k2)Y = 0. (7.125)
The solutions are
®=- z—g—_—ki ¢ (7.126)
F(§) n
v HEK) L (1.127)
F& nu
where
F(&) = (282 —k3)? —4L2 (62 — k2 (&2 - kD)t (7.128)

At this stage, exponential Fourier transforms of the displacements and
the stresses have been obtained. The next step is the evaluation of the in-
version integrals.
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The exponential Fourier transforms of the displacements can be obtained
from (7.106) and (7.107) as

*
u

—itp*—(E*—kp)ty* (7.129)
o* = —(E ki o*+icy™. (7.130)

By application of the inversion integral of the exponential Fourier transform
the displacements then follow as

w=(Iy+1,n)< (7.131)

u
v= (I, +1,7) ¢ (7.132)

u

where
I —L ° 5(2;2-.1(2) —ifx— (&2 -k )ty 7.133
ul I (é) e dé ( )
Iy = — ifw §E - kPP~ kD) o X (¢Z—krz)‘1‘yd€ (7.134)
o F(¢)
© (& -kp)H2E - k) o iex— (& ~kt)¥ e
I, = L9%yd 7.135
v 2J F(¢) : (7:133)
R S ) T Y

I = — tex TORYAE, 7.136
oT nf_w 1‘(6) € é ( )

The path of integration in the &-plane is indicated in figure 7.9. The poles
are located at the roots of the equation

F(¢) =0.

This equation was examined in our study of Rayleigh waves along the free
surface of an elastic half-space. It was found in section 5.11 that there are
two real roots which may be written as ¢ = t+kg, where kp = w/cg,
and cg is the velocity of Rayleigh waves. Since the poles are located on the
path of integration the path must be indented as shown in figure 7.9.
Attempts to evaluate the integrals in eqs. (7.133)-(7.136) by suitable
contour integrations in the complex &-plane have met with only moderate
success. The best that apparently can be achieved is to replace the integration
along the real axis by integrals around the branch cuts plus contributions
from the poles. For the special case of y = 0, i.e., for the displacements at
the surface of the half space, such computations were carried out by



294 FORCED MOTIONS OF A HALF-SPACE [Ch.7,§7.7.

Lamb!’, who also presented asymptotic representations for the branch-
line integrals. These computations require subsequent changes of the con-
tours of integration as well as the introduction of new variables. Lamb’s
computations were reproduced in the book by Ewing et al.'®, and in the
book by Bath.'® Here we state the results from Lamb’s original paper

(aty =0):

Q + l(wt krx—n/4)
(e = geens O (3 (12 )
4

H (kr")*
Q( )1} kl"k‘l‘(k‘l'_kL)‘l l(w‘ krxm w4y (7 137)
p\n)  (KE-2k2)? (kyx)* '
V= — lg Ke it~ knx)+ Q g)* (1 Ifﬁ‘) lei(wf krx—=/4)
u u \n k3 (krx)?
Q 2 3 kLk2 -ei(a)t—k;_x-'ﬂ/4) ( 3 )
, (7.138
2;;( ) (k2 —2k2)*  (kyx)}
where
12 12 B2\ L2 _ 2\
H=— kR[ZkR kT ZIEI’C(I;( )kL) (kR kT)] (7‘139)
R
and
2(12 _12)%
K _ kT(kR. kL) . (7‘14())
F'(kg)
In (7.139) and (7.140),
y dF(
F'(kg) = 4F() :
d: ¢=kr

Clearly the first terms in (7.137) and (7.138) represent surface waves. In
the two-dimensional case these waves do not suffer geometrical attenuation
as the distance x from the disturbance increases. The remaining terms in
(7.137) and (7.138) are cylindrical body waves which decay with increasing
x as x~*. Some additional remarks on the solutions may be found in Lamb’s
original paper or in the cited books by Ewing et al. and Béth.

It would seem that it should also be possible to write out approximate
expressions for the displacements for y # 0 by the methods that were

17 H. Lamb, loc. cit.

18 W. M. Ewing, W. S. Jardetzky and F. Press, Elastic waves in layered media. New
York, McGraw-Hill Book Co. (1957), p. 44.

15 M. Bath, Mathematical aspects of seismology. Amsterdam, Elsevier Publishing Co.
(1968), p. 343.
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employed in the previous section. On the other hand this may not be worth
the effort since an exact closed form solution for arbitrary time dependence
of the surface excitation will be presented in section 7.11.

7.8. Suddenly applied line load in an unbounded medium

Conceptually the transient wave motion generated by a load of arbitrary
time dependence can be expressed as a superposition integral over the
response to a corresponding time-harmonic load. It is, however, generally
more efficient to analyze the transient problem separately by employing
Laplace transform techniques. This will be illustrated by the example of a
suddenly applied line load in an unbounded medium.

Employing a right-handed (x, y, z)-coordinate system, the concentrated
line load may be represented by the following distribution of body forces:

F = jQs(x)3(» )E(t), (7.141)

where f(¢) vanishes for ¢ < 0. Since the applied load is independent of z,
and since there are no boundaries, the displacement in the z-direction as
well as the derivatives of all field variables with respect to z vanish identically.

Fig. 7.10. Line load in an unbounded medium.

The response of the unbounded medium to the line load is antisymmetric
with respect to the plane y = 0. As a consequence the norma! stress 7,
vanishes in the plane y = 0, at least for x # 0. For the same reason the
displacement in the x-direction also vanishes in the plane y = 0. In view of
these observations the problem of the suddenly applied line load in an un-
bounded medium can be reformulated as a boundary value problem for a
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half-space y = 0, with the following boundary conditions at y = 0:

7,(x,0, 1) = —30Q6(x)f(1) (7.142)
u(x,0,1) = 0. (7.143)
Since the medium is initially undisturbed, the initial conditions are
u(x, y,0) = v(x, y,0) = 0 (7.144)
u(x, y,0) = 9(x, y,0) = 0. (7.145)

The governing equations are stated by eqgs. (7.106)-(7.113). The solution
of the problem at hand is obtained by applying the one-sided Laplace
transform over time and the two-sided Laplace transform over the spatial
coordinate x. These transforms are defined in section 7.2. Upon application
of the integral transforms eqs. (7.108) and (7.109) reduce to the following
ordinary differential equations:

d2 — _
dy('; ~(stp?=0p* =0 (7.146)
dZ * -
dy‘l_’z —(s:p*=0W* =0, (7.147)

where p and { are the variables of the one-sided and the two-sided Laplace
transforms, respectively. Solutions with the proper behavior for large
positive values of y are

§* = d(p. ) T (7.148)
T* = ¥(p, De O D, (7.149)

provided that the branches are chosen such that the radicals have positive
real parts.

Upon applying the Laplace transforms to eqs. (7.106) and (7.112) we
obtain

If

fi

A (7.150)
= Wit A - (TS

Substituting (7.148) and (7.149) into (7.150) and (7.151), and employing
the boundary conditions (7.142) and (7.143) yields

o— 12 ) (7.152)
2 psz p’
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1 Q f(p { R
y=-1 2 . (7.153)
2 psy p- (stp"=0)
Let us consider the displacement in the x-direction in some detail. From
(7.150) we obtain

2 s
2ust gt = — ¢t (p) {e—(sL2n2~42>fy__e—(srlpl—:m‘y}. (7.154)
Q 2

The remaining task is to evaluate the inverse transforms of this expression.
For the first term of (7.154), inversion of the two-sided Laplace transform
requires evaluation of the following integral:

. PoL (97 e

=11 e =g (7.155)

2l pTly-io

where —s; p < {, < s p. By taking the path of integration along the
imaginary axis and by introducing the substitution { = i£, eq. (7.155) can
be rewritten as

. i © —(El 42 3 .
Iy = '—zf cos (¢x)e” F LT, (7.156)
Tlp (4]

The integral in eq. (7.156) can be looked up in a table of cosine trans-
forms2°, and we find

I = = YK (s pr), (7.157)
np r
where
P2 = xlty?, (7.158)

and K,( ) is the modified Bessel function of the second kind. The inverse
Laplace transform of (7.157) can be obtained from a table of Laplace

transforms.?! We find
Iy 2
I = - ﬁ(zz—erZ)*H(z_er), (7.159)

The second term in (7.154) can be treated in the same manner. The
integral corresponding to (7.155) is
1 1 {1+io

Ir =~ = P T (7.160)
{1~iw

2% Tables of integral transforms, ed. by A. Erdélyiet al., Vol. 1. New York, McGraw-Hill
Book Co. (1953), p. 16, No. 26.
21 Tables of integral transforms, loc. cit., p. 277, No. 11.
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Analogously to (7.159), the inverse Laplace transform of I is

I =2 22— 3r)H(=s7r) (1.161)
nr

If f(¢) is a Dirac delta function the one-sided Laplace transform f(p)
is unity. The displacement u(x, y, ?) then follows from (7.154) as

2nust

u(x, y, t)

= - 2 [L@=sdr G- - L= HG-sn)] . (16)
r ¥

~

ox

For a f(¢) of a more general form the convolution theorem of one-sided
Laplace transforms can be used to determine the corresponding displace-
ment u(x, y, t).

7.9. The Cagniard-de Hoop method

In the previous section the inverse transforms were obtained by evaluating
the two inversion integrals one at a time. This process was aided consider-
ably by the availability of the results in tables of integral transforms. By
inspecting eq. (7.155), the intermediate result (7.157) and the expression
(7.159), it becomes apparent that the intermediate result (7.157) is more
complicated than the final expression for I;. This suggests that there might
be a more efficient method of obtaining I; directly from its double transform
by inverting the two transforms in one operation, and not one at a time.
Lamb was aware of this possibility, but the method was formally proposed
within the context of the application of Laplace transforms by Cagniard,
and in modified form by de Hoop.?? The Cagniard-de Hoop method is based
on the following elementary property of the one-sided Laplace transform:

F1 U:oe""f(t)dt} = f(t)H(t—t,). (7.163)

To display the Cagniard-de Hoop scheme we return to the problem
discussed in the previous section. Let us introduce the following sub-
stitution in the expression for I, eq. (7.155),

{ = on, (7.164)

22 A. T. de Hoop, Applied Scientific Research B8 (1960) 349,
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where p, which is the variable of the one-sided Laplace transform, is as-
sumed real and positive. The result can be written as

I, = i EJ"“+lwe—P[(SL"'l’)*.v—ﬂx]dm (7.165)
2ni pP¥Y ni—io

where —s;, < n; < s.. The idea of the Cagniard-de Hoop method is to
deform the path of integration in the n-plane in such a manner that the
inverse Laplace transform of the integral along the new path of integration
can be obtained by inspection, analogously to (7.163).

The desired path of integration in the n-plane is obviously defined by the
equation

(st—nPiy—nx =t (7.166)
Eq. (7.166) can be solved for 5 to yield
t t? ¥
ne(r, 0,8) = — -cos O +i (-5 —si) sin 0, (7.167)
r P
where the positive square root is taken. In eq. (7.167),
Pt = x24y? (7.168)
and
_Y
tanf =7, (7.169)
X

where 0 < 8 < n. In the n-plane, eq. (7.167) describes a hyperbola, as
shown in figure 7.11. If F(n,.) = 0, we have ¢t = s, r, and the vertex of

7’L+ ﬂﬂ)

-s, 6 s

L
A )

.

Fig. 7.11. Cagniard-de Hoop contour.

the hyperbola is thus defined by # = —s, cos 8. Since the modulus |n..|
becomes larger as ¢ increases, the asymptote of the hyperbola is evidently
defined by
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j('lLt) =7 sin 6
Ans) 050

= F tan 0. (7.170)

The variable ¢ apparently increases from s,r to o0 as we move out along
the hyperbola. We note that for 0 < 6 < & the vertex of the hyperbola is
located on the real axis between the branch points at —s; and +s,.

It is noted that the change of contour is very similar to the one introduced
in section 7.6 for the simplification of certain integrals. It should also be
mentioned that for the special case of y =0 and within the context of
exponential Fourier transforms the basic idea of the approach, which is
based on the substitution{ = py, eq. (7.164), was in fact included in Lamb’s
paper.??

The transition to the Cagniard contour defined by #, . is very simple in
this case because no poles and branch points are crossed. Along the Cagniard
contour we now introduce t as the new variable, which leads to

sLr w /A
=L U (a’k) e"f"dt+f (‘W—Li) e"”’dt} . (7.170)
p 2ni © at spr 6!

From (7.167) we find

g _ o884, (L —si) "L sing, (7.172)
ot r ¥

and eq. (7.171) may thus be written

. P 2 =%
7, =1 57‘;29] e (’r—z —s,z_) tdt. (7.173)
p sLr
Since
o tZ -4 tZ , -3
y_lf e ¥ (? —si) tdt = (’—2 —s,j) tH(t—s, 1),
sSLr

the inverse Laplace transform of I, may be expressed as

. t 2 - ; 2 i
== 9[ (L ~si) rdr = 308 (t—z' —3:2.) H(t=syr).  (7.174)

nr? r? T \r

According to eq. (7.169), sin 8 = y/r, and (7.174) can thus also be written
as

IL::

rlz(zz—ser)*H(t—sL ). (7.175)

Q|

23 H. Lamb, loz. cit., p. 22.
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In a similar manner we can determine

I = P {L iJC‘+ime§-"e—(“szz_cz)i-ydC} )

2ri p2 L-iw
The appropriate Cagniard contour in the complex #-plane is now defined by
t A 0\
nr+(r,0,1) = — - cos O+ (—2 —sr) sin 6. (7.176)
r P
The result is

IT:

Qo=

rlz(tz-sirz)*H(t-s,r). (7.177)

For the special case f(p) = 1, the displacement u(x, y, ) then follows
from (7.154) as

2
2T ki) = — 2 (L= Iy). (1.178)
Q dax
By substituting (7.175) and (7.177) we recover eq. (7.162).

7.10. Some observations on the solution for the line load

By carrying out the differentiations in eq. (7.162) the displacement in the
horizontal direction is obtained as

u(x, Y, t) = -—[ (P —=siri)i 4 o 512 )J H(t—spr)

X s
- —f [;5 (P —spri)is (TZ—_ST%—;;)—J H(t—sgr). (7.179)
Eq. (7.179) agrees with the solution worked out by different methods by
Eason et al.>* Expressions for the displacement in the y-direction and for
the stresses can be found in the paper by Eason et al.

The expression (7.179) shows that disturbances are propagated out-
ward with the velocities ¢, and cy. The wave fronts are circles centered
at the point of application of the load, and radii ¢,z and crt, respectively.
At the wave fronts the displacement shows algebraic singularities. This is
due to the representation of the impulsive force by the idealized Dirac

24 G. Eason, J. Fulton and I. N. Sneddon, Philosophical Transactions of the Royal
Society (London) A248 (1956) 575.
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delta function. Near the point of application of the load we find for large-
valued ¢

2nust xy sz—st
u(x, ’ t) ~ r—z -—-‘t— .

Thus the displacement decreases with time. This is intuitively very acceptable
since the load varies with time as a Dirac delta function.
If the concentrated line load varies with time as a Heaviside step function,

the displacement u(x, y, t) can be obtained by integration of (7.179). The
result is

t
0 rz—
S
2rurrt t (1? % t t
L_u___. __2_,-2 - <r=s-
Qxy Sp \Sp St SL
2 % 2 k2
t [t Kt {t t
Sp \Sp Sp \St St
where
c s
k=-L="11
cr SL

According to the previously cited paper by Eason et al., the displacement in
the y-direction is

Anprctr?
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+x2r21n l:—— + (—2——2'—1) } r__<_ — .
Spr Syr St

Substitution of these results into the stress-strain relation yields
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2nictr?
—_ Qx Txy
t
0 r> —
St
292t (12 NP 2 ¢ 4y%\ (12 ,\? t t
5 -7 -5 (1= )5 - l<r< -
r- sg Sp r- s r St Sr St

Kt (1% “t 2y ¢ 2 * /g2 -t
) L) )
Sp \St re sy St SL
2t 4y? 12 o ¥ t
+—2—(1——);—)[1C(—2‘ -—rz) —(—2- —rz):] r< —.
re s r sy sy Sy

It is noted that the displacements now are continuous at the wavefronts.
If we let ¢ tend to infinity, we find that

2
Ty = = xQz[lJrz(K —zl)yz],

xy
2nrlk r

in agreement with the expressions obtained from equilibrium theory.

7.11. Transient waves in a half-space

A study of transient waves in a half-space generated by a normal line load
was included in Lamb’s paper.2® By applying Fourier superposition Lamb
presented explicit expressions for the field variables at the surface of the
half-space for a line load of arbitrary time dependence.

In this section we will employ the Cagniard-de Hoop scheme to de-
termine the stresses at any point in the medium due to a surface excitation
at y = 0 of the form

I

T, = —Q3(x)f(1) (7.180)

T, = 0. (7.181)

The equations governing the dynamic response of the elastic half-space
are stated by egs. (7.106)-(7.113). The half-space is initially at rest, and the
initial conditions thus are given by egs. (7.144) and (7.145). We will seek

expressions for the field variables by applying the one-sided Laplace trans-
form over time and the two-sided Laplace transform .over x. In anticipation

25 H. Lamb, see fn. 16, p. 289.
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of the use of the Cagniard-de Hoop method the following form of the two-
sided Laplace transform is used

S*(en) = f e P f(x)dx. (7.182)
The inverse transform is
p ny+ico
f(x) = — e f*(pn)dn. (7.183)
2ni Ny =i

These definitions imply that the substitution { = pn, see eq. (7.164), is
introduced within the definition of the two-sided Laplace transform. This
leads to an appreciable simplification of the algebra.

In the half-space y = 0 the appropriate expressions for * and ¥* now
are of the forms

F* = &(p, me " (7.184)
vr = ¥(p, e "7, (7.185)
where

o= Gi=n  yr = stk (7.186)

The corresponding transforms of the displacements and the stresses are
a* = png*—pyr§* (7.187)
& = —pp§*~pig* (7.188)
T = up’[(sT =250+ 2n°)@" =20y ¥*] (7.189)
T = up?[(st—2n")¢" + 20y V"] (7.190)
e = up’[—2mL 0" +(st =20 )", (7.191)

The boundary conditions (7.180) and (7.181) yield the following expres-
sions for ®(p, n) and ¥(p, n):

o(p,n) = — 2 ?(_127) 5%‘(%7_2 (7.192)
Q f(p) 2m.

Y(p,p) = — = 24 UL 7.193

() p* R(n) (159

where
R(n) = (s7=2n")" +4n*yLvr. (7.194)
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To exemplify the remaining manipulations we will consider the inversion
of 7} in some detail. The inversion formula for the two-sided Laplace
transform, eq. (7.183), leads to the expression

T, = —Qpf(p)I.+1Ir), (7.195)
where
nutico (2 52\2
I-L = _1__ (:ST 2’7 ) eP(’I-"‘VL}’) (7196)
Ami ny—ix R(V])
I'T — 1 mtio 4’72},1,?1' ep(y,x—yry) (7197)

i dai-iw R(7)

In both (7.196) and (7.197) we have —s; < n; < s,. The equation R() =0
is recognized as the equation for the slowness of Rayleigh surface waves
along the free surface of an elastic half-space, seeeq. (5.96) of section 5.11.
Thus we know that R(n) =0 has two real roots at n = + s, Where sz = 1/¢cz.

For the integrals (7.196) and (7.197) there is now a slight complication
in the application of the Cagniard-de Hoop method because the radicals
y, and y; are not appearing in separate terms. Nevertheless the method
still works very well. It is noted that the integrands have the following
singularities in the complex n-plane: branch points at # = +s; and
n = sy, and simple poles at = +s5.

It is clear that the path defined by (7.167) casts the integrand of (7.196)
in the desired form

I =f Gy(r, 6, t)e”"dt, (7.198)
where ‘
2 __5,2\2
Gu(r0,1) = 2 7 {[(S__%’Q} ‘3’1_} , (7.199)
bis R(n) nenrs Ot

where we have taken into account the symmetry of the path of integration
with respect to the real axis. For the integrand of I; we need the path
defined by (7.176). Now, depending on the value of @ the vertex # = —sr
cos § of the hyperbola defined by #;, may or may not be located in between
the branch points # = +s,. If 6 lies in the range

cos™! (spfsr) £ 0 < m—cos ™! (s./sr) (7.200)

the situation shown in figure 7.12a prevails, and the inverse transform can
be written out as before. If § < cos™! (s./sy) or 1 = 8 > nm—cos™ " (s./s7)
we have to include the integral around the branch cut. For 0 < 6 < cos™*
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(s./sr) the contour is shown in figure 7.12b.

’]7, 7]7+
e — S, S; S s, S, S,
;.
! 7,
(a) cos™(sy/sp) £ 0 < (b) 8 < cos™! (s./s7)

n—cos™ ! (s /sr)
Fig. 7.12. Contours in the 7n-plane.

Since the deformation is symmetrical with respect to x = 0, we need
to consider only the range 0 < 0 <=/2. The additional path around the
branch cut then consists of a circle of radius ¢(¢ — 0) centered at n = —s;,
and two segments represented by

2
e = — - cos 0+ (s%— t—z)%sin 0+ ie. (7.201)
r oo
The range of ¢ is found by equating n,r to —s, and — s cos 0, respectively,
and we find
trp £t £ spr, (7.202)

where

trp = s r cos 9+ r(s%—si)* sin 6. (7.203)

The integral I can then be converted into

Ir =f Gr(r, 0, t)e""dt-&-f G(r, 0, t)e"¥dt, (7.204)
t

where i STr
Gre(r, 8, 1) = i S {[4m” 2VIL{(("’"))VT("’)}FW ﬂ’b’:—L} (7.205)
Golr, 0, 1) = i s {[‘ﬁ%((%l@l:m "Lafti} . (7.206)

By the use of the simple rule (7.163) the inverse Laplace transforms of
(7.198) and (7.204) follow by inspection. Let us now return to eq. (7.195)
and write out expressions for the stresses 7,(x, y, t) due to the application
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of a line load of magnitude Qf(¢). In view of the symmetry with respect to
x = 0 we need to consider only the range 0 £ 6 < n/2, but we have to
distinguish between the ranges 0 < 6 < cos™* (s./sy) and cos™* (s./sr)
< 0 £ w/2. The results are

1y(x’ ¥s t) = - Q[(‘Cy)L + (%)TL + (%)T]' (7'207)

In the various time ranges the functions (t,)., (7,)r. and (t,)r are shown
in table 7.1.

The pattern of wavefronts is shown in figure 7.13 for x = 0. At a time
t after application of the line load the first term yields a disturbance in the
region r < ¢, t. In the range 0 < 0 < cos™!(s,/sy) the second term yields a
disturbance in the shaded area. The wave motions in the shaded area are

Qf(e) c.t

*—C7f~—~}

-cos{E

Fig. 7.13. Pattern of wavefronts.

called ““head waves’, and they are generated because the longitudinal wave
cannot satisfy the boundary conditions of vanishing stresses at the free
surface. At position (x, y) the arrival time of the wavefront of the head
wave corresponds to a longitudinal wave traveling the distance
x—y[(sp/s)*—1]"* with velocity ¢,, and a transverse wave traveling the
additional distance y {! —(s./s7)*]~* with velocity ¢y, as shown by arrows
in figure 7.13.

As 0 decreases to zero (or increases to 7) the influence of the pole at
1 = sp becomes more pronounced. For 8 = 0 the hyperbolic paths fold
around the branch cuts, and the pole then gives rise to a singularity which
propagates along the free surface (and only along the surface) with the
velocity of Rayleigh surface waves.

For an impulsive line load, i.e., a load applied as a é-function in time,



TABLE 7.1
Components of eq. {7.207) for 0 < 6 =< a/2

t (ry)L (Ty)TL (Ty)T
t < spr 0 0 0
df
SLr é t é !TL — ¥ GLl;;_r 0 0
dt
_ df df
0 <6< cos™ ! (syfsy) Py % Gl . * Grilir, 0
trp St S spr
cos ' (sy/sy) £ 6 € rf2 j—f* Gris,, 0 0
t
- df df or df
0 <8< cos™" (spfs7) E; # Gplg,, a * Grilire i * Grlypr
12 srr -
_ df df
cos (s fsp) <0 < w2 — w Gls . 0 — & Gypl}
( Ll’ T) = = / dt Ll r: dI Tls-rr
Iz
Notation: i Gl =f dI() G(x, y, t—7)dr
dt ty dr

80¢

ADVAS-1TVH V 40 SNOILLOW QHDHO4

TL§ L uDl
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numerical results were presented by Forrestal et al.2® Some of the results
obtained by these authors are shown in figures 7.14 and 7.15. Note that the
horizontal displacement vanishes after the transverse wave has arrived,
except for a d-function propagating with the velocity of Rayleigh waves.
The vertical displacement shows an infinite discontinuity propagating with
the velocity of Rayleigh waves.

1.5
.'ryX u
crQ .

1.0

05

700 . . 250 ¢t

X

Fig. 7.14. Horizontal displacement at the free surface.

l I

T X
CTQ — — -v=000
v=0.25 -
—-----r =040

Fig. 7.15. Vertical displacement at the free surface.

26 M. J. Forrestal, L. E. Fugelso, G. L. Neidhardt and R. A. Felder, Proceedings
Engineering Mechanics Division Specialty Conference, ASCE (1966), p. 719.
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7.12. Normal point load on a half-space

The first formulation and solution of this problem is due to Lamb?’, who
synthesized the solution for the pulse from the one for a point load of
harmonic time dependence. Here we prefer, however, to employ integral
transform techniques. In this section we reproduce the expressions for the
displacements at the free surface which were derived by Pekeris.?® The
details are worked out for the vertical displacement and for the special
case of a load which varies in time as a Heaviside step function. By linear
superposition over time the solution can of course be employed to determine
the response for any other time dependence of the surface load.

7.12.1. Method of soluticn

We consider an homogeneous isotropic half-space z = 0, whose free
surface is subjected to a concentrated normal load of magnitude QH(z).
The wave motion generated by the point load is axially symmetric, and it is
thus convenient to employ a system of cylindrical coordinates (see figure
7.16).

QH (1)
Q————‘o X

r

4 L

z
Fig. 7.16. Point load on half-space.
The boundary conditions at z = 0 may then be expressed as
=0 (7.208)
1, = —QH(!) o) (7.209)

z 3
2nr

T

where we have used that in cylindrical coordinates the delta function
6(x)d(y) may be expressed as &(r)/2nr.

For an axially symmetric motion the vector potential  has a component
¥, only. For convenience of notation we write ¢ rather than ;. The scalar
potential ¢ and the single component of the vector potential depend on r,

27 H. Lamb, fn. 16, p. 289.
28 C. L. Pekeris, Proceedings of the National Academy of Sciences (USA) 41 (1955) 469.
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z, and ¢t only. By employing the formulas of section 2.13 the decomposition
of the displacement vector may then be written as

J 5,
Lo _

7.210
or 0Oz ( )
_ e L) (7.211)
6z r Or
The two potentials satisfy the following wave equations:
2 2 2
¢ lop 0. _10¢ (1.212)
or*  r or 0z i ot
2 ~ 2 2
W Ly o ¥ _ LoV (7.213)
ort  ror 0zr r* ¢k at?
The relevant stress-displacement relations are
T, = (,1+2;4)6—W G (7.214)
0z r or
Ou 6w)
T, = -— 4+ —]. 72!5)
K (62 or (

The formulation of the problem is completed by a statement of the initial
conditions. If the half-space is at rest prior to ¢ = 0, we have for r* +z? > 0

o(r, z, 0) = ¢(r, 2,0) = Y(r, 2,0) = Y(r,z,0) = 0.  (7.216)

The appropriate integral transforms for the problem stated by (7.208)-
(7.216) are the one-sided Laplace transform with respect to time, and the
Hankel transform with respect to the radial variable r.

After application of the Laplace transform, (7.212) and (7.213) reduce to

2~ B 2
79,100, 90 _p, (7.217)
or*  r oor  0z* ¢}
2 2 2
ﬂ+£(ﬂ+ﬂ_£=l)_|ﬁ (7.218)
or? r or 072 r? c%

As discussed in section 7.3, the Hankel transform of order n of a function
f(r)is defined as

e = J?f(r)],,(fr)r dr,
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where J,,(ér) is the ordinary Bessel function of order n. The inverse transform
is

fr) = f:f ()T (Er)éde. (7.219)

In the present problem the Hankel transform of order zero must be applied
to ¢, and the Hankel transform of order unity to . After integration by
parts, (7.217) and (7.218) then reduce to the following ordinary differential
equations:

d?¢"° 5 o

i =0 (7.220)
2T HI1
ddfz ~ B = 0. (7.221)

In egs. (7.220) and (7.221),
o= (E*+sip?) B =(Z+s7p?)h  (7.222a,b)

where as usual s, = 1/c, and sy = 1/cy. Solutions of (7.220) and (7.221)
which show the appropriate behavior for large values of z are

o0 = o(&, p)e™,  PH = Y(&, ple . (7.223a, b)

Application of the Laplace and Hankel transforms to the displacements
and the stresses yields

—HO
w0 = 511(’1’— +egtt (7.224)
z
H1
aft = —¢g"0— 9%— (7.225)
¥4
~HO _ 2 2 -2\ —HO ,le“
= T2+ 2 - (7.226)
z
=H1 __ dq—)HO 2 2 2 H1 7227
G = 2 (s 2 W (7.227)
¥4

The boundary conditions at z = 0, egs. (7.208) and (7.209), are transformed
into

o 21 (7.228)
2n p

e (7.229)
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If the expressions for 3”° and ¥*!, (7.223a) and (7.223b), are now used in
conjunction with (7.226) and (7.227), the boundary conditions (7.228) and
(7.229) yield the following equations for (£, p) and ¥(¢, p):

(2p2+27)—2pew = - 2 L1
2n pp

—2uf P+ (s p* +2£%)¥ = 0.
The solutions of this system are

22 2
62 1lstp 428 (7.230)

p- 211 2 (7.231)

2n 4 p Dy(¢, p)’
where

Dy(&, p) = (stp*+2&%)* —4&%ap. (7.232)

By means of egs. (7.222)-(7.225), (7.230) and (7.231), the Laplace-
Hankel transforms of the displacements may be written as

- Q01 _ _ a 1
HO _ = 2 2 2,2 az __ 2 pz7 _— '7
W 5 #[( Er+siphle 2¢%e ]Du ; (7.233)
g = 2 -1[(2:2+s% pHe” ™ —2afe ] A (7.234)
27 u Dy p

7.12.2. Normal displacement at z = 0

Let us consider the displacements at the surface z = 0 in some detail. We
begin by employing (7.219) to write out the inverse Hankel transforms, and
then we proceed to introduce the substitution

¢ =pn.
The results are
B 2 [ n(n? + 2}
#(r, 0, p) =% ;T f n(LD(—n;L—)JO(pnr)dn (7.235)
0
_ 10022+22__2 2+2-} 2+2-}
a(r,0,p) = 2 hf Lt +20° =200 + DX 5D g (7.236)
2r pdy D(’I)

where D(n) is defined as
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D(n) = (2n*+s7)* —4n*(n* +s0)*(n* +sp)t.

By the substitution in for n this expression becomes just the same as the

corresponding denominator for the line load, which is given by eq. (7.194).

The roots of D(n) = 0 follow immediately from the roots of the Rayleigh
equation which were discussed in section 5.11, i.e.,

where cy is the velocity of Rayleigh waves.

The next step consists in evaluating the inverse Laplace transform by
means of the Cagniard-de Hoop scheme. Here the details will be worked
out for the vertical displacement only. In the inversion procedure we employ
the following representation for the Bessel function Jo(x):

2 © eixs
=2
o) n Ji (s*—-1)* ’

This representation was earlier stated in chapter 4, prior to eq. (4.71). The
Laplace transform of the vertical surface displacement can then be written

— 2 © 2_+ 2\+ © ipnrs
Ww(r, 0, p) = Q fzjf M sz) d’lf f_ :
0 D(n) 1 (s5-1)

o ou
In the upper half of the complex n-plane we have a pole at # = isg, and we
have branch points at # = is; and n = isy, respectively (see figure 7.17).

ds.

(S, PR
is, ¢¥8
1
(s, pA
o}

Fig. 7.17. n-plane.

Let us effect a change of contour from the real axis to the contour indicated
by I' in figure 7.17. The contour I" consists of the imaginary axis plus three
indentations around the points is;, is; and isg, respectively. It is easily
seen that the integrations around the branch points is; and is; vanish as
we shrink the indentations. The integration around the pole # = isg also
vanishes, because the contribution to the integral is real-valued. Thus we
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only need to consider integrations along parts of the imaginary axis, the
only complication being that the principal part must be taken for integrals
across n = isg.

Since we are left only with an integration along the imaginary axis, we
introduce the substitution # = iv, to obtain

_ Q g PUrs
w(r, 0, p) = —2 ff m(w)vdvf = 1)*
where

('l +SL)t

D(n)

It is now recognized that the second integral is of the form of a Laplace
transform. Indeed, it is easily concluded that

L_lfw e s ds H(t—or)

m(n) =

(-DF (=)
Since the Laplace transform parameter does not appear in the first integral
we may write
Q sT J’ vm(w)
w(r,0,1) = — 7.237
(r,0,1) - 2)* (7.237)
Let us now examine m(n) at various intervals along the imaginary axis
in the n-plane. We immediately find that m(n) is real along O4. Thus, in
view of (7.237) it is concluded that w(r,0,7) = 0 if #/r < s, or t < s.7.
Along AB (see figure 7.17) we have
002 2\k
m(iv) = 2 232 1(02 iL) Ni(2_ 208"
(s3—20%)* +4iv*(v® — sp)(s5—v?)*
On the remaining part of the imaginary axis (v > sr) we have

o2 2N+
) i(v°—
m(iv) = ) 22 (02 2SL)2§ 2 2\t
(s7—20%)° —40*(v* —sp)*(v" — 1)
The foregoing results show that at a fixed position on the free surface,
defined by a value of the radius r, the vertical displacement is expressed in a
different form in three different time intervals. We have

t S spr w(r,0,t) =0

~N

©

s;r St spr w(r, 0,1) = —_S_F1 (f)

2 r

20 8
~ R

t
STr é t W(r, 0, t) = - —'E S—I [FI(ST)+F2 (-):] ’
n r.
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where

t oo —sE)H(sE—207)2 (12 —v?r?) "2
Fig\-) = 2 2\4 42 2y 2 2 dv

r se (53 —20°)" +160*(v* —sp)(st —v?)
F2 (E) _ PJ*t/r v(vz_sf)}(tz_ver)—i-

r sr (53— 20%)2 — 40*(v? —s2) (v —s2)}

Here the symbol P indicates that the principal value of the integral must
be taken.

7.12.3. Special case . = p

For the special case 1 = u we have ¢} = 3cZ, or s2 = 3s2. The roots of
D(n) = 0 can now be expressed explicitly as

1= i3+
St

In terms of the dimensionless time
t

T=—

spr

the displacement at the surface of the half-space can then be written as

1
T8 —: w(t) =0
G
-1—§‘L'<1 W(’r)':—-%l%(;l(‘t)
V3 nur
13
150 W) = - 2 22 (6,0)+ 6,
ntur
where
i s(s2 =11 —2s*)ds
GI(T)=Pf 2 2(;- %)(2 )4 6
1/v3 (12 —5*)*(3 — 245" + 565" — 325°)
. i s3(s* —1)¥(4s* —2)ds
(’2(7)=Pj P) 2(;- )(2 31 6y’
1 (v —s*)%(3—24s" + 565* — 325°)

In this form the solution was obtained by Pekeris?®, who also further
evaluated the integrals. According to Pekeris the vertical displacement can
be expressed as

2% C. L. Pekeris, fn. 28, p. 310.
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-8 w(t) =0 (7.238)

1 .
7

II/\

1:

\(0 "

i
" V3 (3J3+5) (v3=9* | (73
" E G-y T @i O

e Q 11 (3/3+5)¢
1 <t <3(3+3)¢ (z) = o i T {.6 __—(%+%\/3—12)*} (7.240)

T2 13+Y3)F w(r) = 82 1 % (7.241)

11
Tur

In these expressions t = 4(3+./3)? is the time of arrival of the disturbance
which travels with the velocity of Rayleigh waves. This disturbance is
usually called the Rayleigh wave.

The vertical displacement (mur/Q)w(t) is plotted versus 7 in figure 7.18.

mur,, ~%° ’
2 _o4;

-02r

0

o.2r

0.4r

erf ‘
0 04 o8 1.2 1.6 2.0
crt
-

Fig. 7.18. Vertical displacement at the free surface according to eqs. (7.238)-(7.241).
P denotes arrival time of the longitudinal wave, S of the transverse wave, and R of the
Rayleigh wave. (After Pekeris.)

For a fixed value of r this figure shows the displacement as a function of
time. We see that the first disturbance arrives at ¢t = r/c;. At t = r/cy the
displacement shows a discontinuity in the slope of w(t). The displacement
becomes infinite at ¢ = r/cg, where cy is the velocity of Rayleigh waves. For
t > r/cg the displacement remains constant and equal to the static solution.
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Although the evaluation of the integrals is somewhat more complicated,
the radial displacement can be computed in a similar manner. The expres-
sions can be found in the previously cited paper by Pekeris. The propagation
of transient waves generated by a normal point load which is suddenly
applied and then moves rectilinearly at a constant speed along the surface
was investigated by Gakenheimer and Miklowitz.>® The displacements are
derived for the interior of the half-space and for all load speeds. For the
limitcase of zero load velocity, which corresponds to the problem discussed
in this section, curves showing the displacements in the interior of the half-
space were presented by Gakenheimer.?!

The wave motion generated in a half-space by a tangential point load was
treated by Chao.??

7.13. Surface waves generated by a normal point load

The expressions for the normal displacement, eqs. (7.238)-(7.241), show
that the largest disturbances at the free surface arrive with the velocity of
Rayleigh waves. The expressions also show a geometrical attenuation with
increasing r. In view of these results it is to be expected that at a large dis-
tance from the point of application of the load only the disturbances ar-
riving with the velocity of surface waves will be of appreciable magnitude.
This 1s well confirmed by experiments and seismological experience.

Analytically the Rayleigh wave effects correspond to the contributions
from certain poles in the integrands of the inversion integrals. These con-
tributions are generally not difficult to extract from the integral representa-
tion of the complete solution. Thus, it may very well be possible to find a
simple expression for the surface wave for cases that closed-form expressions
for the complete solution are not attainable.

For the dynamic response of a half-space to a point load we will examine
the displacements and the stresses corresponding to the surface wave. These
surface wave effects were investigated by Chao et al.??

By employing eqs. (7.233) and (7.234) and the formal inversion integrals,
which are defined by eqs. (7.21) and (7.32), the displacements may be
written as

30 D, C. Gakenheimer and J. Miklowitz, Journal of Applied Mechanics 36 (1969) 505.
31 D. C. Gakenheimer, Journal of Applied Mechanics 37 (1970) 522.
32 C. C. Chao, Journal of Applied Mechanics 27 (1960) 559.
33 C. C. Chao, H. H. Bleich and J. Sackman, Journal of Applied Mechanics
28 (1961) 300.
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© etico

w= 3 f %(:r)édﬁf (282 +s3 p)e™r ~2g%e 7] L om 2

4nuido e—io H p
(7.242)

@ et+ico , _ 1 , d

= LZ Jl(ér)ézdéf [(28% +52 pP)e™ —2afe #*] — " L.

Anuido e—ioo Dy p

(7.243)

In the complex p-plane poles are located at the zeros of the equation
Dy = 0. This equation has two zeros corresponding to Rayleigh waves. For
the special case A = u, when ¢? = 3c2, these roots can be written out
explicitly:

p=+ LS ,  where y=1(3+3)%
Sty

By computing the residues in the standard manner the contributions from
the Rayleigh poles in the p-plane can now easily be determined. Let us just
illustrate the computations by considering the term

o gtico 2 2 2 d
Lf Jo(&r)é déf AP proerm P,
2niJo e—iw Dy P
The contributions from the Rayleigh poles are
© 2 2 2
11 =f é-]o(é") [a_(zé +STP )e-az+ptj| dé
0 pdDyldp p=+i&/sTy

© 2 2 2
+f é-]o(ér) [a(zé +,STP ) e-—az+pl:] dé
0 pODy/op p= —ig/sTy

Some simple computations show that

2]
dp p=ti&/sTy YZ\/3 ’

m = i [Hi (;) (vz—:‘s)*] ;

where © = t/srr. The integral then becomes

2 __ + 2 _ 0 .
11 - _ (3? 1) (2? 1) ﬂf Jo(ér)eml{rdé.
4y 0

We introduce
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The integral over the Bessel function can be evaluated®* and we obtain

_ Gy -1ra-29Y) 1 1
fi= 4y r % [(l—mz)*jl .

This result agrees with what was derived by Chao ¢t al.

The second term in (7.242) as well as the two terms in (7.243) can be
evaluated similarly. In this manner the contributions from the surface
disturbance to w(r, z, t) and u(r, z, t) were obtained by Chao et al. as

w = 2(”2‘1)}{4‘{ L } (7.244)

nur 8y (m*-1F  (n?-1)t
R i el L]
+20° -1 -yt [1— (nZJT)*]} (7.245)

where n = (1/y)[t +i(z/r)(y* = 1)*].

Since only the Rayleigh phase is being considered, these expressions are
applied only to shallow depths (z/r <« 1) and to values of the time near the
arrival time of the Rayleigh wave (t = y). Using these restrictions Chao
et al. simplified (7.244) and (7.245) to the final form

w= K,y - I[(1-2y")Z7+2y°Z5 %] (7.246)
u = K yZ[(1-2y)Z7 +2(2 = 1)}(y* - 4)*Z7 %], (7.247)

GG

Z, = I‘(T—‘y)
V4

where

+i(y* =)
2, =07 Lo,
z

From these expressions for the displacements, expressions for the stress
components may be derived by routine differentiations; where z/r < 1,
and 7 = y are used again. Here we list just 7,(r, z, t); the other stress
components can be found in the article by Chao et al.

3% See N. W. McLachlan, Bessel functions for engineers. London, Oxford University
Press (1934), p. 160, nr. 44,
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T, = Ky =1’ R[Z;*-27 7], (7.248)

S O 6
Ki==—"—"—1-) {-) {-)-
n 162 \y/ \r/ \z
It is noted that the expressions for the displacements and the stress are in

terms of a single parameter, the nondimensional time 7. In figure 7.19 the
stress t, is shown as a function of r(t —y)/z.

where

L2
104 10°r2 221,/Q

2 12
T _\/c,t—T.OQP
b4

Fig. 7.19. Surface effect.

As can be seen from (7.246)-(7.248), the surface effects attenuate with
distance from the point of application as r ¥, as opposed to the other
components of the solution which decay as r~'. The physical explanation
1s that the surface effects are essentially cylindrical waves, while the body
waves are essentially spherical waves. The difference in geometrical at-
tenuation is the reason why at a large distance from the point of applica-
tion the surface effects form the major part of the propagating disturbance.

7.14. Problems

7.1, The wave motion generated in an initially undisturbed elastic half-
space by the application of a spatially uniform surface pressure p(t) was
analyzed in section 1.3. Re-derive the solution by applying the one-sided
Laplace transform with respect to time.

7.2. A spherical cavity in an unbounded elastic medium is rapidly pres-
surized. The governing equations are stated in section 4.3. Obtain the
solution for the potential ¢(r, t) by applying the one-sided Laplace trans-
form with respect to time.

7.3. An unbounded medium is subjected to a time-harmonic concentrated
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line load which may be represented by
F = jQdé(x)d(y) sin wt.

Examine the steady-state displacement response by employing the exponential
Fourier transform over the coordinate x.

(a) Evaluate the inversion integrals rigorously.

(b) Employ the method of steepest descent to obtain approximations
for the integrals.

7.4. Suppose an unbounded elastic medium is subjected to an antiplane
line load. The line load generates horizontally polarized shear motion of
the medium. The motion is governed by

A2 2 2

o'w 0w 1 0w

e —— +8(x)(VE(1) = = — ,
where f(¢) determines the strength of the line source as a function of time;
it is assumed that f(z) = 0 for ¢ < 0. It is further assumed that the medium
is at rest prior to ¢ = 0.

Determine w(x, y, ¢) by means of the Cagniard-de Hoop method.

7.5. An elastic half-space is subjected to a uniform pressure distribution
over half of its surface, i.e.,

y=0 1, = —QH(x)f(1)

Ty = T, = 0.

i

Determine the displacement component v on the surface y = 0 for x < 0.

RN

7.6. A quarter-space is subjected to a concentrated point load which is
applied at a distance @ from the edge. The boundary conditions on the
surface x = 0 are

T =T, =0 and u = 0.

Xz
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The Poisson’s ratio of the material is v = 0.25. Determine the vertical
displacement at x =0, y = 0.

I‘i‘

Y

7.7. An initially undisturbed unbounded medium is subjected to a point
load. State the problem in cylindrical coordinates and use the Hankel
transform and the one-sided Laplace transform to determine the displace-
ment in the radial direction. Invert the transforms by means of the
Cagniard-de Hoop method. Check the result with the expression stated
in problem 3.3.

7.8. A circular cylindrical hole of radius a in an unbounded medium is
subjected to shear tractions in the plane z = 0. The shear tractions are
uniformly distributed along the circumference. The boundary conditions
atr = aare

il

T, = Tod(2)H(t)
T’f = T’Z = 0‘

Prior to time ¢ = 0 the medium is at rest.

(a) Show that the wave motion involves the circumferential displacement
v(r, z, t) only.

(b) Write the equation governing u(r, z, t) and solve the problem by
application of integral transform techniques.
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7.9. The surface of a circular cylindrical cavity of radius a in an unbounded
medium is subjected to an antiplane shear load which is independent of the
axial coordinate. The boundary conditions are (r = a)

Tl‘Z

= 1, 8(0)H(?)

T =

rr

7, = 0.

The medium is initially at rest. Find expressions for the axial displacement
w(r, 8, 1).

Hint: Note the symmetry with respect to the plane 8 = 0. Restate the

problem for the domain —7 < 8 £ 7 and relate the problem to a problem
for the region —o0 < 6 < co.

7.10. Consider two quarter-spaces of distinct solids which are perfectly
joined along a common boundary defined by x = 0. The surface y = 0 is
subjected to surface tractions of the forms

x<0 r,=TH(®)
xz=0 1,, = T, H(t).
7 % Y —— X
Ao My % Py by
Y
Deéfine
7] = y m = (C_Tll k = /_1_2
(cr)2t {cr)2 My

and show that the interface stress at x = 0 is given by
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0<nsm:
2\ 2_ 2 —
T Tz _ —clIn L+(1—n7) + (a bz) {arcsinw + arcsin b—ﬂ}
2 T, n 2b(m*— b*)* m+bn m—bn
22y 2 _ 32 -
+ckln m+(m”~n’) - ch(a 127 ){arcsin 'lb"‘_ﬂ + arcsin -mb '1},
" 2b(1—b2)* m+bn m—bn
m=n=1
2y 2_ g2 —
M Ty _ | L+(1-7n%) ¢(a” = b%) : resin T _arcsin +—-ﬂ},
2T, 7 2b(miob}) n—m bry+-m
where
2 2.2
_ _ _ T.
gt kmion e _kmi—1 o k-n n= 1z
le—n k*—1 k*—1 T,

Examine the singularity at n = 0.



CHAPTER 8

TRANSIENT WAVES IN LAYERS AND RODS

8.1. General considerations

The simplicity and elegance of the analysis of transient waves in unbounded
media does not extend to bodies of finite dimensions. The complications
are caused by the reflections of the wave motion at the bounding surfaces.
For horizontally polarized shear waves reflections can still be analyzed in a
simple manner on the basis of considerations of symmetry or antisymmetry
with respect to the reflecting surface. It is, however, implicit in the discussion
of section 3.11 that symmetry considerations are of no use for the reflection
of more genera! types of wave motions, except if the physically less realistic
mixed conditions are assumed to hold at the reflecting surface. Consequently
it is rather complicated to determine the transient wave motion in simple
waveguides such as layers and rods where a myriad of reflections take place.
Simple closed form expressions for the field variables generally can be
obtained only for short times, or for long times and at large distances of
the external disturbances, or for any time but then only near the wavefront
separating the disturbed from the undisturbed part of the layer. The short-
time solutions are obtained by tracing a few of the reflections. For the long-
time and far-field solutions it is assumed that a steady-state pattern has been
established across the cross section of the waveguide. Within the context
of transient motion in plane strain of a layer the near- and far-field solutions
were recently reviewed by Miklowitz.?

In this section we will consider transient waves in a layer and in a rod.
It is instructive to start with an analysis of two-dimensional antiplane
shear motions in a layer. For shear waves the expressions for the field
variables, which are simple in form, provide some interesting insights in the
forced motions of waveguides. In subsequent sections we consider the more
complicated cases of wave motions in plane strain in a layer and axially
symmetric wave motions in a rod.

1 J. Miklowitz, in: Wave propagation in solids, ed. by J. Miklowitz. American Society
of Mechanical Engineers (1969), p. 44.

326
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8.2. Forced shear motions of a layer

In an (x, y, z)-coordinate system a semi-infinite layer occupies the domain
defined by x =0, —h <y < h, and —oo0 < z < 0. The geometry is

y

—

5|
|
o
h
i

Fig. 8.1. Semi-infinite layer.

shown in figure 8.1. We consider a layer which is free of tractions on the
faces of the layer, i.e.,

at y=+h 7, =p— =0 (8.1)

Prior to the application of external disturbances the layer is at rest
w(x, y,0) = W(x, y,0) = 0 for x > 0.

Suppose that the semi-infinite layer is subjected at x = 0 to time-varying
shear tractions (at x = 0):

u=ng=umm, (82)

where f(¢) = 0 for 7 < 0.

The dynamic response of the layer can be computed from the response
of an unbounded medium by invoking symmetry considerations, as dis-
cussed in section 3.11 and illustrated in figure 3.3 for the case of a line load.
In that manner the field variables are obtained as infinite serics, each
higher-order term representing a reflected wave. Only for very small times,
or very close to the wavefront separating the disturbed from the undisturbed
part of the layer, will the series consist of a small and therefore manageable
number of terms.
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Alternatively the field variables can be expressed as a superposition of
terms which show a trigonometric dependence on the thickness coordinate
y, and which are selected to satisfy the boundary conditions on the faces
y = -+h. These superpositions imply the assumption that a stationary
pattern has been established across the thickness of the layer. The super-
positions can be obtained by superposing modes of wave propagation for
a time-harmonic excitation, or by application of integral transform tech-
niques. As a preliminary it is instructive to examine the steady-state response
of the layer.

8.2.1. Steady-state harmonic motions

The results of chapter 6 show that a rather special external disturbance must
be applied to produce a specific single mode of wave propagation in a wave-
guide. Consider, for example, a symmetric mode of horizontally polarized
shear motion in a layer,

w, = A, cos (’12%) exp Li(k, x—wt)], (8.3)

wheren =0,2,4, ..., and

2 2
=[G T 9
cr 2h
It is evident that (8.3) can represent the steady-state wave motion generated
in a semi-infinite layer x = 0 by a displacement applied at x = 0, of harmonic
time-dependence with frequency w, and distributed across the thickness as
cos (nny/2h). Whether this particular mode propagates unattenuated or is
evanescent depends on whether & is real or imaginary, which in turn depends
on the forcing frequency, the mode number » and the parameters ¢; and 4,
as can be seen from eq. (8.4). If the externally applied displacement is time-
harmonic, but distributed across the layer thickness in a manner which does
not coincide with any of the trigonometric mode functions, an infinite
number of modes is excited simultaneously. The relative amplitudes of each
mode can be determined by a simple Fourier analysis.
Let us consider the case that T(y) is symmetric with respect to y = 0,
but otherwise arbitrary. It is then to be expected that the traveling wave
can be expressed by a summation over the symmetric modes

Wi,y 1) = Y A, cos (’%X) exp [i(k, x—wt)],  (8.5)

n=0,2,4,.4.y
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where A, is the amplitude of each mode and k, is defined by (8.4). Thus
given w, the wavenumber of each mode, which may be real or imaginary,
can be computed from (8.4). The larger the forcing frequency, the more
propagating modes are excited.

The solution (8.5) clearly satisfies the condition (8.1) that the surfaces
y = *h are free of tractions. The expression for 7, corresponding to (8.5)
may be written as

Ty t)= Y ‘ B, cos (2h ) exp [i(k,x —wt)]. (8.6)

n=0,2,4,..

Thus, we find that (8.2) is satisfied if

T())= Y  B,cos ("”y) . (8.7)
n=0,2,4,..., 2h

To determine the coefficients B, both sides of this equation are multiplied

by cos (mny/2rn), where m is an integer, and both sides are subsequently

integrated between y = —#h and y = +h. Employing the orthogonality

of the trigonometric functions, we find

I

B, % f :T(y)dy (8-8)

B

n hf T(y) cos (Zh ) dy, n=24,.., (8.9)

where the symmetry with respect to y = 0 has also been employed. For
the special case T(y) = T, the integrals in (8.9) vanish. Only the lowest
mode is then generated, and B, = T,.

As an example we consider

T(y) = [a—- i—;l)’i] Ty, (8.10)
where f < a. The coefficients are obtained as
B, = (a—4p)T,
4 2
B, = (—) BT, n=2610,....
nm
B, =0 n=47812,...

The relative importance of the higher modes depends to some extent on
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the ratio a/f. If «/f > 1, we have B, > }pT,, and B,/B, is smaller than
2(4/nm)?.

8.2.2. Transient motions

One way of determining the transient motion is based on the representation
of the function f(¢) appearing in eq. (8.1) by a Fourier integral. Analogously
to the examples treated in sections 1.9 and 4.3 the induced wave motion
then takes the form of a summation over integrals, where the frequency w
is the integration variable. Although these integrals can be evaluated we will
not pursue that approach. Here a somewhat more direct approach is
employed, whereby at the outset the displacement is assumed in the form

w(x, y, t) = . 22‘; W,(x, t) cos (nznhx) . (8.11)

This expression satisfies the boundary conditions (8.1} at y = +h. Sub-
stitution of the series (8.11) into the governing equation for horizontally
polarized shear motion shows that W,(x, t) must satisfy the partial dif-
ferential equation

(8.12)

*W, (n_n)zw _ 14w,
ox? 2n) " 2 et

Let us now apply the one-sided Laplace transform over time ¢, to obtain

Sl e oo

Assuming that T'(y ) can be represented by

T = Y  Bycos (%) , (8.14)

n=0,2,4,

the solution of eq. (8.13) which displays the appropriate behavior at x = 0
and x = o0 Is

c an‘(p) —(p? a,.zixc
o)== #(sz+a2 pe e, (8.15)
where
a, = T (8.16)
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In a table of Laplace transforms? the inverse of
o~ (P ram¥xicr)
2 2
(p*+ai)
can be found as

0 when 0<t<£

Cr
2\ %
Jo [(lz— J%) a,,] when t
cr

In view of the convolution theorem for one-sided Laplace transforms
W,(x, t) can thus be written as

. ' K2\
Wyx,t) = — -LB,| f{t—s)J, [(sz— —2) a,,] ds.
n

x/c-r CT

v

x
Cr

For the special case of an impulsively applied stress, when
f(2) = 8(2),
the displacement for ¢t > x/c; may be expressed as

A
w(x, y, t) = — ‘r S B,J, [(12— )-CE) a,,:l cos (’127%) .

U n=0,2,4 cr

This solution shows that the displacement pulse is subjected to dispersion.
At the wavefront, where ¢t = x/cy, the magnitude remains unchanged. Due
to the unrealistic nature of the forcing function the displacement is dis-
continuous, with a jump of magnitude

W] = — T1().
u

8.3. Transient in-plane motion of a layer

For the study of impact phenomena in layers it is of great interest to in-
vestigate the transient waves generated in a layer by the application of a
normal line load of rapid time variation. The geometry is shown in figure
8.2. If the line load is independent of the z-coordinate, the induced wave

2 Tables of integral transforms, ed. by A. Erdélyi et al., Vol. 1. New York, McGraw-Hill
Book Co. (1953), p. 248, No. 24.
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motion is in plane strain. The governing equations then are the same as
those used in section 7.7 for the investigation of waves generated in a half-
space by a line load.

\I/Qf (t)

N R B
X

Fig. 8.2. Line load on a layer.

8.3.1. Method of solution
As the problem is depicted in figure 8.2 the boundary conditions are
at y = +/i: 7, = —=Qf()d(x), 1,,=0 (8.17)
aty =—h: 1,=0, T,x = 0. (8.18)
Rather than work with the boundary conditions (8.17) and (8.18), we
decompose the problem into two separate problems with inhomogeneous
boundary conditions on both y = +h and y = —h. The decomposition is
indicated in figure 8.3. It is clear that the problem depicted in figure 8.3(A)

is antisymmetric with respect to y = 0, while the problem of figure 8.3(B)
is symmetric with respect toy = 0.

Qs (t) \l,%_af(t) J,‘;af(t)

L= b
barw T

(A) (B)

Fig. 8.3. Decomposition inte antisymmetric and symmetric problems.

The respective boundary conditions are
Antisymmetric problem, figure 8.3(A):

y=+h 1,=-307()5(x), Tye = 0 {8.19)
y=-h 1, =10f(t)é(x), Ty =0 (8.20)
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Symmetric problem, figure 8.3(B):
y=+h 1,=-30f(1)(x), T,=0 (8.21)
y=—h T, = —10f(1)6(x), T, =0. (8.22)
Since the layer is at rest prior to time ¢ = 0, the initial conditions are

‘P(x’ Y, 0) = ([)(x, Y, O) = lp(xa Y, O) = 'ﬁ(x’ Y, 0) = 0. (8-23)

The two problems are solved by applying integral transform techniques.
We apply the one-sided Laplace transform with respect to time and the
exponential Fourier transform with respect to the variable x. These trans-
forms are defined by eqs. (7.20) and (7.7), respectively. Denoting the
Laplace-Fourier transforms of o¢(x, y, t) and ¥(x, y, t) by @¢*(, y, p)
and y*(¢, y, p), respectively, we find from (7.108) and (7.109)

Ii

d2—~* ) _
d;; ~ (& +stp?)@* =0
d2 * _
sy o

where p is the Laplace transform parameter and ¢ is the parameter of the
exponential Fourier transform. For a layer appropriate solutions of these
equations are

@*(, y, p) = A, sinh (ay)+ A4, cosh (ay) (8.24)
F*(2, 7, p) = By sinh (By)+ B cosh (B), (8.25)

wherein
a=(E+sip?)} B =(E+stp)h (8.262, b)

The expressions for @*(&, y, p) and y*(&, y, p) show some obvious similar-
ities with the expressions for the potentials @(x,) and ¥(x,) which appear
in the study of free time-harmonic wave motion of a layer, see eqgs. (6.61)
and (6.62).

For the solution of the antisymmetric problem we obviously need the
terms of @* and ¥* which correspond to antisymmetric motions. These are

@* = A, sinh (ay), Y* = B, cosh (fy). (8.27a, b)

Upon application of the Laplace and the exponential Fourier transforms
to egs. (7.112), (7.113), (8.19) and (8.20), we find that the boundary con-
ditions (8.19) and (8.20) are satisfied if
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[A(— &%+ a?)+2ua®]A, sinh (ah)+2iuéPB, sinh (Bh) = —10f(p)
—2i¢aA, cosh (ah)+(E* + B*)B, cosh (Bh) = 0.
The solutions for 4, and B, are

190 (£%+ B?) cosh (Bh) ()

A, =
2 u D,
1 Q 2iéacosh (ah) .
B, = — - = 52O 1(p),
2 2 2 D, f(p)

where
D, = (B*+¢?)? sinh (ah) cosh (Bh)— 4£? «f sinh (Bh) cosh (k).  (8.28)

For the symmetric problem defined by (8.21) and (8.22) the appropriate
expressions for ¢* and y* are

§* = A, cosh (ay), ¥* = B, sinh (By).
The symmetric boundary conditions yield

[A(— &+ a?)+2ua’)14, cosh (ah)+ 2iuéBB, cosh (Bh) = —30f(p)
—2itad, sinh (ah)+ (&> + B*)B, sinh (Bh) = 0.

The solutions of these equations are

= -8 (247 sinh (B1) 7 (8.29)
7 Dy
_ l g 2iéa sinh (ah)
B, = AP f(p), (8.30)

where
D, = (£*+ %) sinh (Bh) cosh («h)—4&%af sinh (xh) cosh (Bh).  (8.31)

We will work out some of the details of the inversion process for the
longitudinal stress 7, at the free surface y = +A. By employing (7.111) the
Laplace-Fourier transform of 1, is obtained as

*

2 = () -2
dy
Aty = +h we have

Antisymmetric problem:

f: = —%QNa(é, p)f(p)/Da(é’ P),
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where
N,(& p) = (£*+B*)? sinh («h) cosh (Bh)+ 42« cosh («h) sinh (Bh), (8.32)

and D, (&, p) is defined by eq. (8.28).
Symmetric problem:

¥ = —3ONJ(& p)f(p)/DJLE, p),

where
Ny(&, p) = (&2 + B*)? cosh (ah) sinh (Bh)+4E%xfB sinh (ah) cosh (Bh).

8.3.2. Inversion of the transforms

By the use of the inversion integrals defined by eqs. (7.8) and (7.21) of
chapter 7, formal representations for the stress component 1,(x, ¥, t) can
be written as:

Antisymmetric problem:
<] X y+ioo
T = — %f itsge [T Nl ) oy, (8.33)
gniJ - v=in Dy, p)
Symmetric problem:
© y+ic
o= — | e %d éf N6 D) o, (8.34)
87z i -1 Dy(&, p)
In both (8.33) and (8.34) we have used
f(p) =1
which corresponds to
f(1) = 6(),

where §(¢) is the Dirac delta function. Thus from now on we consider the
case that the loads are applied impulsively. Stresses generated by loads
varying in a more general fashion can be determined by the use of the super-
position principle.

It is relatively simple to evaluate the integrals in the p-plane. Inspection
of the terms in (8.33) and (8.34) shows that the integrands are even in «
and f. Consequently the integrands do not have branch points, even though
the radicals « and S are themselves multivalued. The absence of branch
points renders the evaluation of the integrals by contour integration in the
p-plane a rather straightforward matter. By closing the contour in the left-
half plane it follows that the integral along the path defined by Z(p) = v
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is equal to 2ni times the sum of the residues, since the integral along the
closing contour in the left-half plane vanishes as |p| increases beyond
bounds. The positions of the poles in the complex p-plane are the zeros of
D,(¢, p) and D(&, p) in eqs. (8.33) and (8.34), respectively.

By introducing the substitution

p =iw,
we find that the equations D,(&, p) = 0 and D,(&, p) = 0 become

(62 —g?)? sin (ph) cos (qgh) +4&%pg sin (gh) cos (ph) = 0 (8.35)
and
(62 —g%)? sin (qh) cos (ph)+4&*pq sin (ph) cos (gh) = 0,  (8.36)

respectively, where

2
2 w

wZ
p = JE—

_629 ‘12 = —52-

ct ¢z

Eqgs. (8.35) and (8.36) are recognized as the Rayleigh-Lamb frequency
equations, which were earlier presented in chapter 6 as eqgs. (6.69) and
(6.68), respectively. These equations and the corresponding frequency
spectrum were examined in some detail as part of the study of straight-
crested time-harmonic waves in a layer. Thus we know that for every value
of &, there is an infinite number of solutions for w,, corresponding to the
frequency of each mode for the wavenumber that is considered. The im-
plications of these results for the evaluation of the integrals in the p-plane
are that we have an infinite number of poles located on the imaginary axis at

Dn = Tiw,,

where w, are the roots of the Rayleigh-Lamb frequency equation, with ¢
as a variable. The poles are all simple poles and the residues can be de-
termined by employing a well-established formula. For the antisymmetric
problem the resulting expression for 7,(x, A, t) is

) . © pt pt
= -2 ey {[——e N“] + [e N“jl }dc. (8.37)
4nd - o n=1 \LdD,[0p] j=j0, LOD./Op],=_is,

A completely analogous expression can be derived from (8.34) for the stress
7, of the symmetric problem.

The further evaluation of (8.37) is still a major task which will be carried
out by approximation.
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8.3.3. Application of the method of stationary phase

An exact analytical evaluation of the integral (8.37) representing 7, as a
function of x and ¢ does not appear to be possible. The two alternatives are
numerical integration or approximate evaluation of the integral by one of
the methods discussed in chapter 7. By the use of an electronic computer
numerical evaluation is very well feasible although it requires a rather
extensive programming effort and also considerable computer time. If one
wishes to have detailed information on 7,(x, A, t) over the whole range of
time, numerical integration is, however, anecessity. If, on the other hand, it
is sufficient to know the stress at relatively large values of time, a simple
approximation can be obtained by employing the method of stationary
phase.

Since p~'0D,/dp and N, are clearly even functions of p, eq. (8.37) can be
written as

o«

X

== 2|7 gy S (“’"’)[ PN ] (8.38)
27n = p=iwp

- A=l W, oD, [0p
At p = iw, the Rayleigh-Lamb frequency equation D,(iw, £) = 0 holds,
and it follows from egs. (8.32) and (8.28) that N, may then be written as

[Na]p= tion — [2(ﬂ2 +éz)2 Sinh (ah) COSh (ﬁh)]p= tion-*

By carrying out the differentiation of D, with respect to p it is subsequently
found that
1 oD, _M(p,§)1

where M(p, £) is a dimensionless function defined by

M(p, &) = 1 (Bh)*+(h)* _ K (Bh)*+(Eh)* 2
’ «h sinh (2ah) Bk sinh (2Bh)

L ey
2 (ah)*(Bh)*

In this expression x is c;/cy. The dimensionless stress (#*/Qc;)t, may then
be expressed in the form

[(Bh)* +K*(ah)’].

(ﬁz_) = — L Y (La=I,), (8:39)

Qcy 4min=1
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where

® 2(5}')2 _(wn h/CT)2 CL  i(crt/hywi(Eh)
1,, = —— e 'r Wd(Eh .
"' J_m M(iw,, &)  w,h ) (h) (8.40)

2(fh)2_(a’n h/Cr)2 CrL  —icrt/mywa(Eh
1 _f Lt/h)yw2($ )d h). 8.41
2n ~w® M(ia),,, é) w,h ¢ (é ) ( )

In these equations

oie) = 222 - X e (8.42)
L L

wa(Eh) = “;"h + ‘%éh. (8.43)
L L

The integrals (8.40) and (8.41) are suitable for evaluation by the method
of stationary phase, which was discussed in section 7.5.

Let us consider the integral in eq. (8.40). According to the stationary
phase approximation, for large values of ¢, ¢/h the major contribution to
the integral (8.40) occurs in the vicinity of & = &, where & satisfies the
stationary phase condition

ow,

¢

Assuming that there is one such value of £, the approximation to the integral
I,, follows from eq. (7.57) as

11" — (27[_11)* [: i }%2(é:h)2—(wnsh/cT)2 CL eiS,.(x,l) (845)

= 0. (8.44)

cpt wi' (& h) M(iw,g, &) W, h
Here w,, is w, at £ = &, and
, d*w (&h)
wi(E h) = — 1= 8.46
T (840
Sx. 1) = (cu (&, ). (8.47)

In obtaining the approximation it is assumed that w''(£,4) > 0, and also
that ¢, t/h is large, so that the expansion of w,(£h) discussed in section 7.5
need not be taken beyond the term containing w" (. h).

The stationary phase condition (8.44) takes the form

il
o

g'l b (8-48)

&l}(
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where ¢, = dw,/d¢ was earlier defined as the group velocity of the nth
mode. At a given point we find from (8.48) at each time a value of &;
thus &, = &,(x, t). The quantity & is sometimes called the local wavenumber
of the disturbance. This terminology can be motivated by differentiating

Sa(x, 1) = tw,[&(x, 1)]—xE(x, t)
with respect to x and ¢, respectively. Using (8.48), we obtain
A

as,
= — és >
Ox ot

ns-

For the various modes the group velocities may be computed from the
frequency spectrum by the use of finite difference formulas. For the first
four antisymmetric modes the curves showing the variation of the dimension-
less group velocity with A are shown in figure 8.4. These curves, which were
computed for a value of Poisson’s ratio of approximately 0.29, are from a
paper by Jones?, in which the antisymmetric transient motion of a layer is
investigated.

Fig. 8.4. Group velocities for the first four antisymmetric modes, v = 0.29.

For all modes the group velocity is zero at ¢4 = 0. As &h increases, the
group velocity of the lowest mode, labeled » = 0 in the figure, approaches
the velocity of Rayleigh surface waves. The group velocities of the higher
modes approach the velocity cr as A increases.

3 R. P. N. Jones, Quarterly Journal of Mechanics and Applied Mathematics XVIl
(1964) 401.
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In writing the approximation of I,, in the form (8.45) it is tacitly taken
into account that the function M(iw,, &) does not have zeros for real values
of £. If there were zeros the integrand of (8.40) would have poles on the
path of integration and additional contributions would come from the
vicinities of the poles. The denominator of (8.40) would vanish if
oD, (iw, £)/dw were zero at any point of the w versus ¢ curves which com-
prise the frequency spectrum of the layer. This does, however, not occur for
—o < ¢h < o, as can be shown by the following argument, which is
similar to that presented by Skalak* in the treatment of an analogous
problem for a rod. Along any branch of the frequency spectrum 0D, (iw, &)/
ds, = 0, if s, 1s the direction along the branch. If at any point on a curve
defined by D,(iw, &) = 0, dD,(iw, &)/dw were also zero, then 0D,/ds would
vanish for any direction s through this point, provided the curve D, (iw, &)
= 0 does not have a tangent parallel to the w-axis at this point. The condition
0D,/0s = 0 means that the function D,(iw, &) is either a maximum, a
minimum or a saddle point. If it is a maximum or a minimum, a curve
D, = 0 could not pass through it. If it were a saddle point, there would
be two curves D,(iw, £) = 0 passing through it. Inspection of the frequency
spectrum shows, however, that the branches do not cross. Also, for real-
valued ¢ there is no point where a w, versus £ curve is parallel to the w-axis.
Hence there are no points on the w, versus ¢ curves at which dD,(iw, £)/0w
vanishes. In the paper by Jones, where a solution is obtained by direct mode
superposition another argument is used, based on the observation that the
denominator is proportional to a kinetic energy function, which is necessarily
positive.

Returning to the stationary phase condition (8.48) it is noted that for
any value of x/c, ¢ the value of ;4 can immediately be determined from the
curves of figure 8.4. Over a range of values of x/c, ¢ there is more than one
root of (8.48). In this range there will be a contribution of the form (8.45)
for each root, and the complete solution is obtained by summation.

The assumptions made in the derivation of (8.45) are satisfied in the
region 0 < x < 0.37¢,¢. Since the group velocity is odd in &4, the stationary
point of w,(&h) is located at ¢ = —¢, and the integral 1,, can be evaluated
in just the same manner as I,,. The stress is then obtained as

(hz),x : (Z’I_h)*f [ Wy (Eh)] Gy sin (ésx—w,,st$ ’i) (8.49)

Qcy. 2n \cpt/ n=1

4 R. Skalak, Journal of Applied Mechanics 24 (1957) 59.
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where the alternative sign applies if d?w,/d¢? is negative, and where
_2(EhY —(wpshfer): cop
M(ion, &) @uh’

w,s = w, at & =¢&;.

ns

For each mode the local wavelength 2n/&, of the disturbance decreases with
increase of x/c, . When x = 0.37 ¢, f the values of ./ in the lowest (fun-
damental) mode is 0.45, corresponding to a wavelength of approximately
seven times the depth of the layer.

In the region x > 0.65 ¢t approximately, there is no value of &h satis-
fying the stationary phase condition and the stress 7, at y = +#A is therefore
zero, to the order of accuracy implicit in the approximation. It is evident
that the stresses cannot be identically zero throughout the whole of this
region, since disturbances are propagated with the velocity ¢, , the velocity
of longitudinal waves. Consequently we should expect the disturbance in
the layer to extend as far as x = ¢, t. The stationary phase approximation
indicates, however, that the stresses in the region 0.65 ¢, ¢t < x < ¢t are
of order smaller than (c,t/h)"%.

Consider finally the region 0.37 ¢, ¢ < x < 0.65 ¢, ¢. It is noted from
figure 8.4 that in this region there are values of &4 for which the group
velocity is stationary, so that w,(£;#) = 0, and the approximation (8.45)
breaks down. From figure 8.4 we observe that for the higher modes the
group velocity shows both a maximum and a minimum for finite values
of &£h. The derivative dcg/dé vanishes for all modes as & increases beyond
bounds. It can now be shown that for the points dc,/d¢ at finite values of
£h a stationary phase approximation in the form of Airy integrals can be
obtained by the use of a modified expansion for w,(&4) in the vicinity of
¢ = ¢,. For transient antisymmetric motion of a layer the appropriate
expressions were worked out in the previously cited paper by Jones. The
most noteworthy feature of these contributions is that the stress varies as
(cpt/h)™*, as opposed to the contributions represented by (8.49) which
vary as (th/lz)“*. Thus at large values of the time the ““Airy phase” be-
comes predominant. Finally, the contributions at x = cgxt and x = cpt
are also discussed by Jones.

In the discussion presented here we have included the contributions of
the higher modes. Actual computations show, however, that especially
in the region 0 < x < 0.37 ¢, ¢ the major part of the response arises from
the fundamental mode.

The approximate plate theories of section 6.12 have been used extensively
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for transient problems of the type discussed in this section. There are of
course definite ranges of x and ¢ beyond which the approximate theories are
not valid. For a discussion we refer to a paper by Nigul.’

8.4. The point load on a layer

The application of a normal point load generates axially symmetric wave
motions in a layer. In the same manner as for a line load, the total response
of the layer can conveniently be considered as the superposition of the
responses to an antisymmetric and a symmetric pair of loads, respectively,
as sketched in figure 8.3.

1QH( )
-
7 A
. N .
h
//
//
1QH (1)

Fig. 8.5. Point load on a layer.

We choose a system of cylindrical coordinates with the z-axis coinciding
with the direction of the load, i.e., normal to the faces of the layer, and with
the origin in the midplane of the layer. The field variables are axially sym-
metric. The expressions relating the displacements and the potentials then
follow from the equations of section 2.13 of chapter 2. In the present section
the analysis of the symmetric problem is outlined. The geometry is shown in
figure 8.5. Let us consider the case that the load is suddenly applied and
thereafter maintained at a constant value, so that the boundary conditions
may be expressed as

é(r)
2nr

T, = —'%QH(t)
Tzr = O’

3 U. Nigul, International Journal of Solids and Structures 4 (1969) 607.
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where we have used the representation of the Dirac delta function in polar
coordinates. A further condition is that the displacements and the stresses,
hence the potentials vanish at infinity (» - 0). Since the layer is at rest
prior to ¢ = 0 the initial conditions are

o(r, z,0) = ¢(r, z,0) = ¢(r, z,0) = Y(r, z,0) = 0.

The symmetric problem defined above was treated by Miklowitz.® The
most efficient method of solution is again by the use of integral transform
techniques. In addition to the one-sided Laplace transform with respect to
time, Hankel transforms with respect to the radius » should be employed for
this problem with axial symmetry. These transforms and their inverses are
defined by egs. (7.20), (7.21) and (7.31), (7.32), respectively. By application
of these transforms the equations governing the Laplace-Hankel transforms
of the displacement potentials reduce to simple ordinary differential
equations of the second order. Their solutions are exactly of the same
forms as (8.24) and (8.25). Using the terms of these expressions cor-
responding to symmetric deformations of the layer, we can subsequently
employ the boundary conditions to solve for the unknown constants. In
this manner expressions analogous to {8.29) and (8.30) are obtained.

By the use of the inversion integrals defined by eqgs. (7.21) and (7.32) of
chapter 7 a formal representation of, for example, the radial displacement
u(r, z, t) can be written as

1 5] y+ico .
u(r, z, 1) = %L fJ,(fr)dff y %ew. (8.50)

In this expression U{¢, z, p) is a rather complicated function of the Hankel
transform variable ¢, the Laplace transform variable p and the coordinate z.
It is noteworthy that the denominator is just the same as for the line-load
problem, i.e., D(¢, p) is given by eq. (8.31).

Just as for the line-load problem the evaluation of the integral in the
complex p-plane is simple. Since there are no branch points in the p-plane
the integral reduces to 2xi times the sum of the residues of the poles located
in the half-plane Z(p) < y. We find

¢ J. Miklowitz, Journal of Applied Mechanics 29 (1962) 53.
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u(r, z, t) —f &J (Er) {lp|—'0 [%Z—ij} dé

f 241G )Z {[ 6lp;f/lap:],,=,-w,_+ {p;:)lf/,;plﬁ_iwn} de,
(8.51)

where w, are the roots of the Rayleigh-Lamb frequency equation for sym-
metric modes, D&, iw) = 0.

A further evaluation of the integrals in (8.51) can be achieved by ap-
proximate methods. Miklowitz first replaces the Bessel function by the
leading term of its asymptotic expansion for large r/4 and then proceeds to
approximate the resulting integrals by the method of stationary phase. For
details we refer to the previously cited paper by Miklowitz. As main result
of the analysis it is found that the head of the propagating disturbance is
composed predominantly of the low-frequency long waves from the lowest
mode of symmetric wave transmission.

8.5. Impact of a rod

In engineering applications, for example in machinery, it is often required
to transmit a signal from one position to another. Very often the transmis-
sion is accomplished via a cylindrical rod. In such cases it may be necessary
to take into account wave propagation effects if the sigual varies rapidly
in time. The most elementary theory capable of describing the propagation
of longitudinal pulses in a rod is governed by the equation

*w _p 62

— 8.52
3z E 6t ( )

Here w is the axial displacement; p and E are the mass density and Young's
modulus, respectively. Eq. (8.52), which was derived earlier, is based on
the assumption of a one-dimensional state of stress in the rod.

Since (8.52) is a simple one-dimensional wave equation, it predicts that
a pulse does not change shape as it propagates along the rod. Several years
ago it was, however, already shown experimentally by Davies’ that this
prediction proves to be true only if the external disturbance producing the
pulse is applied relatively slowly. If the disturbance is applied rapidly the
resulting pulse shows dispersion. This observation, which was subsequently

7-R. M. Davies, Philosophical Transactions of the Royal Society A240 (1948) 375.
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verified by other experimentalists, has motivated analytical investigations of
transient axially symmetric wave propagation in a circular cylindrical rod
by the use of the equations of the theory of elasticity.

Several investigators have examined the response of a semi-infinite
circular rod of radius a to prescribed conditions at the end surface z = 0.
General methods of solutions for arbitrary end conditions still are being
investigated.® For the axially symmetric case a solution can, however, be
obtained by integral transform methods if the conditions at z = 0 are
specified by mixed conditions. Here we will discuss the case that a constant
pressure is suddenly applied, while the points in the plane z = 0 are re-
strained from motion in the radial direction. The solution to this problem
was presented by Folk et al.®

We choose a system of cylindrical coordinates with the z-axis coinciding
with the axis of the cylinder. The expressions relating the radial displacement
u(r, z, t) and the axial displacement w(r, z, t) to the displacement potentials
follow from section 2.13 as

w20 _W (8.53)
r oz
w=22 120y, (8.54)
0z r or

respectively, where the single component of the vector potential is denoted
by ¥ rather than by ¥,. The potentials must satisfy the following wave equa-
tions

1 %
Vip = — — 8.55
® 2 o (8.55)
1 1 0%
Viy— —y == ——, 8.56
v rzllj ¢k or? (8.36)
where
2 2
CICA S (8.57)

ot ror 0zt

8 See J. Miklowitz, loc. cit., p.

¢ R. Folk, G. Fox, C. A. Shook and C. W. Curtis, Journal of the Acoustical Society of
America 30 (1958) 552.
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The pertinent components of the stress tensor are

0 [dep oY
7, = AV Q+2u — [— - —} 8.58
¢ #ar cor 0z ( )
0 (aq; 6:1/) 0 |:6qo 10 :H
Le=p|—|=———)+—|—=+-=(y¥ 8.59
“ |:6z or 0z or Loz r ar( ) ( )
7, = AVip+2u 9 [-aﬁ’ + 1a (rlj/):] . (8.60)
0z Loz r or

Solutions to these equations must satisfy boundary conditions at the end
of the rod and at the lateral surface. We have

at z=0, 0<r=a 1,0,t) = —PH(t) (8.61)
u(r,0,1) = 0 (8.62)
at r=a, z20 7(a,2z,1) =0 (8.63)

1..(a,z,t) = 0. (8.64)

A further condition is that the displacements and the stresses, hence the
potentials vanish at infinity (z — c0). Since the rod is at rest prior to time
t = 0 the initial conditions are

o(r,2,0) = ¢(r, z,0) = Y(r, z,0) = Y(r,z,0) = 0. (8.65)

Boundary conditions on the potentials at the face z = 0 can easily be
extracted from (8.61) and (8.62). From (8.62) and (8.53) it is concluded
that atz =0

oo _ id . (8.66)
or 0z

Using this relation to eliminate ¥ in the expression for 7,, see eq. (8.60),
we obtain from (8.61) atz = 0

(A+2u)V?p = —PH(t),

where V? is defined by (8.57). Since ¢ satisfies the wave equation (8.55), we
can also write (at z = 0)
pp = —PH(f). (8.67)

In view of this result (8.66) reduces to

W _ 8.68
oz ' ( )
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Eqgs. (8.67) and (8.68) provide boundary conditions at z = 0 on the poten-
tials o(r, z, t) and Y (r, 2, 1).

8.5.1. Exact formulation

Integral transform techniques are again the appropriate method of solution
for the problem stated by eqs. (8.53)-(8.60), (8.63)-(8.65) and (8.67)-(8.68).
For the present semi-infinite domain (z 2 0) Fourier sine and cosine trans-
forms are used with respect to z. These transforms were defined by egs.
(7.26) and (7.28) of chapter 7 as

sine transform:  f3(¢) = fw f(2) sin (¢z)dz
0

cosine transform:  f(¢) = fwj(z) cos (¢éz)dz.
0

The form of the boundary conditions (8.67) and (8.68) suggests the use
of a cosine transform for ¥ and a sine transform for ¢. In addition the one-
sided Laplace transform is used to eliminate the dependence on the time .

Upon applying the integral transforms to the wave equations (8.55) and
(8.56), whereby the initial conditions (8.65) and the boundary conditions
(8.67) and (8.68) must be taken into account, these wave equations reduce to

2= ~S
d—‘-’;— + 1dg +a2p° = Pe (8.69)
dr r dr pp
d’y° 1 4y ( 2 1) c
— + - -+ =) P =0, 8.70
dr? r dr g r? ( )
where
2 2
=L po P g (8.71a, b)
c c
L T
Solutions of (8.69) and (8.70) that are bounded at the center of the rod are
@ = AJo(ar)+ % —% (8.72)
a’p p
3¢ = B ,(pr). (3.73)

The conditions that remain to be satisfied are that the stress components
7, and 7,, vanish at the cylindrical surface defined by » = a. Applying the
Laplace transform and the Fourier sine transform to eq. (8.58), and em-
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ploying (8.72) and (8.73) we obtain at r = a

[-(/32 — & o(na)+2 g Jl(aa)-} A+2 [Bé]o(ﬁa)— g Jl(ﬁa)} B

A P ¢
l+2,u,upa2'

Similarly an application of the Laplace transform and the Fourier cosine
transform to eq. (8.59) yieldsatr = a

2087, (xa)A + (8% —¢*)J,(Ba)B = 0.

The solutions of these equations are

BRI i s (8.74)

B=_-"2_°" _->2 , (8.75)
A+2u uypa D

where
2a .
b=~ (B*+&°) (a) (Ba)— (B = &%)*J o(aa) ,(Ba)
—4apEiJ (aa)do(Ba).  (8.76)
The particle velocity in the axial direction,

ow
Vir,z,t) = — ,
(r,z,1) 5

will be considered in some detail. In terms of the displacement potentials,
V follows from (8.54) as

V(r,z,t) = g (0_(/,7) + ! i(ra—d’)
0z \0t r or\ ot

Application of the Fourier cosine transform and the Laplace transform
results in

which can be rewritten as

pe_ P12 PEN
p p*+&%; A+2u p o’ D

, (8.77)
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where

N = (B2 =& o(ar) (Ba)— 20BJ o(Br)J, (xa) (8.78)
and D is defined by eq. (8.76).

8.5.2. Inversion of the transforms

The inversion of the transforms is again the major task of the analysis.
Formally, inverting the Laplace transform yields the result
1 y+ico__
Ve = — VCdp. (8.79)
2ni y—iw

Just as for the response of a layer to line loads and point loads the integra-
tion in the complex p-plane can be carried out by applying Cauchy’s residue
theorem. The path of integration is closed by a semicircle of infinite radius
about the origin in the left-half plane.

If the numerator and the denominator of eq. (8.77) are each multiplied
by B and the various Bessel functions are replaced by their respective in-
finite series, it is found that only even powers of « and f§ appear. Hence there
are no branch points in the complex p-plane in spite of the fact that « and f
are radicals. On the infinite semicircle the various Bessel functions may be
replaced by their asymptotic forms for large arguments. In the limit it is
then found that the integral over the infinite semicircle vanishes. In view
of these observations the original integral is equal to 2xi times the sum of
the residues in the left-half plane.

Both terms of (8.77) have poles at p = +ifc;. It can, however, be verified
that the residues of these poles cancel each other. The remaining poles are
at the points of the p-plane where the function D(p, ¢) defined by (8.76)
vanishes. By means of the substitution

p = iw,

the equation D(p, &) = 0O is cast in a form which is identical to the frequency
equation of longitudinal motions of a rod, which was given by eq. (6.131).
Consequently for any value of £ the integrand of eq. (8.79) has an infinite
number of poles along the imaginary axis in the p-plane, at positions defined
by p = iw,, where the functions w,(¢) are the circular frequencies of
longitudinal waves in a rod. The contributions from these poles yield the
following expression for V¢:
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ve = — A P S it (w,, &) sin (w,1), (8.80)
A42p pa=1
where
i N
M (w,,&) = [_2 __J (8.81)
o4 aD/ap p=ion

This function is even in &.
By applying the inversion integral for Fourier cosine transforms we find

yo_ 4 P S I, (8.82)
A+2p pon=1
where
I, = - ﬂf £ M (0,£) sin (@, 1) cos (§z)dE. (8.83)
nvo

As in the problems for the layer the integrals in (8.82) cannot be evaluated
rigorously by analytical means. A very satisfactory approximation can,
however, be obtained by the method of stationary phase.

8.5.3. Evaluation of the particle velotity for large time
The integrals appearing in (8.82) may be cast in the form

=% f M (w,, E)F[E 0 —gsron]dr (8.84)
nTJo

For large values of a dimensionless time such as ¢ ?/a an approximate
evaluation can be carried out by the method of stationary phase. As was
shown in section 8.3, the resulting contributions of the various branches
of the frequency spectrum will be at most of order (c ?/a)” %, except at
positions x/c.t of stationary group velocity, where the contributions are of
order (¢ t/a)™*.

Additional contributions to 7, may come from poles on the real £-axis.
It can, however, be shown by an argument of the type presented in section
8.3 that dD/dp cannot have zeros for real-valued &£. For the rod the argument
of nonvanishing dD/dp is given by Skalak.'® A vanishing value of 6D/dp is,
however, not the only potential cause for a pole on the £-axis. In the present
problem it so happens that for the contribution of the lowest mode , is
proportional to & in the vicinity of £ = 0. The presence of the term o« in

10 R. Skalak, Journal of Applied Mechanics 24 (1957) 59.
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the denominator then causes a simple pole at £ = 0. An additional compli-
cation is that for the lowest mode the point £ = 0 is a point of stationary
phase. Moreover, the group velocity is stationary at £ = 0. These circum-
stances combine to yield a contribution which predominates the other con-
tributions since it does not decay in time. This contribution will now be
computed in a manner which follows by and large the previously cited work
of Skalak.

According to eq. (6.135) of chapter 6, for small values of £ the frequency
of the lowest longitudinal mode is

W, = ¢, E—yE, (8.85)
where ¢, is the bar velocity
cs = (Elp)t, (8.86)
and y is defined as
y = Hvic,a’. (8.87)

Substituting @, = ¢,¢ in M,(w,, &), the following limit can be derived:

. 2
lim &M (0, &) = L # L. (8.88)
&-0 2 A ¢

The essential contribution to I, can now be obtained by limiting the range
of integration of (8.84) to ¢ < ¢, where ¢ is a small number

h

+e
I, = — 1 H jf £[ei(éz—wlr)_ei(§z+wxr)]dé_ (8.89)
T A o &

Cp

The upper limits of these integrals are next again extended to co because the
integrals so added are of order (c,#/a)™%. If subsequently just the first term
of (8.85) is substituted, i.e. w; = ¢,¢&, the integrals can be evaluated, with
as result the solution according to the elementary theory

Vi, 1) = L P He,t-2). (8.90)
Cy P

A better approximation is obtained by employing eq. (8.85) for w,. The
result may be written as

2
4

Il = "g _L[_Jl'{'Jz],
A ¢y
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where

J, = IJ‘” sin [E(z—c, 1) +7E3t] de

v o ¢
J, = 1J‘°° sin [ —&(z+¢, 1) +yE%(] de:
ndg ¢

By a change of the variable of integration these integrals become

1(si 33

J, = __J\ sin [q1’7+’7 / ]drl (8.91)
nJo 1

w 3 3

J, =1 f sin[gon+0°/3 (8.92)

TJo n
where
. _z—cyt g = zZ4cyt
B ’ 2 = = ’
(3y1) (3yr)*

In the forms (8.91) and (8.92) the integrals are recognized as integrals of
Airy’s integral 4i(q)

1 [+ +]
Ai(q) = -f cos (qn+#>/3)dn.
nJdo
We obtain

a1
J, =f Ai(s)ds ++
0

q2
Jz = f Al(S)d5+%,
[¢]

where the terms £ enter as the values of J; and J, for g; = 0 and ¢, = 0,
respectively. For large values of r the integrals approach —2%, and the
elementary solution ¥V = P/pc, is obtained.

pe
o)
S0V
12
PR T V/\V \\ «—1 Elementary
0.8 \ theory
0.4
0]
i
-24 -16 -8 0 4 q/(yt)

Fig. 8.6. Particle velocity near z = c,r.
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For small values of ¢ the integrals vanish. Thus, the results show that some
distance ahead and some distance behind the wavefront z = ¢,¢ the im-
proved approximation agrees with the elementary theory. Numerical results
are shown in figure 8.6.

In the natural coordinates z and ¢ the wave form shown in figure 8.6.
gradually spreads out around the wavefront z = ¢, t.

8.6. Problems

8.1. Suppose that a thin rod of length / is fixed at the end x = 0 and that
a force P(t) acts at the other end. Assume that the wave motion of the rod
is governed by the equation
2 2

Ql:la_u’ where c;‘;zg

ax? ¢ or? p
It is also assumed that the rod is undisturbed prior to time ¢ = O.

Show that the one-sided Laplace transform ii(x, p) can be expressed in

the form
I—J(p) ¢ epxla:_ e—px/Cb

ﬁ(x, P) = E4 p gPlce 4 o= Pllcs :

Invert the transform by employing the expansion

1

—_ 1 _ o~ 2plcv —4plfcy
T 1—e +e

What is the physical interpretation of the terms?
An alternative method is to evaluate the inverse Laplace transform of

1 sinh px/c,
p cosh pljc,
by contour integration in the complex p-plane. What is the form of u(x, ¢)

which is obtained in that manner? What is the physical interpretation of
the solution?

8.2. The system of equations governing the motions of a Timoshenko beam
is given by eqgs. (6.150) and (6.151) of chapter 6. Derive the expressions
defining the characteristics and determine the differential equations along
the characteristic curves.

8.3. A semi-infinite circular cylindrical rod (0 < z < o) of radius a is
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subjected to a prescribed displacement distribution over the cross section
at z = 0. The prescribed displacement distribution is of the form

r2
o(r, 0, 1) = —sin wt,

where v is the circumferential displacement. The lateral surface is free of
tractions. Determine the steady-state displacement response of the rod.

8.4. The semi-infinite rod of problem 8.3 is now subjected to the following
axially symmetric boundary conditions at z = 0:
7,(r, 0, 1) = 74 sin wt
u(r,0,t) = 0.
Determine the steady-state displacement response.
8.5. An elastic layer of thickness 24 is subjected to a suddenly applied anti-

plane line load. Choose the coordinate system as shown in the figure. The
boundary conditions then are

il

y=20 Ty, = ToO(x)H(t)

y= 20 1,=0

yz

The layer is at rest prior to time ¢ = 0.

2h{ - — o ——

Apply the one-sided Laplace transform with respect to time and the two-
sided Laplace transform with respect to x to obtain w*. Observe that the
Cagniard-de Hoop method cannot be applied directly. For large enough
values of p the exponentials appearing in the denominator of w* can,
however, be removed by using the same type of expansion as in problem
8.1. Invert the resulting sum of exponentials term by term by means of the
Cagniard-de Hoop scheme. What is the physical significance of the terms?

8.6. The solution as suggested by problem 8.5 is not suitable for large values
of time. Reexamine the problem in a coordinate system whose origin is in
the midplane of the layer. Split the problem up in a symmetric and an anti-
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) yé)

h_l__ - e

symmetric problem. Find an expression for the transformed displacement
by applying the one-sided Laplace transform with respect to time, and the
exponential Fourier transform with respect to x. Invert the Laplace trans-
form by contour integration. Consider the contribution from the lowest
mode and evaluate the integral which determines the inverse of the ex-
ponential Fourier transform.

8.7. A semi-infinite three-layered sandwich construction is subjected to a
uniform antiplane shear traction at x = 0, i.e., at x =0 7,, = 70 H(?).

<
-

o]

’J—‘L 0] /’57 /,3
O

h O
0 . -
o} X T

h o} w,p
0]

+ o .

The surfaces at y = +(a+h) are free of tractions. Use the results of
problem 6.5 to investigate the wave motion in the layer. In particular find
an expression for large values of x for the interface stress 7,, at y = *h.

8.8. Consider a circular cylindrical rod of radius a and infinite length, whose
cylindrical surface is loaded by a distribution of circumferential tractions
which is independent of 6. As an idealization we assume that the tractions are
applied as a line load. Also the load is suddenly applied and then maintained
at a constant level. The boundary condition may be expressed as

at r=a 1,4 = To(2)H(t) 1.=1,=0.

The rod is at rest prior to time ¢ = 0.

(a) Express the transient response of the rod in terms of a summation
over integrals. The first term of the summation can easily be worked out,
and this should be done. The remaining terms in the summation may be left
in the form of integrals.
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(b) Now suppose that the rod is of finite length, {z| < I In what time
interval is the solution of (a) valid for the finite rod? If the rod is clamped
at z = 4/, how can you use the result of (a) to determine the solution at
any time?

8.9. A rod of radius a and infinite length is loaded by a ring load of normal
surface tractions:

r=a: lzl < b 7, = 7o H(?)
fz| > b 7, =0
—0 <z < T, = T,9g = 0.

Determine an expression for the particle velocity w(r, z, 1) for large values
of z.

8.10. A semi-infinite elastic layer of thickness 24 is free of tractions on the
lateral surfaces y = +A. The cross section at x = 0 is subjected to the fol-
lowing boundary conditions:

(0, 3, 2, 1) = T, 8(2)H(2)
v(0, y,2,1) = w(0,y,2,t) = 0.

The layer is at rest prior to time ¢t = 0. Determine the particle velocity
i(x, y,0,t) for large values of x.



CHAPTER 9

DIFFRACTION OF WAVES BY A SLIT

9.1. Mixed boundary-value problems

In general terms a mixed boundary-value problem is a problem for which
the boundary conditions are of different types on complementary parts of
the boundary. For example, for a body B with boundary S an elastodynamic
mixed boundary-value problem is defined by the conditions

u; = U"(x, f) on Sl (9.1)
and
T =t(x,t) on S—S,. (9.2)

J0

Mixed boundary-value problems usually are exceedingly difficult to solve.
The standard techniques of elastic wave analysis which were employed in the
preceding chapters cannot be applied directly. It is, in fact, necessary to
call upon another class of methods of applied mathematics, which may be
classified as methods to solve integral equations. To exemplify, let us as-
sume that the elastic fields inside a body due to both normal and tangential
point loads on the surface S are known. The displacement solutions of the
mixed boundary-value problem defined by eqs. (9.1) and (9.2) can then be
expressed in the form of integrals over the known tractions #(x,?) on
S—S;, and over the unknown tractions acting on the part S;, where the
displacement field is prescribed. It is evident that the integral representations
and the boundary condition (9.1) provide us with a set of integral equations
for the unknown tractions acting on S, . If it is possible to solve this set of
integral equations the thus obtained surface tractions can be substituted
in the integral representations of the solution.

With the exception of the simplest cases it is, unfortunately, rather dif-
ficult to solve the type of integral equations appearing in elastodynamic
mixed boundary-value problems. When the body is a half-space and the
complementary parts of the boundary, S; and S—.S,, are half-planes, the
system of integral equations can in some cases be solved by means of in-
tegral transform techniques in conjunction with an application of the

357
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Wiener-Hopf technique. For these cases it is, however, often more efficient
to apply integral transforms directly to the boundary conditions and the
governing equations.

Examples of physical situations which lead to the formulation of mixed
boundary-value problems of elastodynamics are rapid indentation of a
body and diffraction of elastic waves by cracks. In this chapter we will
direct most of the attention toward the analysis of the diffraction of plane
transient waves by semi-infinite cracks. These problems are amenable to
treatment by the Wiener-Hopf technique. For a discussion of diffraction
by cylindrical and spherical cavities we refer to the monograph by Mow
and Pao.!

9.2. Antiplane shear motions

The simplest elastodynamic mixed boundary-value problems are concerned

with two-dimensional horizontally polarized shear motions of a half-space.

These motions are governed by the two-dimensional wave equation, which

for the present purpose is written in the form
3w d*w *w
P T Rt (9:3)
0x Oy Js

where

Y
s = cpt, cr = (E) . (9.4)
p
In eq. (9.3), w(x, y, s) is the displacement normal to the (xy)-plane. The
nonvanishing stresses are
aw ow
Tee=p—, and 7T, =p—. (9.5a, b)
0x dy

The following boundary conditions are considered:
y=0, x<0: 7, =1(x,5) (9.6)
y=0 x=0: w=0. (5.7)

These boundary conditions apply if the surface of a half-space is prevented
from motion over half of the surface and is subjected to tractions over the
other half. It is assumed that the half-space is at rest priorto ¢ = 0.

! C.-C. Mow and Y.-H. Pao, The diffraction of elastic waves and dynamic stress concen-
trations. Report R-482-PR, The Rand Corporation (1971).
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In this section the problem defined by eqgs. (9.3)-(9.7) is solved by em-
ploying the Green’s function for the Neumann boundary conditions. We
first compute the displacement at time ¢ and position x, y for the case that
the antiplane shear traction on the boundary y = 0 is independent of z
and behaves as a delta function at position x = x, and time s = s5,. This
displacement field is called the Green’s function G(x—x,, y; S—S;).

9.2.1. Green’s function

The Green’s function is the solution of eq. (9.3) with homogeneous initial
conditions, and a boundary condition of the form

y=0: 1,=u (;l; = 0(x —X0)d(s— o) (9.8)

The boundary condition (9.8) represents a concentrated impulsive anti-
plane shear load applied at time s = s, at position x = x,. For a half-
space which is initially at rest, the displacement wave generated by (9.8) can
easily be worked out as

G(x =g, yi5=50) = — —= H{(s=s0)~[(x— %o} +2]¥},  (99)
TuR

where H{ } is the Heaviside step function and R is defined as
R = [(s—s50) —(x—x0) —'T". (9.10)

Eq. (9.9) shows that a cylindrical wave emanates from x = x,, y = 0. The
wave front is shown in figure 9.1. A position X,y is reached when
[(X—x0)*+72]F = 5—s,. Conversely, at time s = § we can define a region
of dependence for the position X, y as a circle with radius §—s, centered at
X, y. At time s = §, external disturbances applied at s = s, affect the field
variables at X, y only if they were applied inside the circle. It is now easily

X

O Q

S-So

34
Fig. 9.1. Cylindrical shear wave.
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seen that in more general terms the domain of dependence in the time-
space domain for prescribed X, j and 5 is a cone defined by

G-s)-[(x—x)*+(-y)*]t* =20, s§s5=2s=0. (9.11)

The cone is shown in figure 9.2.

Fig. 9.2. Cone in time-space domain.

If the surface y = 0 is subjected to a distribution of surface tractions of
the form
y=0, 1,=1x5), (9.12)

linear superposition can be employed to write the displacement in the half-
space y = 01n the form

Wx, 3, 5) = — :_J f’_(’if;-zﬂdxodso, (9.13)
A

where R is defined by eq. (9.10). It follows from the previous discussion that
A is the area in the (xs)-plane which falls inside the cone (9.11). For y > 0,
the intersection of the cone and the (xs)-plane is a hyperbola. In figure 9.3,

S (s5,x)

A
/

x
Fig. 9.3. Projection of cone on the xs-plane.
we show the projection of the cone on the (xs)-plane, as well as the inter-

section of the cone and the (xs)-plane. The integration in eq. (9.13) is over
the shaded area. The integral may be written as



Ch.9,§9.2.] ANTIPLANE SHEAR MOTIONS 361

- - -yt
1 (s7? *+(s=s0)?—p21 (o .S
Wi,y s) = — | ds, [ o, %0) gy (9.14)
o Jx-fis-s2-yr18 R
Let us consider the special case that the surface traction is uniformly
distributed over the shaded area, say t(x,s) = 7,f(s). The integral over
X, then reduces to 7, and we find

s~y
w(x,y,5) = — ! Sf(s)dse . (9.15)
HJo
This is just a plane wave solution. Indeed, as far as position x, y at time s
is concerned, the motion is nothing but a plane wave propagating into the
medium.
A second exampleis concerned with a surface traction of the form

Ty = H(—X)f(s)

Suppose the x-coordinate of the point at which we wish to compute the
displacement is positive. The arrangement then is as shown in figure 9.3,
and the displacement may be written as

1 s—r 0 dx
w(x, y,§) = — — f(so)dsof =0,
o x=[(s-so2~yt1¥ R
where

r = x*+y% (9.16)

The integration over x, can easily be worked out to yield

s=r

w(x, y,s) = 71:1—;1 . {sin"I [m] - g}f(so)dso. (9.17)

If the surface disturbance varies with time as a Dirac delta function,
f(t) = 746(¢), the displacement can, of course, be written out without
further integration. Also introducing polar coordinates through

x =rcosf, and y = rsinf,

where r is defined by (9.16), and employing the relation s = cr¢, we find
in that case

crto . -1 | r cos 8 T
w(r, 8,t) = To{smll ]——}Hct—r. 9.18
( ) nu (c31*—r?sin® 0)* 2 (ert=r). (G18)

This expression is valid in the range 0 £ 0 £ 4. Cléarly the displacement
wave is a cylindrical wave. It may be checked that inthe domaindn < 0 <=
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there is also a cylindrical wave as well as a plane wave. The pattern of wave
fronts is shown in figure 9.4. The cylindrical wave is generated because the

surface tractijon is discontinuous.
X

o

crt

Y
Fig. 9.4. Pattern of wave fronts for 7(x, 0, 1) = ToH (—x)f(1).

The displacement (9.18) can be employed to compute the shear stress
o, = (p/r)ow/06. The result is

2 .2 23+
%n:-rﬂ: _cp (cxt’—=r")*sin b

7o n cit?—r?sin® @

0

AN

0

A

H{cpt—r). (9.19)

The stress shows a square-root singularity at the wavefront as # approaches
47,
9.2.2. The mixed boundary-value problem

Now we return to the mixed conditions (9.6) and (9.7). Since the stress-
distribution for y = 0, x = 0 is unknown, the superposition integral (9.13)

s
§ -
(8,5)0r (M K
A~
Ve N\
e AY
Ve \
/ 7 A2
7
PATEE Undisturbed
e 1
e
< -

Fig. 9.5. Domain of influence in the (xs)-plane.
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cannot be applied directly to express the displacement. The integral does,
however, provide us with an integral equation to solve for the unknown
stresses in the region y = 0, x = 0.

For y = 0, the region of integration 4 in eq. (9.13) reduces to a triangular
region because the vertex of the cone is in the (xs)-plane. The triangular
region is indicated by dashed lines in figure 9.5. Suppose the unknown
stresses for x = 0 are denoted by

y=0, x=0:1, =o0(x,5) (9.20)

The condition (9.7) that the displacement vanishes for y =0, X = 0 and
§ = 0 then yields the following integral equation for o(x, s):

zoezof [t [ et e
(9.21)

The regions A4, and A4, are indicated in figure 9.5. It is a priori presumed
that the line s = x, which represents the wave front of the cylindrical wave,
separates the disturbed from the undisturbed part of the upper half of the
(xs)-plane.

The integral equation (9.21) can be solved in a surprisingly simple manner
by introducing the following characteristic coordinates in the (xs)-plane:

[ (9.22a, b)

2 T
The denominators in (9.21) then reduce to
(=) —(F=-x)" = 2E-)(A—n), (9.23)

which has the advantage that the variables are separated. We consider a
point %, §, or &, #, as indicated in figure 9.5. By introducing (9.22a, b) and
(9.23) into (9.21), the integral equation (9.21) can be rewritten as

Pode J~¢ (&, n)dn +f3 d¢ f'_'d(f, n)dn —0, (9.24)

o €= e @@-n)  Jo (€=, (I—n)*
where (£, n) follows from (9.6). Eq. (9.24) is evidently satisfied if
f () J"‘ «(& mdn. 9.25)
¢ ([@—n)? ¢ (i—n)?

The right-hand side of (9.25) is known. Eq. (9.25) is recognized as an in-
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tegral equation for (£, ) of the Abel type. This class of integral equations
can be solved analytically. Upon multiplication of both sides by ({—7)~*
and integration over #j, we have

f:(cdﬁ”)%fé a((’f nt f (C_”)J;f((;,_nz;n_

By interchanging orders of integration and evaluating integrals we find

- _ 1 1 (&, u)(é— u)*
(& n) i é)fé — (9.26)

Eq. (9.26) expresses the stress in the region ¢ < », which corresponds to
0 £ x £ ¢4t in the physical variables.

Let us investigate in some detail the case that the applied traction is
uniform in x and constant in time:

t(x,5) = 1o H(s), or (& 1n) =1,. (9-27)

The integral in (9.26) can then be evaluated to yield

o&n) = — 2% {(fjéé)*_tan_l (’12%5)5}

In terms of the coordinates x and s, the stress is

o(x,8) = — 2% {(EC)JI—tan_1 (S;)—C)%} . (9.28)

T X X

This expression applies of course for x < 5. It should be noted that the
stress shows a square-root singularity at x = 0. For very small x we have

o(x, 1) ~ — 20 (if_’)%. (9.29)

T \x
If the complete displacement solution is desired, (9.28) together with
(9.27) must be substituted into the integral representation (9.13), and the
integrals must be evaluated.

The boundary conditions (9.27) and (9.7) are also pertinent to two
problems of horizontally polarized wave motion in an unbounded medium
due to the presence of a semi-infinite slit. The first of these is concerned
with the transient waves generated by the sudden opening of a semi-infinite
crack in an unbounded medium which is in a state of antiplane shear. The
second problem concerns the diffraction by a semi-infinite slit of a plane
wave whose wavefront is parallel to the slit.
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In this section, a method was discussed to solve two-dimensional mixed
boundary-value problems when the conditions are prescribed on semi-
infinite parts of the boundary. It can be shown that this method can be
extended to cases when boundary conditions are prescribed on finite parts
of the boundary. There are, however, complications for two-dimensional
problems with in-plane motions. We will, therefore, also discuss an alter-
native method to treat mixed boundary-value problems, which is known as
the Wiener-Hopf technique.

9.3. The Wiener-Hopf technique

This ingentous scheme was devised to solve integral equations of the general

form
o0

f(x)+f k(x—n)f(mdn = g(x), for 0= x < 0, (9.30)
0
where the kernel k(x) is defined in the interval —c0 < x < co. The function
g(x) is defined for 0 £ x < o0, but g(x) is undefined for —o0 < x < 0.
The function f(x) is identically zero for —o0 < x < 0, and f(x) is to be
determined in the range 0 < x < co.

In the method of solution the two-sided Laplace transform, which was
discussed in section 7.2, is used. Particularly instrumental in solving (9.30)
is the convolution theorem which states that

|7 eea | kemmstaan = (9.31)

where £*({) and f*({) are the two-sided Laplace transforms of &(x) and
f(x), respectively.
The following definitions are now introduced:

[ f(x) x=20
fulo) = {0 x <0 (932)
5 _ [0 xz0
h-) = { h(x) x<0. (4-33)

Eq. (9.30) would not be difficult to solve if the integral equation were
defined over the whole range of x, i.e., —o0 < x < 0. For this reason it
appears opportune to extend the range of x and to rewrite (9.30) as

@+ [ ke = g rh (. 039
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It is noted that for x = 0, eq. (9.34) just reduces to (9.30). For x < 0, we
have

[* kxmmrn = ho (935)

The price that was paid for extending the range of x comes in the form
of the appearance of another unknown function, 4_(x). Formally, eq.
(9.34) can, however, be solved immediately by application of the two-
sided Laplace transform, provided that k(x) and the other functions satisfy
some rather weak conditions.

Suppose that a real number y can be found such that k(x)exp(—7yx)
is absolutely integrable for —oo < x < co. It is also assumed that
S+(x) exp (—yx) and g,(x) exp (—yx) are absolutely integrable over
0 < x<oo and, finally, that ~_(x) exp (—yx) is absolutely integrable over
- < x < 0. We then define the transforms

k() = f :e-!*k(x)dx (9.36)
710 = | e s 9.37)
020 = [ "y (oax (938)
R () = fi e Eh_ (). (9.39)

On the basis of the discussion of section 7.2, we conclude that &*({) is
regular for Z({) = y. Furthermore, £ ({) and g ¥({) are regular for Z({) >,
and A% is regular for #({) < y. Furthermore, by virtue of the convolution
theorem it follows from (9.34) that

FXLk*fE = g% +h* (9.40)

on the line Z({) = y. It would seem that very little progress has been made,
because hX depends on f¥, as is clear from (9.35). By means of the Wiener-
Hopf method it is, however, possible to solve for 3 without explicit know-
ledge of h*.

We assume that 14k*({) does not have roots on %({) =y.> Under
certain weak conditions, which will be touched upon in the next section,

2 If there are roots, they can be factored out on both sides of eq. (9.40).
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1 +k*({) can be factored, i.e., 1+ k*({) can be written as
1+k* = mt m*, (9.41)

where m% and (m% )~ ! are bounded on %Z({) = y, and regular for Z({) >y,
while m% and (m%)~! are also bounded on Z({) =7, but regular on
Z(L) < y. Eq. (9.40) can then be rewritten as

g% k%
m_ m

Subsequently the term g%/m* can generally be split up in the following
manner:

+%

n?- = nt +nt . (9.43)
where n% is regular in 2({) > y and n% is regular in Z({) < 7. Substitution
of (9.43) into (9.42) yields

*
mif¥—n% = h—; +n%t on RQ)=7y. (9.44)

Now, we define the functions

ex() = mtfE—nt (9.45)
and
h*
ef(() = n—mi +n*. (9.46)

Then, €% ({) is regular in Z({) > y and €% () is regular in Z({) < y, while
on Z({) = v the functions €% ({) and e* ({) are continuous and equal to
each other. On the basis of a theorem of functional analysis®, e ({) may then
be considered as the analytic continuation of eX({), and vice versa. The
functions €% ({) and e% ({) thus represent one and the same entire function
e*({) (a function which is regular everywhere in the {-plane). In the next
step, Liouville’s theorem is employed, which states: If e*({) is entire and
le*({)l is bounded for all values of { in the complex plane, then e*({) must
be a constant. To determine the actual value of the constant it is necessary
to determine the value of either €% () or €% ({) at one particular value of
{. Often it can be shown that e*({) = o(1) for |{| — oo; then it follows from

3 E. C. Titchmarsh, The theory of functions, 2nd ed. Oxford, Oxford University Press
(1950), p. 157.
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Liouville’s theorem that e*({) = 0, and we find from (9.45)

*

="z (9.47)
my

The function f(x) can subsequently be obtained by the use of the inversion
integral of the two-sided Laplace transform.

Let us summarize the various steps leading to the solution of an integral
equation of the type (9.30):

(1) Extend the range of definition of the integral equation to
—0 < X < .

(2) Apply the two-sided Laplace transform.

(3) Determine the line of juncture (often there is a strip of overlap).

(4) Carry out the factorization

1+k* = m% m*,

and rewrite
* ok gt + h*
+J + " v
*om*
(5) Split up the term
g*
L=l +nk,
mt
and observe that
h*
mifi+ny = — +nt
ne

= entire function.
(6) Apply Liouville’s theorem to conclude
entire function = C

7 Determine C from the behavior of f(x) at small x. This behavior
can usually be gleaned from physical considerations.

(8) Evaluate the inverse transform.
The factorization generally is the most difficult part of the procedure.

It may be worthwhile to emphasize that in the present exposition of the
Wiener-Hopf technique it is not necessary that the two half-planes of
regularity overlap. All that is required is that the two half-planes border
atong the line Z({) = y. It should also be noted that the entire function
need not be bounded, but may be O((*) as [{| = o0. An extension of
Liouville’s theorem may then be invoked to conclude that the function is a
constant.
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9.4. The decomposition of a function

The difficult task in most applications of the Wiener-Hopf technique is
the factoring and splitting of functions into components which are regular
in adjoining half-planes. Generally only the very simplest problems allow
an identification by inspection of the factors and the terms in eqgs. (9.41)
and (9.42), respectively. It is, therefore, necessary to devise a general method
for carrying out the required decomposition of functions.

9.4.1. General procedure

Under rather general conditions the splitting

L) = L-(Q)+L. () (9.48)

can be carried out by means of an integration in the complex {-plane.

We do not require that the equality hold in a strip, but rather just along a

straight line Z({) = y, which forms the intersection of the two half-planes.*
Let us consider the function L({) satisfying

L({) = o(l{I7%) for [{j — oo, (9.49)

where p > 0, and let us define the functions

L = 1 T _.__L() R y 9.50
+(C) = jJV ‘. dz for (C) > ( - )
and
L —_ 1 T L_(_) o) R 9
-(C) = ify i dz for (C) < y. ( .51)

It is assumed that L(z) is such that these integrals are absolutely convergent
provided Z({) # y. By considering closed contours in the half-planes
A(z) >y and Z%(z) <y, respectively, and employing eq. (9.49) and
Jordan’s lemma, it becomes apparent that L, ({) and L_({) are regular for
Z() > v and Z(() < v, respectively.

For a point {, = y+iw, on #({) = y, we have by definition

Li(%o) = ;lir? L (D), (9.52)

4 In this we follow by and large a report by A. T. de Hoop, Wiener-Hopf Techniek
(in Dutch). Technological University of Delft (1963).
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where { approaches {; in the right half-plane, and

L_(o) = ;lirz) L_(0), (9.53)
where { approaches {, in the left half-plane. We will now prove that

L(o) = L+(Zo)+L-(Lo)- (9.54)

The proof is provided by an actual evaluation of the limits in (9.52) and
(9.53). If Q; < wy < Q,, then

rHi g y+i:
L.(lo) = — —l—f L“) dz— 1 lim L(z) dz
znl y—ico Z—QO 27” [Sd y+i, Z—-C
y+ico L
-l—f L@ 4, (9.55)
an 7+i922_C0
Furthermore,
yif, y+i0; _
——l—limf iZ)dz=—_1—J‘ Mdz
270 ¢+tod y4i0, 28 2nidy4in, z—{,
y+i2
210 -t yyin, 2

The second integral on the right-hand side can, however, be written as
y+iQ2 y+i2
- Lo iy f 42 grey--Lop f LG 4z, (9.57)
270 (=g y+i0y z—{ 2ni y+iny 2760

if { approaches {, in the right half-plane. The symbol P indicates that
we must take the Cauchy principal value of the integral. By substituting
(9.56) and (9.57) into (9.55) and letting Q, and 2, approach w,, we obtain

1 y+ico L(z
L+(Co) = 3L(C0)— — Pf L@ 4, (9.58)
2mi y—iwo Z'—‘CO
In an analogous manner we can show that
1 y+ico L z
L_({o) = $L(o)+ — P f L) dz. (9.59)
2mi y—ico Z—‘CO

These two equations are special cases of the formulas of Plemelj. An ad-
dition of the two equations yields (9.54).
On Z({) = y we next consider the decomposition

K(§) = K+ (DK-(), (9.60)
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where K({) does not have zeros on #({) = y. We write
In K¢) = In K+ (Q)+In K- (), (9.61)

and we observe that, provided that K, and K_ have no zeros in their half-
planes of regularity, each of In K, and In K_ is itself regular in the cor-
responding domain. Thus, assuming that In K satisfies (9.49), the decom-
position of K({) as a product is equivalent to the decomposition of In K as a
sum.

An approximate manner of determining the factors, which does not
require integrations in the complex plane, was developed by Koiter.’ In
this method the function K({) is replaced by a much simpler function
K'({), which shows the same general characteristics as K({) but which can
be factored with little effort.

9.4.2. Example: the Rayleigh function

In applications of the Wiener-Hopf technique to elastodynamic problems
the Rayleigh function

R(Q) = (5720 + 4031~ L) (s7 -0 (9.62)

has to be factored on a line or in a strip in the complex {-plane. The function
In R({) does, however, not satisfy the condition (9.49). For that reason we
consider instead of R({)

(s7—20%)° + 40 (st~ ) (s7 = 0P)*
2(st—st)(sk—¢)
The function K({) is nowhere zero, while

K@) =1+0("%) as | —» .

K@) =

(9.63)

Now,
y+ioo
K, = — - nEG) 4, for @) >y (9.68)
21ti y—icw Z"‘C
and
y+ix
InK_ = —l—f l—rl_li@dz for Z(() <y. (9.65)
27ti Y‘iw ZzZ -

5 W.T. Koiter, Proceedings Koninklijke Nederlandse Akademie van Wetenschappen,
Series B57 (1954) p. 558.
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The logarithms are made single-valued by introducing branch cuts along
F(z) =0,5, < |%(z)] < sy, as shown in figure 9.6, and taking the

F(z)
z={
=5 -5, S, Sy
A(2)
Rz)=y

Fig. 9.6. Branch cuts for In K (2).

principal value of the integral. If { is not a real number the contours in
(9.64) and (9.65) may be deformed into the loops I', and I'_ around the
branch cuts. We find

sT 20,2 N\ 2 _ 2\ d
In K,({) = —-1f tan ™! [42 (= su)lsr =2 )] —=, (9:66)
(st—22%) z+¢{
while K_({) follows from the relation K_({) = K+(—{).

When the point { approaches the branch cuts in the z-plane from above
or below, the path I', or I'_ must be indented below or above {. The in-
tegrals defining K, or K_ then become singular and we may resort to
principal values. The integrals defining K, and K. are, however, obviously
never singular simultaneously. Thus we may calculate these exceptional
cases without resorting to principal values by employing

K(¢
K0 = 26,
K=({)
where we choose in the denominator the K-function which is not defined
by a singular integral.

S

9.5. Diffraction of a horizontally polarized shear wave

The wave motion generated when a plane wave is diffracted by an obstacle
of vanishing thickness and semi-infinite extent can be analyzed in an
elegant fashion by employing integral transforms together with the Wiener-
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Hopf technique and the Cagniard-de Hoop method. In this section we will
investigate the diffraction of a plane horizontally polarized shear wave by a
semi-infinite slit. The incident displacement wave is of the form

wi(x, y, t) = G(t—srx cos a—sry sin a), (9.67)
where

G(t) = H(Y) f;g(s)ds. (9.68)

In eq. (9.68), H( ) denotes the Heaviside step function, « is the angle of
the normal to the wavefront and the x-axis, and sy = 1/cr is the slowness
of transverse waves. The position of the wavefront prior to time ¢ = 0 is
shown in figure 9.7. Here the angle « is restricted to the range

0L«

IA
IIA

oA

é——
X
P

a

Disturbed Undisturbed

Fig. 9.7. Incident SH-wave.

The wavefront strikes the tip of the slit at time ¢ = 0. The pattern of dif-
fracted waves is, of course, two-dimensional in nature, since both the in-
cident wave and the diffracting slit are independent of the z-coordinate.

If there were no slit at y = 0, x > 0, the incident wave would give rise
to the following shear stress in the plane y = 0:

i

Tyz

= —usrsina g(t—sgx cos a)H(t—sr x cos a). (9.69)

The solution to the diffraction problem is now obtained by superimposing
on the incident wave the wave motion which is generated in an initially un-
disturbed medium by shear tractions that are equal and opposite to (9.69)
and that are applied on both sides of the slit y = +0, x > 0. Through the
superposition the surface of the slit is rendered free of tractions. Since the
shear tractions are equal but opposite on the two sides of the slit, the in-
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duced wave motion is antisymmetric with respect to the plane y = 0, and
the displacement in the z-direction thus vanishes for y = 0, x £ 0. Con-
sidering the half-plane y = 0, the superimposed wave motion must then
satisfy the following conditions at y = 0:

x>0 1, =upspsinag(t—srxcosa)H(t—syxcosa) (9.70)
x<0 w=0. (9.71)
The governing partial differential equation is

?*w  Pw  , 0w

&5 6_y2 =St ? > (9.72)

while the initial conditions are
w(x, y,0) = w(x,10) = 0.

Egs. (9.70)-(9.72) define a mixed boundary-value problem.

The boundary conditions (9.70) and (9.71) may be recast in the form
(y=0,—-0 <x < )
Ty, = T-+7T4 (9.73)

yz

w=w,, (9.74)
where we employ the notation defined by (9.32) and (9.33), and where
T4 = usrsin a g(t—srx cos a)H(t— sy x cos a)H(x). (9.75)

Upon application of the one-sided Laplace transform with respect to time,
see eq. (7.20), and the two-sided Laplace transform with respect to x, see
eq. (7.15), eq. (9.72) reduces to an ordinary differential equation. For
» 2 0 the pertinent solution of that equation is

w* = A(p, C)e—(srzp’-cz)*y, (9.76)

where A(p, () is to be determined. The boundary conditions (9.73) and
(9.74) transform into

iy, =Tt +1% (9.77)
o = W (9.78)

where we find from (9.75) that
™ = psrg(p)sin e (9.79)

{+sypcosa
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From (9.76) and (9.78) it follows that A(p,{) = W%, whereupon sub-
stitution into (9.77) yields

—u(s:p? =03k = X 41t (9.80)

It is apparent that (9.80) is analogous to (9.40).

The usual Wiener-Hopf manipulations readily lead to an expression for
A(p, (). First we make an observation on the analytic behavior of #* in
the {-plane. For the boundary conditions (9.70) and (9.71) the plane
y = 0, x < 01is undisturbed until sufficient time has passed for a cylindrical
wave propagating with slowness sr to arrive. Considering then 7,,(x, 0, 7)
for some x; < 0, its Laplace transform over time can be written as

f}’z(xl ] 0’ p) =f e—p'Tyz(xl ] 09 t)dt
135

=e | e Pr,(x,,0,s+i,)ds, 9.81
0 y !

where ¢, = —s7x, is the time at which the first disturbance reaches the
position y =0,x = x; < 0. From (9.81) it follows that 7,, has the
asymptotic behavior

%%, 0, p) ~ €777 as x> —oo. (9.82)

In view of (9.73) this also represents the asymptotic behavior of 7_. It
follows that 7% is regular in the half-plane #({) < syp. With regard to
the points on y = 0, x > 0, it is apparent that a particle at position y = 0,
x = x, > 0 is undisturbed until time t, = syx,cos . Thus, w, is
O(exp — psyxcos a), which implies that w% is regular for Z({) > —sppcos a.
Returning to (9.80) it is next noted that the factoring of (sip*—{?)* is
trivial. The factors are (s;p—{)* and (spp+{)}, which are regular in the
half-planes { < s;p and { > —s;p, respectively. Eq. (9.80) may then be

rewritten as
—%

3 T 4
—Hsrp WL = ——— o —
(srp=0  (srp-0)*
From (9.79) it follows that 7% is regular for 2({) > —srp cos a, and it
is thus necessary to split the second term on the right-hand side of (9.83),
since the radical in the denominator is regular for Z({) < spp. The splitting

can be performed as

st p(1+cos o) _ (srp-0)* 1
(C+sppcosa)(spp—0t  (+srpcosa (sTp—C)*'

(9.83)
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The first term on the right-hand side is regular for { < syp, except for the

pole at { = ~s¢p cos a. This pole can, however, be removed by writing
(sep—0F  _ (srp—=0F—(sr p)*(1 +cos o) 4 0o p)¥(1 +cos o)
{+srpcosa {+srpcosa {+srpcosa '

Eq. (9.83) can now be rearrgnged in the following manner:

usyg(p) sin a 1
(s7p)*(1+cos a)* {+srpcosa

- psrg(p)sin a [(STP"C)*"(STP)*(I'*'COS d)* + 1 }

—pu(srp+ )Wl —

s7p(1+cos a) {+srpcosa (srp—0)*
T
+ — . (9.84
(STP—C)* ( )

The left-hand side of (9.84) is regular for Z({) > —srp cos a, while the
right-hand side is regular for Z({) < sp. Because of the equality in the
strip of overlap both sides of eq. (9.65) represent one and the same bounded
entire function, say e({). In view of Liouville’s theorem, e({) is a constant.
The magnitude of the constant can be obtained from order conditions on
e({) as |[{| —» oo, which in turn are obtained from order conditions on the
dependent field variables in the vicinity of x = 0. It is well known that
the stress may show a singularity of the square root variety near x = 0,
see for example eq. (9.29). Referring to the boundary condition (9.73) we
find that this result implies that 7_(x) = O(jx|"*) as x - 0~. By virtue of
an Abelian theorem for one-sided Laplace transforms, see eqs. (7.24) and
(7.25), it is then concluded that t* is O(|¢| %) as |¢{| - 0. As a consequence
the entire function e({) vanishes identically and we can solve for w* from
the left-hand side of eq. (9.84). Since A({, p) = W%, we find

st g(p) sin « 1
. 9.85
pH(1+cos @)t (syp+{)*({+s7p cos a) 59

A p) = ~

By the use of the inversion integral for the two-sided Lapiace transform,
eq. (7.16), w(x, y, p) may be expressed as

W= — 5(p) W(x, y, p), (9.86)
p
where

d¢.  (9.87)

w 1 S%p* sin o f;er eCX“(ST2p2~;2)‘§‘y

 2ni (1+cos )t i (s7P+)¥ ((+57pcosa)
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Eq. (9.87) is valid for y = 0. The path of integration Z({) = {, is restricted
to the strip —srpcosa < {; < syp. It follows from the convolution
theorem for the one-sided Laplace transform that w(x, y, ) can be expressed
as a convolution integral of W(x, y, t) and the inverse Laplace transform
of §(p)/p.

To invert the one-sided Laplace transform (9.87) the Cagniard-de Hoop
method is used. Thus, following the steps discussed in section 7.9 we first
introduce the substitution { = p#, whereupon (9.87) becomes

_ 1 s¥sina n+io e—p[(w’—n’)*y-nﬂ

_Srsmna dn. 9.88
2ni (L+cos a)tJ,, —io (Sp+n)(n+sr cos a) (0-88)

The singularities in the n-plane are a simple pole at n = —s; cos « and
branch points at n = I sr. Next we deform the path of integration from
Z(n) = n, to a path along which the integral can be recognized as a
one-sided Laplace transform. The appropriate path is given by eq.
(7.176) as

t P G\

Hry = — — cos 0+ (—3 —ST) sin 6, (9.89)

r r
where r and 0 are defined by eqs. (7.168) and (7.169), respectively. When
spr <t < o, eq. (9.89) represents a hyperbola whose point of inter-
section with the real axis 1s always located in between the branch points
n = —sr and # = +s;. Therefore, no difficulties arise in connection with the
branch cuts. On the other hand the contribution of the pole n = —sycos a
has to be taken into account for values of 8 in the region 0 < 6 < a. The
contribution from the pole is

W = e—ps-r(xcosar'*'yvsiﬂ @) (990)

From (9.86) and (9.90) the inverse Laplace transform of the corresponding
displacement wave is
t—stxcosa—srysina
w(x, y,t) = —H(t—srx cosa—sgysina) g(v)dv. (9.91)
0
Eq. (9.91) is a plane wave of the same form as the incident wave. It
cancels the incident wave in the shadow zone 0 < 6 < «a.

The integral along the path defined by eq. (9.89) represents a cylindrical
wave. Since the contour defined by eq. (9.89) is symmetric with respect to
the real axis, and since p and ¢ are both real, the cylindrical wave can be
rewritten as
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+ o ©
WC=L——__STS‘“°‘J s | Oz ¢ 10t dt (9.92)
n (L+cosa)t), . (st +n74 ) (014 + 57 cos a)

By using the relation

1 Mr+ _ i

Goni o (@i 62
Eq. (9.92) can be further simplified to
e _ 1 sisina J‘“’ e ™ %{ (sp—ngr+)? ’dt
T (1+COS d)* S'rr(tz—sg'rz)% '7T+ +STCOS<Z ’
and thus
1 31— 3 PN
We(x, y, t) = - ST(ZI Czosza) .@{ (s7=1r+) } H(t—sgr).
n (2 —siri)t Hrs +spcosal
Upon substitution of (9.89) this expression reduces to
% in (e — in 1
W,y 1) = — 1 (er) { sin $(x—0) 4 s 1o+ 0) }
n\2 t—srrcos{(a—8) t—sprcos(x+0)
« HU=s1r) (g o4
(t—srr)?

where 0 £ 0 < #. In view of (9.86) and (9.68) the corresponding dis-
placement is

w"(x, y, 1) = —f G(t—s)W(x, y, s)ds, (9.95)

where G(?) is defined by eq. (9.68). Eq. (9.95) is called the diffracted wave.
For 0 £ 0 £ = the complete solution of the diffraction problem can now
be expressed as

050 <ua w(x, y,t) = wi(x, y, t)

a<0=n w(x, y, t) = wi(x, y, 1) +wi(x, y, t),

where w' and w* are defined by eqs. (9.67) and (9.95), respectively. The
solutions in the domain n £ 6 £ 27 can be obtained in the same manner.
For a time ¢ = 0 the pattern of wavefronts is shown in figure 9.8.

It is of interest to examine the stress singularities in the vicinity of the
tip of the crack. The singularities come from the diffracted wave, which is
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— X

Undisturbed

Disturbed

Fig. 9.8. Pattern of wavefronts for diffraction of an SH-wave by a slit.

given by eq. (9.95). By considering the limit as r > O the shear stress 7,
becomes®

Ty, = 1 ow _ g (E) %[cos $(a+0)—cos L(a—0)]F(1), (9.96)

2r

where

F(t) = %Jﬂ _Gv(t_~_‘c)%——G_(t) dr— Gt—gt) (9:97)

0 T

It is noted that the stresses are of order »~* for small values of r.

The appearance of a stress singularity has implications from the point of
view of fracture mechanics. 1t is generally assumed that the magnitude of
the stress intensity factor is a criterion for extension of a crack. In the expres-
sion for the stress in the vicinity of the tip of a crack of length 2a, the stress-
mtensity factor K is defined as

+
K = lim (1‘1) %! -
r—Q a

¢ Details of the computation can be found in G. H. Handelman and L. A. Rubenfeld,
Journal of Applied Mechanics 36 (1969) 873.
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Now let us consider the case when the function g(v) in eq. (9.68) is of the
form

T
g(v) =2 s
U

which corresponds to an incident step-stress wave. The function F(t) then
is of the form

F(1) = =270 t¥c,,
U
and the stress intensity factor for eq. (9.96) becomes
cpt\?
K = 21, (—T—) [cos $(a+8)—cos +(a—6)].
2na

This stress intensity factor increases with time. 1f the crack ts of finite length
2a, the stress intensity factor increases until a wave diffracted from the
opposite crack tip arrives. It is of interest that for the case of a step-
stress wave the dynamic stress intensity factor shows an overshoot of
4/m—1 as compared to the stress intensity factor of the corresponding static
problem.” It is, therefore, conceivable that there are cases for which ex-
tension of a crack does not occur under a gradually applied system of loads,
but where the material does indeed fracture when the same system of loads
is rapidly applied and gives rise to waves.

9.6. Diffraction of a longitudinal wave

9.6.1. Formulation

The diffraction of a plane longitudinal wave by a semi-infinite slit is another
problem that can conveniently be investigated by using integral transforms
together with the Wiener-Hopf technique and the Cagniard-de Hoop method.
Let the incident wave be represented by

u'(x, y, t) = G(t—s,x cos a—s; y sin ) cos « (9.98)
v'(x, y, t) = G(t—s, x cos a—s, y sin &) sin a, 9.99)
where
t
G(t) = H(t)f g(s)ds. (9.100)
0

7 For details we refer to J. D. Achenbach, International Journal of Engineering Science
8 (1970) 947.
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In eq. (9.100), H( ) denotes the Heaviside step function, « is the angle of
the normal to the wavefront and the x-axis, and s;, = 1/¢; is the slowness
of longitudinal waves. We restrict the angle « to the range

xg”,
2

The position of the wavefront prior to time ¢t = 0 is as shown in figure 9.7.

It can easily be verified that the wave motion generated by the diffraction
of the longitudinal wave consists of the superposition of the incident wave
and the solutions to two boundary-initial value problems which are sym-
metric and antisymmetric, respectively, with respect to the plane y = 0.
The two problems are:

Symmetric problem:

0

IIA

y=0:x>0 1, =(A+2usin®a)s; H(t—s, x cos a)g(t—s; x cos ) (9.101)
x<0 v=0 (9.102)
-0 <x<®1T,=0 (9.103)

Antisymmetric problem:
y=0:x>0 1, =us; sin2a H(t—s xcosa)g(t=s xcosa) (9.104)
x=0 u=0 (9.105)
-0 <x<owr1,=0. (9.106)

Indeed, the superposition of (9.101), (9.103), (9.104) and (9.106) on the
corresponding stresses due to the incident wave renders the surface y = 0,
x > 0 free of tractions. The initial conditions for the problems defined by
(9.101)-(9.106) are

u(x,y,0) = u(x, y, 0) = v(x,,0) = i(x, y,0) = 0. (9.107)

The symmetric and antisymmetric boundary-initial value problems are
two-dimensional in nature. The problems are formulated and solved by
using the displacement potentials ¢ and . The pertinent equations are
stated by eqgs. (7.106)~(7.113) of section 7.7. The solutions to the transient
problems are again obtained by applying the one-sided Laplace transform
over time and the two-sided Laplace transform over the spatial variable x.
Since the transforms will be inverted by means of the Cagniard-de Hoop
method, we employ the pair of two-sided Laplace transforms stated by
eqs. (7.182) and (7.183) of section 7.11. In the half-space y = O the ap-
propriate expressions for * and /* then are



382 DIFFRACTION OF WAVES BY A SLIT [Ch.9,§9.6.

@* = &(p, n)e '’ (9.108)
g* = ¥(p, me ", (9.109)

where
r= G-t vr = (7-n)h (9.110a, b)

The corresponding transforms of the displacements and the stresses are
given by eqs. (7.187)~(7.191) of section 7.11.

9.6.2. Application of the Wiener-Hopf technique

As a first step toward the solution of the symmetric and antisymmetric
problems we define boundary conditions at y = 0 over the whole range of x
by introducing pairs of unknown functions 7,_, v, and 1,,_, #,, respec-
tively. Upon applying the one-sided Laplace transform with respect to time
and the two-sided Laplace transform with respect to x, the boundary con-
ditions (9.101)-(9.103) then lead to the equations

y=0,—-00 <x<o: Iy=1i_+T5, (9.111)
* = % (9.112)
=0, (9.113)
where 7, follows from (9.101) as
.2 -
= (A+2psin” a)s,. g(p) (9.114)

n+s,cosa p

Similarly the boundary conditions (9.104)-(9.106) result in the equations

y=0,—00 <X <00 Ty =Ty i (9.115)
i =’ (9.116)
) (9.117)
where
B, = #sysin 22 (p) (9.118)

n+s,cosa p

By arguments that are completely analogous to those presented in the
previous section we conclude that 7). and f,,_ are regular in the half-
plane Z#(n) < s., while #% and #% are regular in the half-plane
R(n) > —s, cos a.

Employing eqs. (9.108) and (9.109) in conjunction with the boundary
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conditions (9.111)-(9.113) we obtain three equations for the four unknowns
b,(p, n), ¥s(p, n), ‘E;"_ and 3% , where the subscript s is used for the sym-
metric problem. Eqs. (9.112) and (9.113) yield &,(p, ) and ¥(p, n) in the
forms

s:—_2n% _
o (p,n) = — T 5t (9.119)
PStVL
2n
Wp,n) = — L &%, (9.120)
PSSt

whereupon the remaining equation reduces to the following Wiener-Hopf
type equation relating 7, and &% :

2 2 2 2
2up T TR Kot = T+ (9.121)
T YL
where
_ (s7=2n°) +4n’yL(n)y=(n) (9.122)
2Ast—sDn’ —sk) '

The numerator of this expression is recognized as the function R(n) for the
slowness of Rayleigh surface waves, see eq. (5.96) of chapter 5. The roots
of the equation R(n) = 0 are sz = +1/cg, where cg is the velocity of
Rayleigh waves.

In the same manner eqs. (9.115)-(9.117) lead to three equations for the
four unknowns @,(p, 1), ¥.(p, n), Ty~ and @}, where the subscripts a are
employed to label the antisymmetric problem. The functions @,(p, 1) and
¥.(p, n) are subsequently expressed in terms of %% as

K(n) =

2
&.(p, n) = =L a* (9.123)
pSr
s2—2n? _
Y (p,n) = — T at, (9.124)
PStYyT

whereupon the remaining eq. (9.115) relates &% and 7,_ by

2up TSE TSR g _ge g 9.125
Hp ——— ——— K(n)u} = T +Tpu, (9.125)
T Yr

where K(n) is defined by eq. (9.122).
The Wiener-Hopf equations (9.121) and (9.125) hold in the strip defined
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by —s;cos a < %#(n) < 5. As a first step in determining the solutions to
these equations K(n) is factored as

K(n) = K.(n)- K_(n), (9.126)
where K, (n) and its reciprocal are regular for %(n) > —s., and K_(n)
and its reciprocal are regular for %#(n) < s;,. Explicit expressions for
K. (n) and K_(#n) are derived in section 9.4. Also factoring y. (1) as

y(0) = yo+ " VL-> (9-127)
where
Yo+ = (s.+n)k Y- = (SL_’I)*, (9-128a, b)
Eq. (9.121) may be rewritten as
2 _ 2 - _x
opup TS SR g gr _ Jeofye oy Vi=Dr o (919)
ST YL+ (n—sp)K-  (n—sr)K-
It remains to split the term y, . 7,,/K_. By employing (9.114) we write
Y- Tyt _ (A4 2usin® a)s, g_(;l) [ Vi _L:l
(n—sg)K - 7+ 5L COS a p L(n—sg)K-
.2 -
N (A+2usin® a)s, g(_p)L, (9.130)
N+ s, COS & p
where
__ () (9.131)
(r’—sR)K—(r’) n=—sgpcosa

Thus, L is independent of 5. Eq. (9.129) may now be expressed in the form

ST—S2 n+sg _(A+2p sin? a)s, g'(_p)L

2up = K. 5%
St YL+ r’+sL COos & p
% .2 .
— Yi-Ty- + (A'+2lu Sin a)sL g__(’i) [ YL- _L} . (9132)
(n—sg)K- n+sL Cos o p L(n—sr)K-

The left-hand side of this equation is regular for #(n) > —s cos &, while
the right-hand side is regular for %Z(n) < s..
Similarly, eq. (9.125) may be expressed in the form

2 2 . - —%
- ~ Ty
2up ST—SL 1+ 5k K, @t - M sin 2o g(p)M _ ¥r-Thx

s2 yre n+sgcoso p (n—sp)K_
4 Ksusin2e g(p) [_V__T- —M:l, (9.133)
n+spcosa p L(n—sg)K-
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where

M= =) (9.134)
("_SR)K—(W) n=-—~spcosa ‘

The usual reasoning now leads to the solutions

2 2 = 1
7 = A+2usin’ o iLST7 g(p) o+ L L 9.135)
2u sy—s;i p* n+sg n+spcosa K,
2 . -
g = SusTsin 20 g(p) vr+ M 1 (9.136)

2(s2—st) p* n+sg n+spcosa K,

The four functions @, ¥, ¢, and ¥, subsequently follow from eqs. (9.119),
(9.120), (9.123) and (9.124), respectively.

9.6.3. Inversion of transforms

The transforms can be inverted by means of the Cagniard-de Hoop method.
We will carry out some of the manipulations to obtain the stress component
T,(x, ¥, 1).

The transform of the stress 1s

T = (Bt (s (9.137)

where subscripts s and a refer to the symmetric and the antisymmetric
problems, respectively. By employing eqgs. (7.190), (9.108), (9.109), (9.119)
and (9.120), we can write

), = 3(p) AL e P 4 A e P, (9.138
y
p
where
2 _h.2\2 2
Ay = = CI20) P (9.139)
stve 9(p)
2 2
Ay = — “_"_ZV_T_ LANS (9.140)
st 4(p)
The corresponding expression for the antisymmetric problem is
(f;)a = lig_(ﬂ) [ALa e—pYLy+ATa e—pyry], (9141)
p
where
2 2 2
Ay, = 2MsT=217) P~ o (9.142)

- +
57 g(p)
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Apa= —Ap,. (9.143)

A formal application of the inversion integral for the two-sided Laplace
transform, eq. (7.183), yields 7 (x, y, p) in the form

T, = wg(p)I+1I1), (9.144)
where
_ 1 m+io
L= (ApLs+ Apg)e” P ™mdy (9.145)
270 g i
_ 1 ny +ioo
Ir = — (Ags+ Agg)e” 70T dy, (9.146)
2nid y —i

Following the usual steps of the Cagniard-de Hoop scheme we seek
contours in the complex n-plane along which the exponentials in the in-
tegrand take the form exp (—pt). As shown in section 7.11, such contours
are given by

t? o
n=mn.(r,0,1)= — ! cos 0+ (—2 —si) sin @ (9.147)
r r
for the integral in eq. (9.145), where s, r £t < o, and
t . ¢ ¥
n="nr.(r,0,1) = — —cos0%i (7 —s%) sin 0 (9.148)
r r

for the integral in eq. (9.146), where s;r < t < oo. Egs. (9.147) and (9.148)
each define one branch of two distinct hyperbolae. The contours defined by
M.+ and nr, are discussed in some detail in section 7.11.

An examination of egs. (9.139), (9.140), (9.142) and (9.143) reveals that
the functions Ay, Ar, A;, and A;, asymptotically behave as (™% as
|{] = oo. Thus by the residue theorem and Jordan’s lemma we can replace
the inversion integrals in (9.145) and (9.146) by the integrals along the hyper-
bolic paths ., and n;., respectively, plus the residues due to any poles
crossed in the changes of the paths of integration.

Let us first consider the integral in eq. (9.145). Since the point of inter-
section of the hyperbola (9.147) with the real axis is always located between

n = —s, and n = s;, no difficulties arise in connection with the branch
cuts. In changing the path of integration the contribution of the pole at
n = —s, cos « must be taken into account when cos 6 > cos a, i.e., when

0 < 2if0 £ 0 £ n. Wehave

I, =J D,(r, 0, t)e""dt+R,, (9.149)

sLr



Ch. 9,§9.6.] DIFFRACTION OF A LONGITUDINAL WAVE 387

where

D, = }tf [ AL+ Aadyere. Q%L;i} , (9.150)

and the contribution from the pole, Ry, is
0 < a: Ry = [(n+5Lc0s a)(Ap+ Apa)]y= —sp cos g€ PEOSINEFXe50 (9. 151)

0 > a: R, =0. (9.152)

Now we turn to the integral in eq. (9.146), and we encounter the same
difficulty as in section 7.11, in that the vertex n = —sr cos 0 of the hyperbola
defined by 5, may or may not be located in between the branch points
n = +s.. Since the functions defined by eqs. (9.138)~(9.143) are regular
in the right-half planes we need be concerned only with the branch cuts in
the left half-plane. This implies that for cos™!(s./s7) < 6 < 0 the branch
cut emanating from n = s, must be encircled. We find (0 < 6 < cos™!

(sL/sT)):
Ir =f Dr(r, 6, t)e_"’dt+f D(r, 0, t)e”"dt+ Ry, (9.153)
t st?

TL T

where 7, is defined by eq. (7.203), and

1 )

Dy =-F {[ATS+AT‘,],,=,,T,_ _"T_L} (9.154)
n ot

DT = l;j {[ATS+AT£1]’I='IT+ ari,,l} 3 (9155)

and the contribution from the pole is

6 < a: Ry = [(n+s5 cos cx)(ATs+ATa)],,=_s,_cos,e"’s"(’s“‘””"”), (9.156)
0 >a: Ry =0.

A little algebra leads to the result that the sum of the contributions (9.151)
and (9.156) is

1.2
R = RT+RL - (/1"!'2# sin (X)SL e—pSL(ysxna+xcosa)‘ (9157)
u

For 6 2 cos™ (s, /sy) we have

I, = f Dr(r, 8, De™"dt, (9.158)

Tr

where Dy is defined by eq. (9.155).
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The inverse one-sided Laplace transforms of egs. (9.150), (9.154), (9.155),
(9.157) and (9.158) can now be obtained by inspection. In view of eq.
(9.144) the stresses 7, are subsequently obtained as convolution integrals
over these results and the function g(t). Eq. (9.150) leads to a diffracted
longitudinal wave, while (9.155) and (9.158) lead to diffracted transverse
waves. Just as in section 7.11, eq. (9.155) is a head wave. Finally, eq. (9.157)
cancels out the incident wave in the shadow of the slit. The corresponding
results for y £ 0 can be obtained by minor modifications. The pattern of
wavefronts is shown in figure 9.9.

Fig. 9.9. Diffraction of a longitudinal wave by a slit. 1 = incident longitudinal wave.
2 = reflected longitudinal wave. 3 = reflected transverse wave. 4 = head waves. 5 =
diffracted transverse wave. 6 = diffracted longitudinal wave.

For short times the analysis can be extended to diffraction by a crack of
finite length. The computations were carried out by Thau and Lu.® The
stresses at the crack tip are again singular, and for a step-stress wave the
stress-intensity factor shows a dynamic overshoot of about 30 ¢ over the
corresponding static factor.

9.7. Problems

9.1. An unbounded elastic medium contains a semi-infinite slit in the plane

8 S. A. Thau and T.-H. Lu, International Journal of Solids and Structures 7 (1971) 731.
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defined by x > 0,y = +0, —00 < z < 0. The faces of the slit are sub-

jected to uniform antiplane surface tractions over the strip 0 < x < q, i.e.,
0<xZa y=z0: 7,, = To H(1)

=0

a<x<o,y=+
0<x< oo, y= £0: T, = 17,, = 0.

The medium is at rest prior to time ¢t = 0.

Use the method of Green’s functions to derive an integral equation for
the shear stress 7,, in the plane y = 0. Solve the integral equation. De-
termine the stress singularity for small values of |x|.

9.2. An elastic half-space is clamped over y = 0, x =< 0, and free of surface
tractions over y = 0, x > 0. A pair of incident and reflected plane transient

~Clamped Free
AL LAY X \Y

y

Undisturbed Disturbed

waves propagates along the free surface, as shown in the figure. The in-
cident displacement wave is horizontally polarized and is of the general
form

crt+xsinat+ycosa

wi(x, y,t) = H(cpt+x sin a+y cos a) g(v)dv.
0

This expression represents the displacement in region A,

(a) Determine the displacement in region B.

(b) The system of waves reaches the point x = 0, y = 0 at time ¢ = 0.
For t > 0 compute the stress 7,, in the plane y =0 by the method of
Green’s functions.

(c) Determine the stress singularity in the plane y = 0.

9.3. In the domain 0 £ x < o0 a function f(x) satisfies the following
integral equation:
f(x)+4f e-lx-’llf(n)dn =e % 05 x< o0
(1]

Solve for f(x) by applying the Wiener-Hopf technique.
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9.4. An unbounded elastic medium contains a rigid semi-infinite screen
which prevents displacement in any direction over the domain x = 0,
y =0, —00 <z < 0. A horizontally polarized shear wave of the form
eq. (9.67) strikes the screen at time ¢ = 0. Determine w(Xx, , t) by applying
integral transform techniques.

9.5. Examine the diffraction of a plane SV-wave by a semi-infinite slit.
The wavefront of the incident wave is parallel to the slit, i.e., the incident
wave is defined by

W(x, y, 1) = Gt=srp), v =w =0,
where

G(t) = H(t)f;g(s)ds.

Determine the shear stress 7,, in the plane of the slit.



CHAPTER 10

THERMAL AND VISCOELASTIC EFFECTS, AND EFFECTS OF
ANISOTROPY AND NONLINEARITY

10.1. Thermal effects

Most materials undergo appreciable changes of volume when subjecied to
variations of the temperature. If the thermal expansions or contractions
are not freely admitted, temperature variations give rise to thermal stresses.
Conversely a change of volume is attended by a change of the temperature.
When a given element is compressed or dilated, these volume changes are
accompanied by heating and cooling, respectively. The study of the in-
fluence of the temperature of an elastic solid upon the distribution of stress
and strain, and of the inverse effect of the deformation upon the temperature
distribution is the subject of the theory of thermoelasticity.

The first effect, that of the temperature on the stresses, can be accounted
for by modifying Hooke's law. The classical argument for the modification
proceeds as follows': Consider an isotropic elastic solid in an arbitrary
state of stress, and let a small element be detached from its surroundings
and subjected to a temperature change T—T,, where T, is the reference
temperature. The additional straining of the element is given by

(E)r = «(T ~To)dj» (10.1)

where « is the coefficient of linear thermal expansion. It follows that if the
distribution of strain in the heated solid is ¢;; then the strain produced by the
mechanical forces is &;;— (;;)r, and this tensor should replace ¢;; in Hooke’s
law. This leads to the following modification of eq. (2.28):

rij = ].8“‘ 5”+2/18,_,—-0L(3l+2/1)(T— TO)éij' (102)

On the basis of intuitive arguments it is less simple to account for the
effect of the deformation on the temperature in the equation governing the
temperature distribution. Although it is plausible that a term proportional

! P. Chadwick, “Thermoelasticity, the dynamic theory”, in: Progress in solid mechanics,
Vol. 1, ed. by [. N. Sneddon and R. Hill. Amsterdam, North-Holland Publishing Co.
(1960).

391
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to the time rate of change of the dilatation should be included in the heat
conduction equation, the form of the proportionality factor is not obvious.
In any case it is more satisfactory to derive the equations governing the
mechanical and thermal disturbances by a more fundamental approach
based on thermodynamic considerations. Such a derivation is presented in
the book by Boley and Weiner.2 By employing an expansion of the free
energy in terms of the temperature change and the principal invariants of
the strain tensor, it is found that the stress is related to the strain and the
variation in temperature by eq. (10.2), while the temperature is governed by

KT m = pey T+ (32 +2u)aTy b4y . (10.3)

Here K is the thermal conductivity of the solid and ¢, is the specific heat at
constant deformation. In deriving (10.3) it is assumed that Fourier’s law
of heat conduction holds and that T— T, < T, Since egs. (10.2) and (10.3)
are based on an expansion from the reference state defined by the temperature
distribution T,, the material constants appearing in these equations are
essentially isothermal constants. Eqgs. (10.2) and (10.3) are supplemented
by the equation of motion

v, +pfi = pii;, (10.4)

and appropriate boundary and initial conditions. The complete system of
equations defines the coupled thermoelastic theory. Substituting the stress-
strain-temperature relation into the equation of motion we obtain in vector
notation

A+p)VY - u+uViu—a(BA+2u)V(T —To)+pf =‘pi.  (10.5)

10.2. Coupled thermoelastic theory

The coupling of the deformation and the temperature through the coupling
term in eq. (10.3) does have some interesting implications for the propaga-
tion of waves. Let us start with an examination of harmonic waves.

10.2.1. Time-harmonic plane waves

A plane displacement wave of harmonic time dependence propagating with
phase velocity ¢ in a direction defined by the propagation vector p is rep-
resented by

u = Ad exp [ik(x - p—ct)], (10.6)

2 B. A. Boley and J. H. Weiner, Theory of thermal stresses. New York, John Wiley and
Sons, Inc. (1960), p. 27.
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where k is the wavenumber and d is a unit vector defining the direction of
motion. If the deformation affects the thermal state of the medium, a
displacement wave is accompanied by a temperature wave, which is a scalar
quantity, and which may be assumed of the form

T—T, = Bexp [ik(x - p—ct)]. (10.7)

Substituting (10.6) and (10.7) into the displacement equation of motion
(10.5) and into the equation governing the temperature field (10.3), we
obtain

(p—pc?k*Ad +(A+u)(p - d)k*Ap +a(3A+2u)ikBp = 0
a(34+2u)(p - d)Ty k*cA +(Kk* — pey ike) = 0.
By eliminating B we obtain

(A+2u)(p - d)ce ’

(n—pc?)d+(A+u)(p - d)p+ ,
c+ikky

= 0. (10.8)

In eq. (10.8), we have introduced the dimensionless thermoelastic coupling
constant ¢, which is defined as

.= (34+2u)**T,

(10.9)
(A+2u)pcy
Also, the constant x,, which is defined as
Ky = X, (10.10)
Py

is the thermal diffusivity at constant deformation. For a number of
materials the magnitude of ¢ is shown in table 10.1. It is noted that ¢ is much
smaller than unity. Nevertheless the coupling effect cannot always be ignored.

TABLE 10.1

Coupling constant at 20 °C
(after Chadwick)

Coupling

Constant e
Aluminum 3.56x10°2
Copper 1.68x10-2
Iron 2.97 x 102

Lead 7.33x10"2
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Eq. (10.8) is equivalent to eq. (4.5) of chapter 4. Since p and d are two
different unit vectors, eq. (10.8) can be satisfied in two ways only:

either d = +p, or p-d =0.
10.2.2. Transverse waves
If d # + p, both terms in (10.8) have to vanish independently. This implies

u\
p'd=0 and c¢= (—) (10.11)
p

Egs. (10.11) define transverse waves. The noteworthy observation is that
transverse waves do not interact with the temperature field.

10.2.3. Longitudinal waves

Ifd = +p,wehaved - p = +1, and eq. (10.8) becomes

A+2u—pct+ (“-—2”)58 = 0. (10.12)
c+ikky

This rather complicated equation shows that the phase velocity depends
on k, which means that thermoelastic waves are dispersive. Since the solution
for ¢ of (10.12) generally is complex-valued, coupled thermoelastic waves
also suffer attenuation. If we consider the wavenumber k as the variable, the
limit cases for k — 0 and & — o0 are

lim ¢ = (1+¢)¥c, (10.13)
k=0
lime =¢,. (10.14)
k=

Since the elastic constants A, g and p are isothermal constants, it can be
concluded that strictly speaking longitudinal waves propagate with the phase
¢ only if the wavelength approaches zero. If the wavelength increases
beyond bounds the phase velocity is given by eq. (10.13). For very long
waves the propagation of harmonic waves is essentially an adiabatic
process, and the phase velocity depends on adiabatic material constants.
On physical grounds the limitcases were explained by Deresiewicz.? The gist
of the explanation is that heat is produced and consumed over a wavelength

3 H. Deresiewicz, Journal of the Acoustical Society of America 29 (1957) 204.
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and that thermal equilibrium is established rapidly when the wavelength is
short and slowly when the wavelength is large.

A rather detailed examination of eq. (10.12) was carried out in the
previously cited article by Chadwick. Following Chadwick we introduce
the following dimensionless quantities

cLk

g - ek (10.15)
w

X = % ,  Where w* = C—L . (1016)
w Ky

Eq. (10.12) then becomes
(&= (x+i*) +ee%x = 0. (10.17)

For the case of most physical interest the frequency is presumed known
and the wavenumber is to be computed. When x is regarded as a real
constant, eq. (10.17) is a quartic in ¢ with roots +¢, and +¢,. Exact
expressions as well as expansions for small values of ¢ and/or small values
of y are given by Chadwick. Let us write

§j=cL(-’i+iq—i), j=12,

v; @

where v, and v, are phase velocities and ¢, and ¢, are attenuation con-
stants. Expansions for these quantities are

v, = cp [1+ 2(lj-xz) +0(82)j|

e o]

vy = ¢ (2x)* l:l—— 2-(0'(—(11—_:—;2)) +0(82):}
= i 1+ LA so)].

These results show that the roots +¢, represent modified elastic waves while
+¢&, represent modified thermal waves.

It is noted that ¢, is an increasing function of x, but it can be shown that
q, approaches a finite value as y increases beyond bounds. It is, however,
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evident that the wave motion may be significantly attenuated at high
frequencies. In the lower scale of frequencies the coupling between a
longitudinal wave and the accompanying thermal disturbance is, however,
weak.

In summary, for ‘plane time-harmonic waves the coupling between the
thermal and mechanical fields affects the essentially mechanical waves in
that these waves become dispersed and attenuated.

10.2.4. Transient waves

The coupling between mechanical and thermal disturbances is also of some
importance in problems of transient wave propagation. To display the effect
of the coupling we will examine a one-dimensional initial boundary value
problem. The influence of thermoelastic coupling should be most pronounced
when the external excitation is of a mechanical nature, because in that case
the deformation is purely mechanical if the coupling effect is negleeted.

In a one-dimensional geometry the coupled thermoelastic equations
reduce to

2
Cu _GAr20a 0 gy, 1 O (10.18)
ox? i+2u ox ¢l ot
cj_l' _ pey T (3i+2u)otT0 0*u (10.19)
ax*? K az K ox ot

We will consider a half-space x = 0 which is initially at rest and at a uniform
temperature
u(x,0) =u(x,0)=0;, T(x,0)=T,. (10.20)

At time ¢t = 0 the surface x = 0 is subjected to a uniform stress, while
the temperature is maintained at the reference temperature

7,(0, 1) = —1o H(2) (10.21)

T(0,¢) = T,. (10.22)

Solutions of problems of transient wave propagation in coupled thermo-
elasticity are usually sought by means of integral transform techniques.
Unfo"rtunately it is generally rather cumbersome to obtain inverse trans-

forms. In many cases it is necessary to resort to approximate methods. A
number of probiems for the half-space were solved by Boley and Tollins.*

4 B. A. Boley and 1. S. Tollins, Jourral of Applied Mechanics 29 (1962) 637.
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In figure 10.1 we have sketched the stress 7.(x, ¢) for the problem defined
by eqgs. (10.18)-(10.22) as a function of x/c, ¢ and for a specific time . The
solid line indicates the isothermal solution which is obtained from the un-
coupled theory. The most notable feature of the solution which does in-
clude the effect of coupling is that the wavefront propagating with velocity

TX
To
<)
\
N
~
1 X
c. t
Fig. 10.1. Longitudinal stress. ——— uncoupled theory. — — — — coupled theory.

c;, is preceded by a disturbance which (in theory) extends to infinity. This
disturbance is generated by the thermal field which is due to conduction of
heat produced by the deformation behind the wavefront x/c, ¢ = 1. Since
heat conduction according to Fourier’s law is a diffusion process the thermal
field instantaneously extends to infinity and thus causes a (very small)
deformation which precedes the wavefront. If the surface pressure is sud-
denly applied a discontinuity of decreasing magnitude propagates with
the velocity of longitudinal waves. In figure 10.1 we have also shown the
corresponding uncoupled field. The thermal coupling thus causes a precursor
effect and a damping effect.

By employing the analytical techniques of chapter 4 to determine the
magnitude of a propagating discontinuity it can easily be shown that the
stress jump at x = ¢, ¢ is of the form

[1.] = —roe s/, (10.23)

where ¢ is the coupling constant and x, is the diffusivity at constant de-
formation. For a derivation of (10.23) we refer to the book by Parkus.®

5 H. Parkus, Thermoelasticity, Blaisdell Publishing Co. (1968), p. 101.
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For most materials the exponent is a relatively large number and the dis-
continuity is damped out over a very short distance.

10.2.5. Second sound

The classical theory of the conduction of heat rests upon the hypothesis
that the flux of heat is proportional to the gradient of the temperature
distribution. As a consequence of this hypothesis, which is known as Fourier’s
law, the temperature distribution in a body is governed by a parabolic
partial differential equation, which predicts that the application of a thermal
disturbance in a finite region of a body instantaneously affects all points
of the body. This behavior, which implies an “infinite speed of propagation”
of thermal disturbances, has been reason to doubt the validity of Fourier’s
law for initial value problems and short times, and it has motivated proposals
to modify Fourier’s law to a relation of the type

g;+t4; = —K or ; (10.24)
ox;

where ¢; is the heat flux. Through this equation the temperature distribution
is governed by a partial differential equation of the hyperbolic type, and heat
conduction is described as a wave propagation phenomenon. Often the
term ‘‘second sound” is used in referring to these thermal waves.

The implications of propagation of thermal effects on the initial-boundary
value problem defined by (10.20)-(10.22) were examined by Achenbach.®
If the transport of heat is governed by the modified Fourier’s law (10.24)
the application of a mechanical or a thermal disturbance in a one-dimensional
geometry gives rise to two wavefronts. The speed of the fast wavefront
is greater than the larger of ¢, and c,, where ¢, and ¢, are the speeds of
mechanical and thermal wavefronts if thermomechanical coupling is ignored.
The speed of the slow wavefront is less than the smaller of ¢; and ¢,. For
c/c < (1+¢)*, where ¢ is the coupling constant, the slow wave is es-
sentially thermal and the fast wave is essentially mechanical. For ¢,/c; >
(1+¢)* the opposite is the case and the fast and slow waves are essentially
thermal and mechanical, respectively. If the externally applied disturbance
is discontinuous in time, the temperature is discontinuous at the wave-
fronts unless Fourier’s classical law of heat conduction is satisfied. The dis-
continuities in the mechanical and the thermal fields decay exponentially,

¢ J. D. Achenbach, Journal of the Mechanics and Physics of Solids 16 (1968) 273.
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where the attenuation is faster at the wavefronts of the essentially thermal
waves.

10.3. Uncoupled thermoelastic theory

If the thermal and mechanical fields are independent of time, the coupling
in the heat equation between the temperature and the deformation vanishes.
Even for fields that do vary with time, the coupling term is often neglected,
so that eq. (10.3) reduces to

KT, = poy T. (10.25)
By neglecting the influence of the deformation on the temperature field the
temperature distribution can be solved first from eq. (10.25), whereupon
the then known temperature field enters eq. (10.5) effectively as a body
force. If the temperature variation is sufficiently rapid it may induce wave
propagation effects. These thermally induced waves can be analyzed by
the techniques discussed in chapter 3 for motions generated by distributions
of body forces.

According to the uncoupled theory the thermal state is not affected in
the event that the external disturbances are purely mechanical in nature.
The temperature terms in eqgs. (10.2) and (10.5) vanish and the analysis is
purely isothermal. The theory and methods discussed in this book are
pertinent to this case. It follows from the preceding section that a strictly
isothermal analysis is, however, an approximation, because the heat
generated by deformation is neglected.

10.4. The linearly viscoelastic solid

In this section we investigate the propagation of waves in a class of materials
for which loads and deformations are linearly related, but for which the
deformation depends not only on the present magnitude of the loads but
also on the history of the loading process. These materials are called linearly
viscoelastic.” For a more specific description of viscoelastic behavior it is
convenient to examine the simple case of one-dimensional longitudinal
stress.

10.4.1. Viscoelastic behavior
Let us consider an infinitesimal element of a material, and let us suppose that
we instantaneously place the element in a state of homogeneous longitudinal

7 The theory is discussed by R. M. Christensen, Theory of viscoelasticity. New York,
Academic Press (1971).
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stress defined by 7, # 0, 7, = 7, = 0. In a perfectly elastic element the stress
7, instantaneously gives rise to strains, in particular to a homogeneous
extensional strain of magnitude ¢, = 7,/E, where E is the extensional, or
Young’s, modulus. In an element of a viscoelastic material the instantaneous
response will, however, be followed by an additional strain which increases
with time. This phenomenon, which is called creep, is characteristic of
viscoelastic materials. The extensional strain response to a homogeneous
longitudinal stress of unit magnitude is called the creep function Jg(¢). The
creep function is sketched in figure 10.2. Conversely, if the element is in-
stantaneously placed in a state of extensional strain ¢,, combined with

Je (1)

Fig. 10.2. Creep function.

G(t)

Fig. 10.3. Relaxation function.



Ch. 10, § 10.4.] THE LINEARLY VISCOELASTIC SOLID 401

7, = 7, = 0, the instantaneous stress response is followed by a decrease
of the stress level. This phenomenon is called relaxation. The longitudinal
stress response to a strain &, of unit magnitude is termed the relaxation
function Gg(z). The relaxation function is sketched in figure 10.3. By virtue
of the linearity of the process the longitudinal stress due to an extensional
strain of arbitrary time dependence may then be expressed as a superposition
integral over Gg(t) and &,(¢),

7(t) = EX(O)GE(I"IO)'*'J

11

3

Ga(t—s) L= ds, (10.26)
o* ds

where it is assumed that the process starts at time ¢ = #,. Eq. (10.26) can
also be written in the form

() = GelO)es)+ |

t

t

Gr(t—s)e.(s)ds, (10.27)

where a prime denotes a derivative with respect to the argument. Egs.
(10.26) and (10.27) show one way of representing linear viscoelastic con-
stitutive behavior for the case of one-dimensional stress. A more compact
way of writing (10.26) is

7(1) = J.t Gg(t—s)de,. (10.28)

10.4.2. Constitutive equations in three dimensions

In an isotropic elastic solid the mechanical behavior can be completely
described by two elastic constants. As shown in section 2.4 a convenient
choice consists of the shear modulus u and the bulk modulus B. The ad-
vantage of using these |constants is that they have definite physical inter-
pretations, and that they can be measured. In terms of u and B the elastic

stress-strain relations are
$t = Be, (10.29a, b)

s o= 2uey;,

where the stress deviatior s;; and the strain deviatior e,; are defined by eqgs.

(2.32) and (2.33), respectively. In analogy to eq. (10.28) the viscoelastic
relations corresponding to egs. (10.29a, b) may be written in the forms

s
Sij = 2'[‘0Gs(t-—s)de,-j (10.30)

t
Ty = 3f Ga(t—s)dey, (10.31)
0
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where Gs(r) and Gg(t) are the relaxation functions in shear and in bulk,
respectively. The corresponding relation between 7;; and g;; is

t t
T = 5iif0[GB(t“Sj'%Gs(t—S)Jdakk+2f0Gs(t‘s)d8if- (10.32)

10.4.3. Complex modulus

Suppose that the strain history is specified as a harmonic function of time,
so that the strain deviator may be written as

e; = ee.
Assuming that a steady state has been reached the stress deviator is also
time-harmonic with frequency w. The stress deviator may then be written

in the form
sij = 2G3(w)ef; €, (10.33)

where the complex modulus Gg(w) is a complex function of the frequency.
We write

Gs = G{w)+iGs(w), (10.34)
or
Gs = |G5le™”, (10.35)
where
1651 = {{Gs(w)]* +[G§(w)]*}* (10.36)
and
= -1 95(_60) 0.37
¢s(w) = tan G;(Q) . (10.37)

It follows that the stress and strain are out of phase, which implies that
energy is dissipated during the steady-state oscillations. It can be shown
that the real and imaginary parts of the complex modulus can be expressed
in terms of the relaxation function.®
For steady-state time-harmonic oscillations eq. (10.32) becomes
1 = 6;,{Gh(w)—2G3(w)]ex, +2G3(w)el; (10.38)
where
1, =15, ey =g (10.30a, b)

® The expressions are given in the previously cited book by Christensen.
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10.5. Waves in viscoelastic solids

Viscoelasticity affects the propagation of waves in a rather significant
manner. It is shown in this section that time-harmonic waves in an un-
bounded medium are subjected to dispersion and attenuation due to the
viscoelastic constitutive behavior. A pronounced effect on transient waves is
damping in the vicinity of the wavefront. We will restrict the attention to
isothermal wave propagation.

10.5.1. Time-harmonic waves

It has been stated several times that a time-harmonic displacement wave is
of the form

u = Ad exp [i(kx - p—owt)], (10.40)
where w is the frequency, & 1s the wavenumber and p and d are unit vectors
in the directions of propagation and motion, respectively. Substituting
(10.40) into eq. (10.38), and subsequently substituting (10.38) and (10.40)
into the equation of motion t;; ; = pii;, we obtain in vector notation

[G5(w)k? - pw?]d+[Gy(w)+3G5(w)]k*(p-d)p = 0. (10.41)
This equation, which is the equivalent for a viscoelastic solid of eq. (4.5),
again can be satisfied in two ways only,
either d = +p, or p-d =0.

In eq. (10.41) either k or w can be considered as the real-valued independent
variable. Considering the wavenumber k as the independent variable, the
phase velocity ¢ = w/k can be computed from eq. (10.41). Evidently ¢
must come out as a complex number,

¢ = ¢ (k)+icy(k). (10.42)
The dependence of ¢, on k indicates that viscoelastic waves are dispersive,
while the presence of the imaginary term c¢,(k) shows that the amplitude
decreases as k increases. In the remainder of this section we will, however,

choose to consider the physically more realistic case when a forcing frequency
1s taken at the real-valued independent variable and & is to be computed.

10.5.2. Longitudinal waves
Ifd = 4 p we obtain from eq. (10.41)

k = [m} ", (10.43)
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Evidently & is complex, which implies that the amplitude decreases with
increasing x. The attenuation rate clearly depends on the frequency.

10.5.3. Transverse waves

If p-d =0, we have

K = [G;‘iw)] . (10.44)

Thus, transverse waves are also attenuated.

10.5.4. Transient waves

The proper statement of the dynamic problem for a viscoelastic body is
provided by the equations of section 2.5, except that Hooke’s law, eq.
(2.40), must be replaced by the viscoelastic stress-strain relation, which is
given by eq. (10.32). For the type of boundary conditions stated in section
3.2 the initial-boundary value problem can in a formal manner be solved
without difficulty, by employing the one-sided Laplace transform over
time. It is rather simple to obtain the Laplace transform of the solution
of any viscoelastic problem provided that the Laplace transform of the
solution of the corresponding elastic problem is available. A simple relation
between the Laplace transforms exists by virtue of the form of viscoelastic
constitutive laws, which contain convolution integrals, and by virtue of the
property that the one-sided Laplace transform of a Riemann convolution
of two functions is given by the product of the Laplace transforms of the two
functions.

By applying the one-sided Laplace transform to eq. (10.32) it follows
that 7;; and &,; are related by -

Ty = 5ij[pGB(p)—%pG—S(p)]ékk+2PGS(p)Eij9 (10.45)
where p is the Laplace transform parameter. The Laplace transform of the
corresponding elastic stress-strain relation is

Ty = Oyl B—Fultu+2u8;. (10.46)
Since the other governing equations are exactly the same for the elastic
and the viscoelastic problems, it now follows that the Laplace transform
of the viscoelastic solution can be obtained from the Lapjace transform of
the corresponding elastic solution by

replacing B by pGg(p)

replacing u by pGg(p).
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By the corresponding elastic sclution we mean the solution to the problem
for an elastic body of the same dimensions which is subjected to the same
initial conditions, body forces and boundary conditions as the viscoelastic
body. The relation between the Laplace transforms of the corresponding
elastic and viscoelastic solutions is called the elastic-viscoelastic cor-
respondence principle.

Although the lLaplace transforms of the viscoelastic solutions can be
obtained in a simple manner, this provides us with little more than rather
formal expressions for the field variables in the form of complex inversion
integrals. Usually it is difficult to evaluate these integrals. It appears that it
is possible to invert the transforms in a relatively simple manner only for the
rather special case that the relaxation functions in bulk and in shear show
the same time dependence. For details we refer to an article by Chao and
Achenbach.®

As an example of the analysis of a transient viscoelastic problem we
examine the propagation of longitudinal waves in a thin rod defined by
x = 0. The rod is originally at rest, i.e.,

u(x, 0) = u(x,0) = 0, (10.47)
where u(x, 1) is the displacement in the x-direction. At time ¢ = 0 a stress
T, Is suddenly applied at x = 0,

7:(0, t) = —1, H(1). (10.48)

According to the elementary rod theory the equation of motion for the
corresponding elastic problem is

0%y 1 0%u E\*
=3 %3 where ¢, = (-] .
Ox ¢y Ot P

It can be verified that the Laplace transform of the elastic stress is
Tdx, p) = — %0 g=pxley, (10.49)
P

By virtue of the correspondence principle the Laplace transform of the
viscoelastic displacement is of the form

- T Tpty
Tx, p) = — ZLexp {—— E—p——;} . (10.50)
P [Ge(p)]
? C. C. Chao and J. D. Achenbach, in: Stress waves in inelastic solids, ed. by H. Kolsky
and W. Prager. Berlin, Springer-Verlag (1964), p. 222.
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For the simplest viscoelastic model solid the relaxation function is of the

form
Gi(t) = Ege™™. (10.51)

Thus, E, defines the instantaneous value of Gg(¢) at ¢ = 0. The Laplace
transform of (10.51) is

_ E
Ge(p) = ——. (10.52)
pta

Substituting (10.52) into (10.50) yields

7(x, p) = — ;p [—(p?+ap)*(x/c)], (10.53)
where

EN?
¢y = (—0) . (10.54)

P
The inversion of (10.53) by way of contour integration is not a trivial task.
Fortunately 7,(x, t) can be obtained with the aid of a table of Laplace
transforms. For ¢ > x/cf the result is

[ il IR
s [s'—(x|eS) T

—1ge” FHHeY) (10.55)
while 7,(x, #) = 0 for # < x/cy. In eq. (10.55) I,( ) is the modified Bessel
function of the first kind of order one. It 1s of interest to note that the speed

of the wavefront depends only on the magnitude of the relaxation function
at time ¢ = 0. The stress is discontinuous at the wavefront, but the jump

1 x
Tx(x, t) = — i '(‘:—6 ATy
b

-1

—— T ——T--
! |
! l
I
|
l

= — —

X

viscoelastic stress. — — — — elastic stress.

Fig. 10.4. Stress waves in a viscoelastic rod.
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decays exponentially. For various values of time eq. (10.55) is sketched in
figure 10.4, where the elastic solution for a solid with Young’s modulus E,,
is also shown.

10.5.5. Propagation of discontinuities

There are not many viscoelastic materials whose relaxation function in
one-dimensional longitudinal stress can with some degree of accuracy
be represented by the single exponential given by eq. (10.51). Experimental
measurements generally require the sum of several exponentials with dif-
ferent exponents for an acceptable curvefitting. If the relaxation function is
represented by a summation of exponentials it becomes, however, diffi-
cult to carry out the inversion of the Laplace transform given by eq. (10.50),
at least by analytical methods. It is therefore worthwhile to explore alter-
native methods of analysis for problems of transient wave propagation in
viscoelastic solids. One such method is based on the computation of mag-
nitudes of propagating discontinuities; it can be used for any analytical
form that the relaxation function may have. This method allows us to
compute the field variables in the vicinity of the wavefront.

Let us return to the problem defined by egs. (10.47), (10.48), (10.27),
and the equation of motion

0ty o*u
PN p Pt (10.56)

and let us assume that a wavefront propagates with a velocity ¢, whose
magnitude still is to be determined. According to eq. (4.83) the possible
jumps in 7, and Ju/dt are related by

[t] = —pe [Z_’t‘] . (10.57)

It follows from (10.27) that [z, ] and [du/dx] are related by
[r.] = G(0) [@} : (10.58)
ox

Since the displacement is continuous the kinematical condition of com--

patibility, eq. (4.87) yields
[@} - —c [‘3—“} . (10.59)
ot 0x
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Combining (10.57), (10.58) and (10.59) we find

c=c) = [C%g)} %. (10.60)

This result states in general terms what was already observed for a special
case, namely, the velocity of the wavefront in the rod is governed by the
initial value of the relaxation function.

In a similar manner it can be shown'® that the wavefronts of longitudinal
and transverse waves propagate with velocities {Gz(0)+%G4(0)}*/p* and
{G5(0)/p}*, respectively.

Now let us examine the magnitude of the propagating jump in the particle
velocity. According to the kinematical condition of compatibility we have

dp [ar,} [ar,}

Ol = | T e | 22 . 10.61

dt[ ) ot 0x ( )
By differentiating (10.27) once with respect to ¢ we obtain
ot 0’u ou j' ou

— = Gg(0) =—— +GE(0)— + | Gg(t—s)—ds. 10.62

o - OO TORO 5 T ]I (1042)

The corresponding relation between discontinuities is

[af"} ~ G(0) [62“} +G(0) [Z—ﬂ . (10.63)

dt 0t éx

According to the equation of motion (10.56) we have

[%} — fﬁu{' . (10.64)

ax Las?
Writing the kinematical condition of compatibility for ou/dt yields
- ~2
dp [Qﬂ} _ [a_‘f e [0 u } , (10.65)
dt Lot ot* | dx ot
or, in view of egs. (10.57) and (10.64)
dp [ar 7 3 [:621,4 }
= [t] = —c || —pc . 10.66
d: L] 0x | P Ox Ot ( )

The discontinuities [01,/0x], [6%u/dxdt], and [du/dx] can subsequently be

10 E.g. K. C. Valanis, Journal of Mathematical Physics 44, (1965) 227.
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eliminated from eqs. (10.58), (10.61), (10.63) and (10.66), whereupon the
following ordinary differential equation for [t,] is obtained

do 1.1 GO
Ll g =o (10.67)

In view of the initial condition given by eq. (10.48) the appropriate solution

of this equation is
G (0) J
T.] = —1p€x 10.68
[z.] 0 p[z G(0) ( )

This is the value of the stress at the wavefront as the wavefront travels
through the rod. Since the position of the wavefront is defined by x = cpt,
eq. (10.68) can also be written as

I G'(0) le
] = —tpexp |- —> = |. 10.69
(1= ~soewp |3 o (10.69)
In this form the result agrees with what follows for a special case from eq.

(10.55).

It is possible to extend the preceding analysis to the computation of the
magnitudes of propagating discontinuities of the temporal derivatives of
the stress. Such an extension makes it feasible to construct a Taylor expan-
sion for the stress at a fixed position for short times after the wavefront has
passed. For a detailed discussion we refer to a note by Achenbach and
Reddy.!!

An important constitutive theory which can describe the inelastic effects
that are typical for crystalline materials is the theory of plasticity. The
propagation of plastic waves is, however, a field of research by itself and it
will not be discussed here. For a treatment of the main problems considered
in the theory of dynamic deformation of plastic materials we refer to the
book by Critescu.!?

10.6. Waves in anisotropic materials

It was stated in section 2.4 that for a homogeneous elastic medium the
general linear relations between the components of the stress tensor and
the components of the strain tensor are

Tij = Cijaiturs (10.70)
1), D. Achenbach and D. P. Reddy, Zeitschrift fiir angewandte Mathematik und

Physik 18 (1967) 141.
12 N. Critescu, Dynamic plasticity. Amsterdam, North-Holland Publishing Co. (1968).
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where the constants C;;, satisfy the relations
Cijkl = Cjikl = Cklij = Cl'jllu

so that only 21 of the 81 components of the tensor C,j, are independent.
The tensor Cj, is positive definite in the sense that

Cijufijfa z 0

for all symmetric f;; where the equality is satisfied only when f;; = 0. Sub-
stitution of (10.70) into the stress-equation of motion yields

Cijutiy,1; = pty. (10.71)

In the preceding chapters we have investigated waves in isotropic solids
for which there are only two independent elastic constants. In the present
section we will comment briefly on wave propagation in anisotropic
materials. This subject has a lengthy history, with some of the first con-
tributions dating back to the middle of the 19th century. In recent years
interest has been revived because of interest in the areas of seismology,
ultrasonics and the interaction between deformation and electromagnetic
fields. For a review of waves in anisotropic media we refer to an article by
Musgrave.!?

Of particular interest are the results of Synge'* for time-harmonic
waves propagating in a general anisotropic medium. Let us consider the
components of a plane harmonic displacement wave in the form (4.18), i.e.,

Uy, = Ad, exp lio(x,q,~1)], (10.72)

where  is the (real-valued) angular frequency and ¢; are the components
of the slowness vector. Upon substitution of (10.72) into the displacement
equation of motion (10.71) we obtain

(Cijud;91—pdu)d, =0, (10.73)

where §,, is the Kronecker delta. Eq. (10.73) is an equation for the com-
ponents d,. For a nontrivial solution the determinant of the coefficients of
d, must vanish, which gives

det [Cij19;9:—p0ul = 0. (10.74)
13 M. J. P. Musgrave, in Progress in solid mechanics, Vol. 11, ed. by I. N. Sneddon and

R. Hill. Amsterdam, North-Holland Publishing Company (1961), p. 61.
t¢ J. L. Synge, Journal of Mathematical Physics 35 (1957) 323.
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In section 4.2 the components of the slowness vector were defined as

q; = pjle, (10.75)

where p; are the components of the vector which defines the direction of
propagation and c is the phase velocity. If we let

Iy = Cijup;ipis (10.76)
Eq. (10.74) can be rewritten as
det |y, —pc®dy] = 0. (10.77)

The constants I';, are known as the Christoffel stiffnesses. If the components
p; are given, eq. (10.77) describes three velocity sheets in the space spanned
up by p;.

From the properties of the C,;, it follows that I';, is a symmetric and
positive definite matrix. That is,

Iy ="ry, Tydd 20 forall d,.

It follows that all of the eigenvalues of I';, are real and positive and their
corresponding eigenvectors are orthogonal. The physical interpretation of
these observations is that for a given direction of wave propagation defined
by p; there will be three phase velocities, ¢, ¢, and ¢y, and the three cor-
responding displacement vectors will be orthogonal. Contrary to the
isotropic case the displacements are, however, neither truly longitudinal
nor truly transverse in character.

For further details on wave propagation in anisotropic media we refer to
the literature on the subject. Some aspects of a formal elastodynamic theory
for anisotropic solids were discussed by Wheeler.!* A more detailed discus-
sion of slowness surfaces can be found in the previously cited papers by
Synge and Musgrave. Both of these authors have also discussed the reflection
of waves at plane surfaces and surface waves at the surface of an anisotropic
half-space. Transient problems including the Green’s function for an infinite
medium and Lamb’s problem for a half-space were discussed in a review
article by Kraut.'® Transient anisotropic waves in bounded elastic media
were studied by Scott.!”

15 L. T. Wheeler, Quarterly of Applied Mathematics XXVIII (1970) 91.

16 E. A. Kraut, Reviews of Geophysics 1 (1963) 401.

17 R. A. Scott, in: Wave propagation in solids, ed. by J. Miklowitz. The American
Society of Mechanical Engineers (1969), p. 71.
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10.7. A problem of transient nonlinear wave propagation

The analysis of the propagation of waves of finite strain in elastic materials
requires the surmounting of some difficult mathematical obstacles. Perhaps
for that reason it has not been until quite recently that a substantial body of
results on nonlinear dynamic elasticity has become available. The work on
the propagation of nonlinear elastic waves can roughly be divided into four
categories, namely: (1) studies of propagating singular surfaces, (2) simple
wave solutions of boundary-initial value problems, (3) studies of propagat-
ing steady-state shocks, and (4) the analysis of periodic waves by means of
asymptotic methods. A treatment of selected problems of nonlinear dynamic
elasticity can be found in the book by Bland.'®

Some peculiarly nonlinear effects such as the steepening of the head of
a pulse and the subsequent formation of shocks can be exhibited by an
analysis of the simplest one-dimensional nonlinear example. In section 1.2
we derived the equations governing the one-dimensional motion of an
elastic continuum in the material description. Let us define F(X, ) as
the displacement gradient

U
F="%=. 10.78
=% (10.78)

Following eq. (1.22) the relation between the stress T(X, ) and defor-
mation gradient F(X, ¢) is taken in the form
T(X, 1) = S(F). (10.79)

Representative curves for & (F) are sketched in figure 10.5. It will be shown
in the sequel that the wave propagation response is very different for convex

2
o
T aF 2 >0
Convex
2
AP
dF
Concave
F

Fig. 10.5. Nonlinear relation between the stress and the deformation gradient.

18 D, R. Bland, Nonlinear dynamic elasticity, Blaisdell Publishing Company (1969).
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and concave stress-deformation-gradient curves. For rubbery-type of
materials, for which nonlinear elasticity applies, the relation between the
stress and the deformation gradient is generally concave.

According to egs. (1.23) and (1.24) the equation of motion may be written
as

2 2
2?9 U (10.80)
ex* o
where
+
C(F) = (1_ dssf) . (10.81)
po dF

Let us consider a half-space X = 0 which, prior to time t = 0, is in a state
of homogeneous deformation defined by a displacement gradient F, 1.e.,

t<0: F=F,. (10.82)

At time ¢ = O the surface of the half-space is subjected to a spatially uniform
particle velocity:

t20,X =0 V(01 =f(1), (10.83)

where f(0) = 0. The linearized counterpart of this problem can immediately
be solved by the method of section 1.3.

The problem as formulated by eqs. (10.80)-(10.83) can be treated by
the method of characteristics which was already mentioned in section 4.7.
Eq. (10.80) can be rewritten as

oV, OF _

c 0, (10.84)
ot D¢
while it follows from eq. (10.78) that
ov_oF_, (10.85)
oX ot

In these equations V' (X, t) is the particle velocity in the material description.
Following the development of section 4.7 the characteristic curves in the
(Xt)-plane are easily obtained as

X _ L), (10.86)
dt
The lines in the (Xf)-plane defined by (10.86) are referred to as the C*
and the C~ characteristics, respectively. Following the usual procedure
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we introduce new coordinates & and # such that
¢ = constant along C* curves

n = constant along C~ curves.

These definitions of ¢ and 5 imply that

ox _ C(F)— along C*
on an

and
oX _ —C(F)~ along C™.
d¢

[Ch. 10, § 10.7.

(10.87)
(10.88)

(10.89)

(10.90)

[n the next step we multiply eq. (10.85) by +C and —C, respectively, and

we add the respective products to eq. (10.84) to obtain

(5?-Ij +ca—lf) —c(?f +c"F) =0

ot 0X/ ot 0X
and
(¥ -c®) e (T -cT) -0,
ot X ot 0X

(10.91)

(10.92)

respectively. Combining (10.91) with (10.89), and (10.92) with (10.90) yields

Z—V —-C(F) =0 along C*(¢ = const)
n
and

(Zg C(F) =0 along C7(n = const),

respectively. It is now convenient to introduce the quantity
F
oF) = | c(ryr,
Fo

whereupon egs. (10.93) and (10.94) further simplify to

?-I—/—a—g=0 along C~

on on
and
av 0Q

— =0 along C~
0¢ 6¢

(10.93)

(10.94)

(10.95)

(10.96)

(10.97)



Ch. 10, § 10.7.] A PROBLEM OF TRANSIENT NONLINEAR WAVE PROPAGATION 415

This pair of equations is readily integrated to yield
V(& n)=0( n) = g1(§) along C* (10.98)
V(& n)+0Q(& n) = g,(n) along C~. (10.99)

The functions g,(¢) and g,(n) are called the Riemann invariants.

Let us label the characteristic variables £ and #» such that £ = 5 = ¢ at
X = 0. The initial conditions (10.82) and the boundary conditions (10.83)
then yiela the following conditions in the (£7)-plane:

t<0 V=00=0 (10.100)

It now immediately follows from (10.99) and (10.100) that g,(n) = 0,

while (10.98) and (10.101) subsequently yield g,(£) = 2f(&). The solutions
for V (&, n) and Q(¢, ) thus are

v = £(e) (10.102)
0 = [ crur = -1 (10.103)

Hence both ¥ and Q are functions of ¢ only, which in turn leads to the fol-
lowing conclusions:

F=F() and C = C(¢). (10.104a, b)

In view of eq. (10.81) the latter of these implies that lines defined by ¢ =
const are straight lines. Integration of dX/d¢ = + C subject to the condition
¢ =t at X = 0 then gives

X = C(E)(t—¢). (10.105)

Since f(£) = 0 for £ < 0 the characteristic line defined by & = 0 cor-
responds to the wavefront whose velocity in the material description is
given by

(10.106)

%
F=F

po dF

—ro

The speed of subsequent disturbances can be computed from the equation
that results by rewriting eq. (10.103) in the form

C(%) dF
C ~—-dC = - . 10.107
f o 1) (10.107)

Co
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The solution provided by eqs. (10.102) and (10.103) is called a simple
wave solution. If C(¢) can be solved from eq. (10.107), the particle velocity
can be determined at any point in the (X?)-plane, since V(&) remains
constant along lines £ = constant. A geometrical construction is shown in
figure 10.6. To obtain an explicit expression for the particle velocity in terms
of X and 1, the result for C(£) must be used to express & in terms of X and
t by using eq. (10.105).

Vo

s

—-t

Fig. 10.6. The C* characteristics with the corresponding particle velocity.

The simple wave solutions (10.102) and (10.103) are valid as long as the
C* characteristics do not intersect. Let us consider the case that f(£) in-
creases monotonically. Since C(F) > 0 it follows from eq. (10.103) that F
decreases in magnitude. If d>%/dF? > 0, C(¢) decreases monotonically as
F decreases, as follows from figure 10.6; the C* characteristics then never
intersect and the solution as presented here is valid. If on the other hand
d*FJdF? < 0, C(€) increases as F decreases and intersection occurs. In
physical terms the latter case means that earlier disturbance are overtaken
by subsequent disturbances. At a point of intersection of two C* charac-
teristics the solution breaks down because the intersection implies two
solutions of the field variables at one point in space-time. At such a point
the solution becomes discontinuous, i.e., it is a point of shock formation.

At points of intersection of C* characteristics the derivatives é¢/0t and
0£/0X become unbounded, or equivalently

a__, (10.108)
et o
If these conditions hold the spatial and temporal derivatives of ¥ and F
increase beyond bounds, as can be seen by considering for example ¢V/0X =
(df/d&)(0¢/6X ). The time at which a shock initiates is obtained from eq.
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(10.105) and the conditions 6¢/0¢ = 0 and 0X/0¢ = 0 as

ty = min 1,(&), (10.109)
z
where
€
t =&+ 10.110
a&) = ¢ aCHE ( )
If the minimum of #,(¢) occurs at ¢ = £, the value of ¢, can be computed
from
d*C dc\?
C(¢ = ( ) . 10.111
© '3 =25 (10.111)

An apparent additional condition is that ¢, must be larger than &,. A shock
forms at the wavefront only if , = 0. Since we must have ¢, > & = 0,
and since C(£) > 0 it follows from egs. (10.109) and (10.110) that a neces-
sary condition for shock formation at ¢ = ¢, i1s dC/d¢ > 0 for & £ &,
or equivalently by employing egs. (10.81) and (10.103)

(dﬂ)(d];) for ¢ =, (10.112)

Thus, as was already observed earlier, if f(0) =0 and df/d > 0 (or
df/dt > 0), shock formation can occur only if d>.%/dF? < 0, ie., if the
stress-strain curve is concave.

Shock formation is a typically nonlinear effect which has been observed
experimentally in stretched natural rubber.!®

10.8. Problems

10.1. In the uncoupled thermoelastic theory the temperature distribution
is computed from a separate (uncoupled) equation. Suppose the temperature
distribution T— Ty is known as a function of x and ¢. Introduce displacement
potentials in eq. (10.5) to determine a general expression for u(x, ?).

10.2. The surface of a half-space (x = 0) is suddenly heated to the
temperature 7', and then held at that temperature, i.e., we have

T(0,2) =T, H(2).
The half-space is initially at a uniform temperature 7g. Show that the

% H. Kolsky, Nature 224 (1969) 1301, no. 5226.
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solution of the heat conduction equation is
X
T(x,t) = (T, -T, erc[——:l +T,,
() = (T =ToJrfe | 2 | 4T,

where erfc is the error function complement. The surface of the half-space
remains free of tractions. Assuming that the half-space is at rest prior to
time ¢t = 0, determine 7, as a function of x and .

10.3. A viscoelastic half-space i1s subjected to a time-harmonic normal
traction 71, sin wf. Express the steady-state displacement response in the

form
u(x, t) = Ue™** sin (wt — fx)

and determine U, a and B in terms of the frequency and the components
of the complex moduli. Now suppose that the normal traction at x = 0
is an arbitrary function t(¢) of time. Write 7(¢) as a superposition of
harmonics, and express u(x, ) as a real-valued integral.

10.4. In a transversely isotropic material the material properties are the
same in all directions in planes that are under the same angle with an axis
of symmetry. A transversely isotropic elastic material has five independent

x

P4

elastic constants. We consider a haif-space z = 0 and we assume that the
axis of symmetry coincides with the z-axis. The stress-strain relations in
plane strain are

T, = Aa—u +C(z‘~v
ox oz
T, = B% +C(—31
0x oz
6u (?w
T, =
6x oz

)
i

)
Jz  Ox

Examine the propagation of straight-crested surface waves.
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10.5. In the problem discussed in section 10.7 assume that f(¢) can be
expanded in a Maclaurin series

VO.0 =70 = % = Sl

where f, are constants. It is also assumed that f; > 0. For ¢t = X/C, we
seek the motion at an arbitrary position X as a Taylor expansion about the
time of arrival of the wavefront. Because the medium is at rest prior to ar-
rival of the wavefront we may write

x = P(X,1) = F0X+§ 1 (z— X)" [anp} :

n=2 n! Co at"

where the brackets denote discontinuities across the wavefront. By employing
the relations for propagating discontinuities show that [62P/0¢%] satisfies
the nonlinear ordinary differential equation

d [o%P 252{[62P] 2
200Co — | — | + 22! ~= } =0,
Potog [0#] ci \Lar?

1 e
n! dF”"

where

S =

F=Fg

What is the solution of the equation? What happens at t = —p, Calf1S,:?
What is the physical meaning of 25,7
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Abel integral equation, 363, 364
Acceleration

convected part, 13

in material description, 13

in spatial description, 13
Amplitude

coefficients, 38

modulation, 216

of harmonic wave, 30

ratios, 175, 177, 179, 184
Antiplane line-load

in an unbounded medium, 107, 156

on a half-space, 283, 359
Antiplane shear motions, 58
Anisotropy, 409
Antinode, 32
Apparent wavenumber, phase velocity, 170
Argument, principle of, 189
Asymptotic approximations, 271-283, 288
Attenuation

due to thermoelastic coupling, 394

due to viscoelastic behavior, 403
Axial shear motions, 136, 148

Balance of

energy, 16

linear momentum, 15, 51

moment of momentum, 52
Basic singular solutions, 96, 105
Bernoulli-Euler beam, 251
Body forces, 51, 89
Boundary conditions, 56, 82
Branches of frequency spectrum, 206

Cagniard-de Hoop method, 298-301-
Center of compression, 101
Characteristics, method of, 148-154, 413
Chaplygin's transformation, 154
Circular frequency, 31

Completeness theorem, 85

Complex modulus, 402

Complex notation, 32

Continuum mechanics
general discussion, 4
nonlinear, in one dimension, 11-20
Cosine transform, 270, 347
Critical angle of incidence, 179
Cylindrical rods
approximate theories for, 249-254
flexural waves in, 246-249
impact of, 344-353
longitudinal waves in, 242-246
torsional waves in, 241-242
waves in, 236-249
Curvilinear coordinates, 6873

d’Alembert solution, 91
Deformation, 11, 50
Diffraction by a slit
of a longitudinal wave, 380-388
of a transverse wave, 372-380
Dilatational wave, see Longitudinal wave
Dirac delta function, 90
Dispersion, 31
anomalous, 218
due to thermoelastic coupling, 394
in viscoelastic media, 403, 404
in waveguides, 203, 205
normal, 218
Displacement, 11, 50
gradient, 12
potentials, 65, 85
representation, 85
Divergence theorem, 50

Elasticity, 16, 52
Elastic constants, 54
Elastodynamic
solution, 93
state, 80
theory, 79
Energy
balance of, 16

422
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flux of, 33, 166
identity, 59
partition of, 181
transport, 208
Equations of motion
displacement, 16, 18, 56
in material description, 16
in spatial description, 16
stress, 16, 55
Equivoluminal wave, see Transverse waves
Euler equations, 62
Exponential transforms, 264-269

Fluid, ideal, 78
Flux of energy, 33, 166, 209
Fourier
cosine transform, 270, 347
exponential transform, 265, 284, 291, 333
integrals, 39, 273
integral theorem, 40, 264
series, 37
sine transform, 270, 347
Fracture, 379
Frequency
circular, 31
cut-off, 207
equation, 2085, 223
fundamental, 33
spectrum, 206, 226, 240
Function
Airy, 278
analytic, 263
entire, 263
regular, 263

Gauss’ theorem, 49
Geometrical optics, 139
Governing equations
linearized, 17-21, 50-59
nonlinear, 11-17
in cylindrical coordinates, 73-75
in rectangular coordinates, 66-68
in spherical coordinates, 75-77
Green’s function, 111, 359
Group velocity, 210, 211, 216-218
Guided waves, 202

Half-space, subjected to
antiplane surface disturbances 283, 358
in-plane line load, 289, 303
normal point load, 310
uniform surface tractions, 21

Hamilton’s principle, 61
Hankel transform, 270, 311, 343
Harmonic waves, 30, 115, 124, 132, 136,
165, 202
Harmonics, 33
Head wave, 307, 388
Heat conduction, 392, 398
Helmbholtz’
decomposition, 88
equation, 116
first (interior) formula, 117
second (exterior) formula, 117
Historical sketch, 8
Homogeneous
solid, 52
solutions, 154
Hooke’s law, 53
Huyghens’ principle, 95

Imaging, 112, 113

Impact, 344

Incident wave, 165, 373, 380

Indicial notation, 47

Inhomogeneous plane waves, 125
Initial conditions, 56

Integral representations, 103, 109
Integral transforms, 262-271
Irrotational wave, see Transverse waves
Isotropy, 52

Jordan’s lemma, 42

Kinematical condition of compatibility, 142
Kinetic energy, 17, 24, 60

Kirchhoff’s formula, 102

Kronecker delta, 48

Lagrangian density, 61
Lamb’s problem
for a time-harmonic line load, 289-295
for a transient line load, 303-309
for a transient point load, 310-321
Laplace transform
one-sided, 268, 296, 303, 311, 330, 333,
347, 374, 381
two-sided, 267, 296, 303, 365, 374, 381
Layer
forced harmonic motions, 327-330
forced transient motions, 330-344
free harmoni¢ waves in, 203-211 (hori-
zontally polarized), 220-236 (plane
strain)
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Linearized theory
in one dimension, 17
of elasticity, 46
Linear momentum, 15, 51
Line load
on a half-space, 289, 303, 359
on a layer, 331-342
in an unbounded medium, 107, 108, 156,
295-303
Liouville’s theorem, 367
Longitudinal
strain, 22, 57
stress, 29, 57
Longitudinal modes
of a circular cylindrical rod, 242
of a layer, 226
Longitudinal waves
in a half-space, 169, 172-177, 185
in an unbounded medium, 123, 394, 403
velocity of, 123
Love waves, 218

Mass density, 14, 21
Material derivative, 13
Material description, 11
Mechanical impedance, 24, 28, 187
Mellin transform, 271
Mixed boundary conditions, 82, 173
Mixed boundary-value problems, 357
Mode, 32, 206
antisymmetric, 206, 223, 225, 226
conversion, 176
dilatational, 225, 226
equivoluminal, 225, 226
flexural, 226, 246
fundamental, 33, 341
Lamé, 259
longitudinal, 226, 242
of free vibration, 32
symmetric, 206, 223, 225, 226
torsional, 241
Momentum
finear, 15, 51
moment of, 52
Motion, 11

Nodal point, 32
Nonlinear continuum mechanics, 11
Nonlinear effects, 412
Notation
for linearized theory, 20
indicial, 47

One-dimensional
nonlinear theory, 11-20
problems, 57

Overtones, 33

P-wave, see Longitudinal waves
Particle velocity, 12, 31
Period, 31
Phase, 3, 30

Airy, 341

velocity, 3, 30
Plane strain, 59
Plane stress, 59
Plane wave, 122
Plate theories, 254-258
Pochhammer frequency equation, 243
Point load

on a half-space, 310-321

on a layer, 342-344

in an unbounded medium, 96-100
Polar symmetry, 128
Potentials

displacement, 65, 85

retarded, 93

scalar, 66, 85

vector, 66, 85
Power, 17, 24, 34-36, 60, 209
Pressure wave, see Longitudinal waves
Propagating discontinuity, 139

Radial motions, 135, 152-154
Radiation, 89, 93
Ray, 143
Ray-tracing, 138
Rayleigh
surface waves, 187-194
equation, 189, 190, 305, 314
function, 190, 371, 383
Rayleigh-Lamb
frequency equation, 224, 336
frequency spectrum, 226~236
Reciprocal identity, 82-85
Reflection, 26, 165
of P-waves, 172-177, 185
of SH-waves, 170, 171, 182
of SV-waves, 177-181
Refraction, 165
of P-waves, 185-187
of SH-waves, 182-185
Representation theorems, 103, 109
Residue theorem, 41
Reynolds’ transport theorem, 14



SUBJECT INDEX 425

Riemann convolution, 82

Rod, see Cylindrical rod

Rotary shear motions, 135, 144-148
Rotational wave, see Transverse waves

S-wave, see Transverse waves

SH-waves, 124, 170, 182, see also Anti-
plane

SV-waves, 124, 177

Saddle point method, 273

Scabbing, 27

Scalar potential, 85, 89, 93, 116-119

Second sound, 398

Shear wave, see Transverse waves

Shock formation, 416

Sine transform, 270, 347

Sinusoidal waves, see Harmonic waves

Slowness, 190

Siowness vector, 126

Slowness diagrams, 127, 196

Sommerfeld radiation condition, 118

Spalling, 27

Spatial description, 11

Spherical waves, 91, 128, 144

Standing wave, 32, 171, 203

Stationary phase approximation, 274, 337
Steady-state response, 115, 118, 283, 291,

328
Steepest descent approximation, 278, 288
Step function, 41
Stoneley waves, 194
Strain
deviator, 54
energy, 24, 55
tensor, 50
Stress
deviator, 54
equation of motion, 55
intensity factor, 379
tensor, 50
Stress—strain relations, 52
Superposition, 41, 133, 328
Surface of discontinuity, 138
Surface waves, 187, 318

Thermoelasticity, 391
Time-average, 34
Time-rates of change, 12

Timoshenko beam, 252

Total energy, 24

Total reflection, 185

Transform methods, see Integral transforms

Transmission, 26

Transverse waves
in a half-space, 169, 170, 177-181, 182
in an unbounded medium, 123, 394, 404
velocity of, 123

Traveling wave, 30

Untqueness theorem, 80

Variational equation of motion, 63
Vector
decomposition, 88
operators, 48
potential, 85
Velocity of energy flux, 35, 209
Velocities of propagation, numerical
values, 124
Viscoelasticity, 399-402

Watson’s lemma, 272
Waves
cylindrical, 94, 135, 144
diffraction of, 372-388
general discussion, 1-3
in anisotropic materials, 409-411
in fluids, 78
in viscoelastic solids, 399-409
in waveguides, 202-261, 326-356
nonlinear, 18-20, 412-417
spherical, 91, 128, 144
thermal effects on, 391-399
with polar symmetry, 128
Wavefront, 138
dynamical conditions at, 140
expansions behind, 144
kinematical conditions at, 141
velocity of, 143
Wavelength, 30
Wavenumber, 30
Wave resistance, 24
Weber’s interior formula, 119
Wedge, shear waves in, 157
Wiener~Hopf technique, 365-372



