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Abstract - The conventional QR Decomposition Recursive
Least Squares (QRD-RLS) method requires the order of N2
multiplications—O[ N ?]—per output sample. Nevertheless,
a number of Fast QRD-RLS algorithms have been proposed
with O[N] of complexity. Particularly the Fast QRD-RLS al-
gorithms based on backward prediction errors are well known
for their good numerical behaviors and low complexities. In
such a scenario, considering a case where fixed-point arith-
metic is employed, an infinite precision analysis offering the
mean square values of the internal variables becomes very at-
tractive for a practical implementation. In addition to this, a
finite-precision analysis requires the estimates of these mean
square values. In this work, we first present an overview of
the main Fast QRD-RLS algorithms, followed by an infinite
precision analysis concerning the steady state mean square
values of the internal variables of four FQR-RLS algorithms.
We stress the fact that the goal of this paper is the presentation
of the infinite precision analysis results, the expressions for
the mean square values of the internal variables, for all FQR
algorithms based on backward prediction errors. The validity
of these analytical expressions is verified through computer
simulations, carried out in a system identification setup. In
the appendixes, the pseudo-code detailed implementations of
each algorithm are listed.

Keywords: Adaptive systems, Fast Algorithms, QR decom-
position.

Resumo - O método convencional dos Minimos Quadra-
dos Recursivos usando Decomposi¢cio QR requer da or-
dem de N? multiplica¢cdes—O[N?]—por amostra de saida.
Contudo, varios algoritmos QRD-RLS tem sido propostos
com O[N] de complexidade. Particularmente os chama-
dos algoritmos QRD Répidos baseados em erros de predicao
retrégrada sd@o bem conhecidos por seus bons comportamen-
tos numéricos e por suas baixas complexidades. Em tal
cendrio, considerando o caso onde a aritmética em ponto fixo
¢ empregada, uma andlise em precisdo infinita oferecendo
os valores médios quadréticos das varidveis internas torna-
se bastante atraente para uma implementagdo pratica. Além
disto, uma anélise em precisdo finita requer as estimativas
destes valores médios quadraticos. Neste trabalho, apresen-

José A. Apolindrio Jr. and César A. Medina S. are with De-
partamento de Engenharia Elétrica, Instituto Militar de Engenha-
ria, Rio de Janeiro, Brazil. Paulo S. R. Diniz is with the Pro-
grama de Engenharia Elétrica, COPPE/Universidade Federal do
Rio de Janeiro, Rio de Janeiro, Brazil. E-mails: apolin@ieee.org,
csmedina@epq.ime.eb.br, diniz@Ips.ufrj.br. Review coordinated by
Abraham Alcaim (Area Editor). Manuscript received Mar/27/2002,
reviewed July/30/2002, accepted Sept/17/2002.

tamos inicialmente uma recapitulagdo dos principais algo-
ritmos QR Répidos, seguida por uma andlise em precisao in-
finita relativa aos valores médios quadraticos em regime esta-
ciondrio das varidveis internas de quatro destes algoritmos.
Ressaltamos que o objetivo deste artigo € apresentar os resul-
tados da andlise em precisdo infinita, as expressdes para os
valores médios quadraticos das varidveis internas, para todos
os algoritmos FQR baseados em erros de predi¢do retrgrada.
A validagdo destas expressdes analiticas é obtida por meio
de simula¢des em computador conduzidas num ambiente de
identificacdo de sistema. Nos apéndices, as implementacoes
detalhadas em pseudo-cédigo de cada algoritmo sdo listadas.

Palavras-chave: Sistemas Adaptativos, Algoritmos Rapidos,
Decomposi¢do QR.

1. INTRODUCTION

Since the first QR Decomposition (QRD) based Fast RLS
algorithm introduced by John Cioffi in 1990 [1], many other
Fast QRD-based RLS algorithms were developed [2, 3, 4,
5, 6]. It can be seen on [5] that Fast QRD-RLS algorithms
can be classified in terms of the type of triangularization ap-
plied to the input data matrix (upper or lower triangular) and
the type of error vector (a posteriori or a priori) involved in
the updating process. It can be seen from the Gram-Schmidt
orthogonalization procedure that an upper triangularization
(notation being the same as in [5]) involves the updating of
forward prediction errors while a lower triangularization in-
volves the updating of backward prediction errors. Table 1'
presents this classification as well as points out how these al-
gorithms will be designated hereafter. Also note that only
for the algorithms [2] and [3], a formal demonstration of the
numerical stability is known; these algorithms are backward
stable and minimal in the sense of system theory [2, 7].

Error Prediction
Type Forward | Backward
A Posteriori || FQR_POS_F[1] | FQR_POSB [2, 6]
A Priori FQR_PRI_F [5] | FQR_PRI B [3, 4]

Table 1. Classification of the Fast QR algorithms.

This work is focused in the study of the steady state mean
squared value of the internal variables of this class of Fast
QRD-based algorithms which are well known for their good
numerical behavior and low computational complexity. Since

Note that only those based on Backward prediction errors (right sided
column of Table 1) will be addressed hereafter.
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these algorithms present similar performances in finite pre-
cision, specially when using a reasonably large number of
bits of wordlength, they are all currently subject of research.
Particularly in the case of fixed-point arithmetic implementa-
tions, information about the range of their internal variables—
such as those offered by an infinite precision analysis—is very
interesting for a practical implementation.

It is also worth mentioning that finite-precision analysis re-
quires the estimates of the mean square values found in this
work, some of them obtained here and others collected from
the technical literature. The relevance of the infinite preci-
sion analysis can be clearly observed in [9], where the sec-
tion “Quantization Error and Stability Analysis,” addressing
the finite precision analysis of the conventional QRD-RLS
algorithm, was only possible with the results of the infinite
precision analysis carried out in the previous section.

Since in an infinite precision environment many variables
are identical for all Fast QR algorithms based on Backward
Prediction Errors mentioned in Table 1, the use of results
from other works was possible. We have used theoretical
expressions for the mean square values of different variables
from the analysis of the conventional QR—RLS algorithm per-
formed by Diniz and Siqueira in 1995 [9]. We have also
used results for variables of the a Posteriori Fast QR algo-
rithm based on Backward Prediction Errors [2] in paper by
Siqueira, Diniz, and Alwan [10] published in 1994. Finally,
we have used some expressions derived in a work carried by
Miranda, Aguayo, and Gerken in 1997 [11] concerning the
variables of the Fast QR algorithm based on a Priori Back-
ward Prediction Errors [3].

The main contributions of this work, besides the new the-
oretical expressions developed, are concerned to the unified
framework in which all FQR algorithms based on Backward
Prediction Errors were addressed and all their infinite preci-
sion analysis were presented using the same notation.

This paper is organized as follows. In Section 2, we present
an overview of the Fast QR algorithms based on backward
prediction errors. Then, in Sections 3 and 4, the infinite preci-
sion analysis concerning the steady state mean square values
of each internal variable is presented. In Section 5, the vali-
dation of the analytical results obtained is carried out through
computer simulations. Finally, some conclusions are summa-
rized and the detailed algorithmic implementations are pre-
sented in the appendixes.

2. THE FQR ALGORITHMS BASED ON
BACKWARD PREDICTION ERRORS

The RLS algorithms minimize the following cost function

k

(k) = NE() = el (RKe(k) =l e(k) |7 (D)

=0

where each component of the error vector® e(k) is the a pos-
teriori error at instant i weighted by A(*~9)/2 () is the forget-

2Note that scalars are represented by italic letters while vectors are writ-
ten in bold face italic.
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ting factor). The vector e(k) is given by

e(k) = d(k) — X (k)w(k). 2)

In the equation above, the weighted desired or reference sig-
nal vector d(k), the coefficient vector w(k), and the input
data matrix X (k) are defined as follows.

d(k)
M2d(k —1)

wo(k‘)
wl(k)
: “)
(
(

X (k) = : )

Ne/25T (0)
where N is the filter order (number of coefficients minus
one), (k) is the input signal vector [z (k) z(k—1) --- x(k—
N)]T (samples before instant 0 are considered equal to zero),
and w(k) is the coefficient vector. The premultiplication of
the equation above by the orthonormal matrix Q (k) triangu-
larizes X (k) without affecting the cost function.

%w>=Q@d@:{2$”: .
- [ ZZEZ; ] - [ U(()k;) }w(k)-

The weighted-square error in (1) is minimized by choosing
w(k) such that the term dy2(k) — U (k)w(k) is zero. Equa-
tion (6) can be written in a recursive form while avoiding the
ever increasing order for the vectors and matrices involved

[8]:

{eql()

k
7
dQ2 (k) ( )

| =@ | gy |

N2, (1)

where eg, is the first element of e, and Qu(k) =

H?: ~ Qo, (k) is a sequence of Givens rotations that anni-
hilates the elements of the input vector (k) in the equation

ol 1 xT (k)
and,
cosb; (k) o” —sinb; (k) o”
0 In_; 0 0---0
Q. (k) = sinb; (k) (j)VT cosb; (k) o” - @)
0 0---0 0 I;

The following relation which is also used in the con-
ventional QR algorithm is obtained by postmultiplying

el (k)Q(k) by the pinning vector [1 0 --- 0]7.

N
(k) = eqy (k) [ cos 6:(k) = eq, (k)1(k) (10)
1=0
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where (k) is the first element of the first row of Qg (k).
Matrix Q, (k) in (7) can be partitioned as

—(k)a” (k)
E(k) (11
where, using (11) in (8) and recalling that Q,(k) is or-
thonormal, it is possible to prove that, for the case of lower
triangularization of U(k) (backward prediction errors up-
date), f(k) = [U(k)]"Tx(k) is the normalized a posteri-
ori backward prediction error vector [3], a(k) = U~ (k —
1) X (k)/V/X is the normalized a priori backward prediction
error vector [3], and E(k) = \'/2[U k)]~ T[U(k — 1)]”.
The update of the a posteriori and the a priori backward
prediction error vectors, f(k) and a(k) respectively, leads
to two different algorithms, the so-called FQR_POS_B and
FQR_PRI_B algorithms. The update equations of these vec-
tors are given by

Tedor |~y ke | P
L% =Wy +1 er(k+1) (12)
| f(k+1) ! Tes @+l

e (k1) a(k)

Al | = Qpp(k) | k1) (13)
| a(k+1) NCROI

where Qj (k) is a sequence of Givens rotations that gener-
ates || es(k) || and can be obtained through the following
equation

dfq2(k + 1)

]Q”%+”{eﬂk+mn}'““

0
e (k+1) |

3. MEAN SQUARE VALUES OF
COMMON VARIABLES (FQR_POS_B
AND FQR_PRI_B ALGORITHMS)

The matrix equations of the two implementations of Fast
QR algorithms mentioned before are listed in Tables 4 and
5. As can be seen from these tables, several equations are
exactly the same. In this section, we summarize the mean
square values of all variables found in both algorithms.

3.1 MEAN SQUARE VALUES OF cosf;(k) AND

sinb; (k)

The following results can be found in [9].

E[cos?0;(k)] ~ ) (15)
E[sin®0;(k)] =~ 1 — A (16)
3.2 MEAN SQUARE VALUE OF 65‘21 (k)
The following result was first derived in [10].
@ 2l o 2 (20
E{[ef), (W]*} ~ o? (1+)\) (17)

3.3 MEAN SQUARE VALUE OF d,, (k)

The following result was obtained from [10].

2
Oy

2 / AN
E{|dsq2: (K)]*} = Y (12+)\>

(18)

3.4 MEAN SQUARE VALUE OF | ¢\ (k) |

The following result can be found in [10].

o2 22\

1—A\1+2AX

3.5 MEAN SQUARE VALUES OF cose}i(k)
AND sint’; (k)

B[l e (k) 7] ~

19)

The following results were also derived in [10].

2\

1+ 0

E[COSQG}i (k)] ~

—_
> >

1+ 1)

>

3.6 MEAN SQUARE VALUE OF () (k)

It is known from the technical literature that (k) =
vazo cosB; (k). If we use (15) and (16), and assume inde-
pendence between cost; (k) and cosf;(k), i # j, it is easy to
find the following expression.

E{HO®)} ~ X

The same expression was also obtained in [11] using a differ-
ent approach.

(22)

3.7 MEAN SQUARE VALUE OF d, (k)

The following result was first introduced in [9].

Bl&,,,, (0] =[]

, ) 23)
T 02 T N 2
[1—Aw0,i I Xj=it1 W,

where w§ ; = E[w?(k)]. Observe that although wo ; is not

available, a rough estimate of a%w%_’i can be obtained based
on the power of the reference signal [9].

3.8 MEAN SQUARE VALUE OF ¢\ (k)

From the joint process estimation part of the FQR_POS_B
algorithm, we take the expressions of ef;l) (k + 1) and
dg2y 4o, (k+1), and use them to derive the expected value of
[e((z? (k+1)1>+[dg2y,»_, (k+1)]. By assuming stationarity,
we find the following relation.

E{lef 0P} = B{li w1}
~(1 = NE[&y, ,, (k)

(24)
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where E{[e,(l?)(k)]Q} =03 =
variance of the reference signal and o2 is the variance of the
measurement noise (it is assumed here that the algorithm is
applied in a sufficient-order identification problem, i.e., the
unknown FIR system has the same order as the adaptive fil-
ter).

Finally, from the last equation of the algorithm and as-
suming that e, (k) and ~y(k) are uncorrelated, we have
Ele*(k)] =~ AN*LE[e2 (k)]. Since from (24) and (23), as-
suming A ~ 1, we have that E[e2 (k)] ~ o7, the following
expression results.

2 NV 2 2
0% s Wy ; + oy, is the

E[e? (k)] = AN 152

n

(25)

4. MEAN SQUARE VALUES OF
SPECIFIC VARIABLES OF EACH
ALGORITHM

4.1 MEAN SQUARE VALUES OF INTERNAL
VARIABLES OF THE FQR_POS B

ALGORITHM

For this algorithm, from the derivation of (12), it can be ob-

. z(k+1)
served that the last element of f(k+1), given by 7“3;0) e

was precalculated in a previous step. This fact leads to two
slightly different versions of the same algorithm. The first
one is based on this prior knowledge of the last element
of f(k + 1) while the second is based on the straightfor-

ward computation of f(k + 1) and requires the calculation
Of Ef(k+1)

les(+ol- ] ) ) )

The first version of this algorithm was introduced in [6]

and its detailed description is presented in Appendix A. The
second version of this algorithm was introduced in [2] and its
detailed description is given is Appendix B.

For the infinite precision results of the FQR_POS_B Algo-
rithm, all variables have the same notation used in its detailed
description.

4.1.1 MEAN SQUARE VALUE OF f;(k)

From the implementation of the step “Obtaining Q,(k +
1)” (see Table 4 and Appendix A or B) we obtain the follow-
ing expression.

fnro—ilk+1) =4 D (k4 1)sing;_1(k+1) (26)
By taking the expected value of (26) squared and using the

approximations (16) and (22), we obtain the following ex-
pression.

E[f2(k)] = ANTIH(1 = ) 27)
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4.1.2 MEAN SQUARE VALUE OF auz;

The implementation of the step “Obtaining f(k + 1)” can
be carried out in two different ways, as mentioned in the be-
ginning of this section. These implementations can be found
in Appendices A and B, respectively.

In the first version of this algorithm, since we take the
expressions for fyyo_;(k 4+ 1) and aux; and use them to
calculate E[f%,,_;(k)] + Elauz?], it is straightforward to
realize that Elaua?] + E[f} o ;(k +1)] = Elauaz?_] +
E[f3.;_1(k)]. Since fyi1(k + 1) = auw, it is easy to
figure out that Efaua?] = E[f%,,_;(k)]; then, the following
expression results.

Elaux?] ~ \'(1 - \) (28)

For the second version of this algorithm, since we use the
expressions for f;_1(k+1) and auz; to calculate E[f? | (k+
1)]+ E[aux?], it is straightforward to show that E[aux? ;] —
E[f? 1 (k+1)] = Elaux?] - E[f7 (k)] Since fy11(k+1) =
aur 41, it follows that E[auz?] = E[f?(k)]; therefore:

Elaua?] ~ ANT170(1 = )) (29)

4.2 MEAN SQUARE VALUES OF INTERNAL
VARIABLES OF THE FQR_PRI_B
ALGORITHM

For the FQR_PRI_B algorithm, it is observed from the
derivation of (13) that the last element of a(k -+ 1) had been
previously calculated. This observation led to two slightly
different versions of the same algorithm. The first version of
this algorithm is based on the prior knowledge of the last el-

ement of a(k + 1) (oran4+1(k+1) = %) and was
s

first presented in [4]. The second version of the FQR_PRI_B

algorithm is based on the straightforward computation of

a(k + 1) according to (13) and requires the calculation of
e/f (k+1)

Vales®)|*

The first version of the FQR_PRI_B algorithm was intro-
duced in [4] and its detailed description is presented in Ap-
pendix C. The second version of this algorithm was intro-
duced in [3] and its detailed description is given is Appendix
D.

For the infinite precision results of the FQR_PRI_B Algo-
rithm, all variables have the same notation used in its detailed
description.

4.21 MEAN SQUARE VALUE OF q,(k)

From the implementation of the step “Obtaining Q,(k +
1)” (see Table 5 and appendix C or D), we obtain the follow-
ing expression.

ey i(k+1) =[Ok D)) 72 =D (k1)) (30)

By taking the expected value of (30), using the approxima-
tion of (22), and employing the averaging principle [12, 13],
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it is possible to obtain

Ela?(k)] = A~VH270(1 = )).

K2

&1y

This expression is also available in [11].

4.2.2 MEAN SQUARE VALUE OF auz;

The implementation of the step “Obtaining a(k + 1)” can
be carried out in two distinct ways, as also discussed in the
beginning of this section. These implementations are detailed
in Appendices C and D, respectively.

In the first version of this algorithm we use the expres-
sions for ay12—;(k+1) and aux; to calculate E[a%,, ,_,;(k+
1)] + Elauz?]. It is then straightforward to infer that
E[auw?]+E[a%v+2_i(k+1)] = E[GU$?—1]+E[G?\/+1—¢U€)]-
Since an11(k + 1) = auxy, it is possible to conclude that
Elauz?] = Ela% ., _,;(k)] leading—see (31)—to the follow-
ing result.

Elauz?] ~ A= (1 - )) (32)

For the second version of this algorithm we use the ex-
pressions for a;_1(k + 1) and aux; to calculate E[a? (k +
1)] + Elaux?]. This leads to Elauz? ;| + Ela?(k)] =
Elauz?] + E[a?_;(k +1)]. Since an11(k + 1) = aurn 1,
it is easy to conclude that Elaux?] = E[a?(k)]; as a conse-
quence, from (31), the following expression results.

Elauz?] = \™WNF270(1 - )) (33)

5. SIMULATION RESULTS

In this section we consider a system identification exam-
ple where the input signal is a zero-mean random Gaussian
process with variance 02 = 1073, the measurement noise is
Gaussian with variance UEL = 1077, the desired signal is ob-
tained through a fourth-order filter. In an ensemble of 1000
runs, each with 5000 samples, only the 4000 last output sam-
ples were used to calculate the mean square value. The cho-
sen \ was 0.95.

The four algorithms were used in the simulation in order
to compare the simulated with the theoretical results. From
these results, Table 2 shows the total errors between the the-
oretical and simulated values for the non-common variables.
This error was computed, for each algorithm, as the sum of
the absolute value of the difference between the simulated
values (in dB) and the theoretical values (in dB). As can
be seen from this table, the lowest error corresponds to the
FQR_POS_B Version 1 algorithm. This only means that we
can predict the mean squared values slightly better for this
algorithm than for the others. All detailed results are shown
in Table 3. As can be observed from this table, the predicted
mean square values for all internal variables are very close to
their measured values.

Error
2.3415281914
2.5444828614
1.5464361322
1.6079328534

Algorithm
FQR_PRI_B Version 1
FQR_PRI_B Version 2
FQR_POS_B Version 1
FQR_POS_B Version 2

Table 2. Total error for non-common variables.

| Simulation |

oy (K) i (K)
0.1001463 10~ 2 0.1000000 10—2
0.0977555 102 0.0974359 102
0.0954073 102 0.0949375 102
0.0931882 102 0.0925032 102
0.0909946 102 0.0901314 102
0.0888874 102 0.0878203 102
dfq2i(k) - dfq27z (k)
i=1  0.421465504 10> 0.462212139 103
i=2  0.438696191 10—3 0.474375616 103
i=3  0.443879956 103 0.486859185 103
i=4  0.469505010 10—3 0.499671269 103
i=5  0.477679154 10~3 0.512820513 103

I P (k) | P k) |l

Theoretical |

Hb—ibﬁ»—dh—lb—d
DN kWD = O

=0 0.020026731 0.02

=1 0.019549052 0.019487179

=2 0.019079547 0.018987508

=3 0.018635667 0.018500649

=4 0.018196971 0.018026273

=5 0.017775505 0.017564061
7@ (k) * @ (k)

=0 1.001001001 1

=1 0.953151588 0.95

=2 0.907438523 0.9025

=3 0.863791227 0.857375

=4 0.822138408 0.81450625

i=5  0.782402799
aux; PRI_BV.1
i=0  0.055449104
i=1  0.058259792
i=2  0.061240975
i=3  0.064403535 0.061386883
i=4  0.067740128 0.064617772
* represents common variables

0.773780938
aux; PRI_BV.1 eq.(32)
0.052631579
0.055401662
0.058317539

Table 3. Mean Square Values of Internal Variables. (Contin-
ues on pp. 128)

6. CONCLUSIONS

In this paper, four versions of Fast QR Decomposition al-
gorithms based on backward prediction errors have been ana-
lyzed in infinite precision environment. These algorithms are
generally good choices among the Fast RLS algorithms due
to their low computational complexity and proved stability
when implemented with finite precision arithmetic.

Closed-form formulae for the estimation of the mean
square values of the internal variables were obtained and the-
oretical results were compared with computer simulations,
confirming the accuracy of the analysis.

These expressions are keys for a proper implementation
of these algorithms using fixed-point arithmetic processors,
since the number of bits for each internal variable could be
determined by its estimated mean squared value. In addi-
tion, they are required in the finite-precision analysis of the
FQR_PRI_B and FQR_POS_B algorithms which, so far, is not
available in the literature.
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Table 3. Mean Square Values of Internal Variables (Cont.).

128

Simulation

Theoretical

aux; PRI_BV.2

auzr; PRI_BV.2 eq.(33)

i=0  0.071272803
i=1  0.067740128
i=2  0.064403535
i=3  0.061240975
i=4  0.058259792
i=5  0.055449104

0.068018707
0.064617772
0.061386883
0.058317539
0.055401662
0.052631579

auxr; POS_BV.2

aux; POS_BV.2 eq.(29)

i=0  0.037887263
i=1  0.039734548

0.038689047
0.040725313

=2 0.041652272 0.04286875
i=3  0.043648002 0.045125
=4 0.045713712 0.0475
=5 0.047849413 0.05
dg2, () * dga, ()

i=0  0.000182101
i=1  0.000749849
i=2  0.000213413
i=3  0.015857762
i=4  0.000616829

0.000180263
0.000744770
0.000214218
0.015814596
0.000646154

ef) (k+1)

" el (k+1)

i=0  0.881162016 10~ 3
i=1  0.850300906 10~3
i=2  0.057352799 103
i=3  0.046681956 10~3
i=4  0.009183574 103
i=5  0.000077200

0.8810~3
0.847692308 103
0.056962525 10~3
0.046251623 103
0.009013137 103
0

cos@}i (k)

* cos@}i (k)

i=0  0.977811931
i=l1  0.977604023
=2 0.978317517
i=3  0.978072023
i=4  0.978399190

0.974358974
0.974358974
0.974358974
0.974358974
0.974358974

sind (k)

* sind) (k)

i=0  0.023189070
i=1  0.023396978
i=2  0.022683484
i=3  0.022928978
i=4  0.022601811

0.025641026
0.025641026
0.025641026
0.025641026
0.025641026

a;(k)PRI_B

a;(k)PRI_B eq.(31)

i=0  0.071273163
i=l1  0.067741817
i=2  0.064404320
i=3  0.061240011
i= 0.058259075
i=5 0.055449104

0.068018707
0.064617772
0.061386883
0.058317539
0.055401662
0.052631579

7:(k)POS_B

fi(k)POS_B eq.(27)

0  0.037887517
1 0.039735609
2 0.041652819
3

0.038689047
0.040725313

0.04286875
= 0.043647296 0.045125
i=4  0.045713065 0.0475
i= 0.047849413 0.05
aux; POS_BV.1 aux; POS_BV.1 eq.(28)
i=0  0.047849413 0.0475
i=1  0.045713712 0.045125
i=2  0.043648002 0.04286875

i=3  0.041652272
i=4  0.039734548

0.040725313
0.038689047

cosb; (k) * cosb; (k)
0.953151588 0.95

sind; (k) * sinb; (k)
0.047849413 0.05
e(k) * e(k)

6.09 10—3 7.7410°8

FQR_POS_B

for each k
{ 1. Obtaining dsq, (k + 1):
era(k+1) | _ z(k+1)
i | e | L
2. Obtaining || ef(k + 1) ||:
les(k+1) = y/e2,, (k+ 1)+ e (k) |12
3. Obtaining Qj s (k + 1):

0 Y dfqz(k"’ 1)
_n¢%k+nn}‘Q““+”{nwm+nu

4. Obtaining f(k + 1):
[ _ep(k+1) ,

oDl | = Q) (k+1) | ejhin
| f(E+ D) " € (DT
5. Obtaining Q(k + 1):

L N T v(k+1)

0 } =Qo(k+1) { Flk+1)

6. Joint Process Estimation:

(e (k+1) ] _ d(k + 1)

L dy (k1) | T QD] g, )
7. Updating the output error:
e(k+1)=eq (k+1)v(k+1)

}

|

Table 4. The FQR_POS_B equations.

FQR_PRLB

for each k
{ 1. Obtaining dsq, (k + 1):

ele(k+1) =Q (k) l‘(k+1)
dyg, (k + 1) ¢ )‘l/gdfqz (k)
2. Obtaining a(k + 1):
|: e (k+1) a(k)
valey(k)l | = Qlof(k‘) e’ (k+1)
a(k+1) ‘ VA€, (R
3. Obtaining || ef(k + 1) ||:
I es(k+1) = \/6fcq1 (k+1)+ Al es(k) [
4. Obtaining Q; ;(k + 1):

0 , { dig,(k+1)
= k+1 2
_ne$kk+1>n} QosFHD | eph4 )|
5. Obtaining Q,(k + 1):
[k | _ , 1
o =@tV g
6. Joint Process Estimation:
[ eq(k+1) ] d(k+1)
| dp(k+1) | TP EED ] N, )
7. Updating the output error:
e(k+1)=eq(k+1)v(k+1)
}

|

Table 5. The FQR_PRI_B equations.
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APPENDICES
A. THE DETAILED FQR_POS_B VERSION 1 ALGORITHM

FQR_POS_B - Version 1 [6]

Initialization:
e = small positive value;

| er(k) [|=€
dyga(k) = zeros(N + 1,1);
dg2(k) = zeros(N + 1, 1);
cosO(k) = ones(N + 1,1);
sin@(k) = zeros(N + 1, 1);
f(k) = zeros(N + 1, 1);
fork— 1,2,...
{ e (k+1) =x(k+1);
for 1=1:N+1
{ ) (k+1) = costi_1(k)e', 1)(I<:+ 1) — sinb;_1 ()XY 2d oy . (F):
: dfq2zv+2ﬂ (k+1)= s:mé’l_l(k:)efq1 (k+1) + costi_1(k)AY2d gy .o, (K);
efq(k+1)= egf;fﬂ)(k +1);
| esk+1) = /3, e+ 1) + A es () [1%
(N
e D+ 1) [|=ll ek +1) Il
for 1=1:N+1
{10k +1) 1= /Il N2 (k4 1) 12+, ( + 1)
N 2 % N 7
oot B D =l e D | T+ D
| o ) = dp 60 )
auzo = w(k+1)/ || e (k+1) |l
vk + 1) = auxo;
fori=1: N
f _i(k)—sind’; 1(k+1)auxi,
{ fypoa(k+1) = =2 cose;,,ff@m =
aur; = —sintly,  (k+1)fnyi-i(k+1) + costy,  (k+ 1)auw;_1;

YO (k+1) = 1;
fortr=1:N+1
{ sin@;_1(k+1) = fyio_i(k+ 1)/ D (k4 1);
cosfi_1(k+ 1) = \/1 — sin20;_1(k + 1);
YO (k4 1) = cos_1(k + 1)y D (k +1);
}
(k +1) =y (K +1);
et (k +1) = d(k + 1);
for ¢ z =1:N+1
{ e (k+1) = cosbi_1(k + 1)ely V (k+1) = sinf 1 (k + DAY 2d oy, . (k);
dyan oo (k+1) = sinfi 1 (k + 1)els ™ (k + 1) + costy_1 (k + DAY 2dgay ., (F);

eq(k+1) = e ™ (k +1);
e(k+1)=eq(k+1)y(k+1);
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B. THE DETAILED FQR_POS B VERSION 2 ALGORITHM

FQR_POS_B - Version 2 [2]

Initialization:
€ = small positive value;

| er(k) [|=e
dygo(k) = zeros(N + 1,1);
dg2(k) = zeros(N + 1, 1);
cosO(k) = ones(N + 1,1);
sin@(k) = zeros(N + 1, 1);
f(k) = zeros(N + 1, 1);
fork=1,2,...
{ efql(k—i— 1) =az(k+1);
fori=1:N+1
{ e (k+1) = cost_1(k)eli, V (k + 1) — sinb;_1 (k)N ?dpgay o, (K):
dpqrn o (b +1) = sindi_y (k)eli V (k +1) + costl 1 (k)N 2d gz, (K);
efq(k+1)= egf;fﬂ)(k +1);
| er(k+1) = \/efql(k+ 1)+ ep(k) |2
(N
1MV +1) =] ef(k+1) |:
for i=1:N+1
{00k +1) = /Il N2 (k4 1) |12+, ( + 1)
cose',w (ke + ) || e<N+2 Y4 /e k) |
N+1—1
sindf . (k+1)= dfq27:(k +1)/ [ e k1) Il

}
_ v(R)esq; (k1)
UTo = e (kD >
fori=1: N+1
{ fica(k+1) =costy , . (k+1)fi(k)—sinby,, . (k+1)auz;_y;

auz; = sindy | (k + l)fl( ) +costy (k + l)auarl 13

Teserny = folk +1);

fnt1(k+1) = auzyyq;

YOk +1) =15

fortr=1:N+1

{ sinbi1(k+1) = fyyo—i(k+ 1)/ D(k+1);
cosbi_1(k+1) = \/1 — sin20;_1(k + 1);
YO (k+1) = cosb_1(k + 1)y D (k +1);

(k4 1) = vV (k + 1);
ek +1) =d(k +1);
for 7 z =1:N+1
{ ek +1) = cosby_1(k+ 1)el V(k +1) — sinb 1 (k + 1)AY2dgay ., (k);
Ay (b + 1) = sind; 1 (k + 1)ef, " (k + 1) + costi 1 (k+ DAY 2dga ., (R);
eq(k+1) = 6((1]1V+1 (k+1);
e(k+1)=eq (k+ 1)y(k+1);
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C. THE DETAILED FQR_PRI_B VERSION 1 ALGORITHM

FQR_PRI_B - Version 1 [4]

Initialization:

€ = small positive value;

| e (k) [|= e

| es(k) =

dfq2(k) = zeros(N + 1,1);
dg2(k) = zeros(N + 1, 1);
cosO(k) = ones(N + 1,1);
cos0's (k) = ones(N + 1, 1);
sin@(k) = zeros(N + 1, 1);
sin@'s (k) = zeros(N +1,1);
a(k) = zeros(N + 1,1);

fork=1,2,.
{ efql(k+1)—m(k+1);
forti=1:N+1

{ ) (k+1) = cost_1(k)eli, D (k +1) — sinb;_1 (k)N ?dpgay o, (K):
df (k+1) = sinf; 1 (k)eli, (ks + 1) + costi 1 (k)A2dgga ., (k);

auxryg = ———1~——
07 Nz1ePD )

any1(k+ 1) = auxo;

fori=1: N
aN+2,,i(k)—sin0'i71 (k)auz;—1
{ GN+1,7;(IC + ]') = cos@}_fl (k) )
auz; = —sinbly,  (k)ant1—i(k +1) + cosdf, | (k)auw;_1;
}

[ ef(k+1) = \/ef«ql(kJr D+ es(k) (1%
| e NH Yk +1) =]l ef(k +1) |:
forz =1:N+1

N+1—1) (N+2—1)
{10k 1) 1= Il N2k 4 1) 12+ (4 1)

cose;cm (k+1)=|e ”“2 ’><k+1> /1 e™N 9 (ke + 1) |1
sind  (k+1) = dfqz (k+1)/ | N1 “(k +1) s

}
17Ok +1) = 1;
fortr=1:N+1
{ 17Ok +1) = /114D + DP + g,k +1);
(i—1)
cosbi—1(k+1) = %2

. a —q k .
sinf; 1 (k +1) = St

(k4 1) = 1/[1/yN D (& + 1);
ek +1) =d(k+1);
fori=1:N+1
{ e (k+1) = costy_1(k+1)el ™V (k+1) — sinf 1 (k + 1)AY2dyay ., (k);

gy o, (k+1) = sinf—1 (k + 1)el ) (k4 1) + cosby_1 (k + DAY ?dyay ., (k);

eq(k+1)= eq]1V+1 (k+1);
e(k+1)=eq(k+1)y(k+1);
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D. THE DETAILED FQR_PRI_B VERSION 2 ALGORITHM

FQR_PRI_B - Version 2 [3]

Initialization:

€ = small positive value;

e (k) |= e

| er(k) [|= €

dfq2(k) = zeros(N + 1,1);
dg2(k) = zeros(N + 1, 1);
cosO(k) = ones(N + 1, 1);
cosO}(k) =ones(N + 1,1);
sin@(k) = zeros(N + 1, 1);
sin@'s (k) = zeros(N + 1,1);
a(k) = zeros(N + 1,1);

fork—1,2,...
{ efql(k—i—l) =x(k+1);
fori=1:N+1

{ ) (k+1) = cost_1(k)eli, D (k +1) — sinb;_1 (k)N ?dpgay o, (K):
dfq2N+2—i (k + 1) - Sznelfl( ) S’Z(;ll)(k + 1) + 608(91*,1(k‘)/\l/QdfquJrzii(k’);

N+1
era (k+1) =itk +1);
aure = €fay (k+1) .
0= S®AT2e; (B
fori=1:N+1

{ aimi(k+1) =costly  (k)ai(k) —sinb_ (k)auw;_1;
aur; = sinOfNHii(k:) (k:) + cosQfN (k)auml B

}
ep(k+1) )

7, ooy = do(k +1);

ant1(k+1) = auxyir;
[ er(k+1) = \/6?q1(k+ D+ Xl es(k) (1%

ek +1) =] ef(k +1)
forz =1:N+1

{00k 1) 1= /Il N2 (k4 1) |12 42 (k4 1)

costy . (k+ ) || e<N+2 e+ 1) [/ 11 ek +1) |
sinfy, ., (k+1) = dfq2 (k+1)/ || ef ™" (k+1> I

1/ O(k+1) = 1;
fori=1:N+1

{120k +1) = /11D + DP + g+ 1);

(=1 (f
costia(k +1) = {maimds

sinfialk 1) = S5t

y(k+1) =1/[1/5HD (k4 1)];

eél)(k: +1)=d(k+1);

for i z =1:N+1

{ e (k: +1) =cost_1(k+ 1)(3((;1 1)(k +1) — sind;i_1(k + )AY2dga ., . (K);
dopn o, (b +1) = sinf;_y (k + 1)efy ™V (k+1) + costli_1 (k + DAY 2dga, ., (k):

Cqn(k+1) = e ™ (k +1);
e(k+1) = eq (k + 1)y(k + 1);

132



Revista da Sociedade Brasileira de Telecomunicacoes

Volume 18, Numero 2, Dezembro de 2002

ACKNOWLEDGEMENTS

José A. Apolindrio Jr. thanks FAPERJ for partial support of
this work under grant number E-26/171.307/2001. For this
work, César A. Medina S. and Paulo S. R. Diniz were par-
tially supported by CAPES.

REFERENCES

[1] J. M. Cioffi, “The Fast Adaptive ROTOR’s RLS Algorithm,”
IEEE Transactions on Acoustic, Speech, and Signal Processing,
vol. ASSP-38, pp. 631-653, Apr. 1990.

[2] P. A. Regalia and M. G. Bellanger, “On the Duality be-
tween Fast QR Methods and Lattice Methods in Least Squares
Adaptive Filtering,” IEEE Transactions on Signal Processing,
vol. SP-39, pp. 879-891, Apr. 1991.

[3] M. D. Miranda and M. Gerken, “A Hybrid QR-Lattice Least
Squares Algorithm Using a Priori Errors,” in Proceedings of
the 38 Midwest Symposium on Circuits and Systems, pp. 983—
986, Rio de Janeiro, RJ, Brazil, Aug. 1995.

[4] A. A. Rontogiannis and S. Theodoridis, “New Fast Inverse QR
Least Squares Adaptive Algorithms,” Proceedings of the IEEE
International Conference on Acoustic, Speech, and Signal Pro-
cessing, pp. 1412-1415, Detroit, MI, USA, 1995.

[5] J. A. Apolindrio Jr. and P. S. R. Diniz, “A New Fast QR Algo-
rithm Based on a Priori Errors,” IEEE Signal Processing Let-
ters, vol. 4, pp. 307-309, Nov. 1997.

[6] J. A. Apolindrio Jr., M. G. Siqueira, and P. S. R. Diniz, “On Fast
QR Algorithms Based on Backward Prediction errors: New Re-
sults and Comparisons,” Proceedings of the First Balkan Con-
ference on Signal Processing, Communications, Circuits, and
Systems, Istanbul, Turkey, June 2000.

[7] M. D. Miranda and M. Gerken, “A Hybrid Least Squares QR-
Lattice Algorithm Using a Priori Errors,” IEEE Transactions
on Signal Processing, vol. 45, pp. 2900-2911, Dec. 1997.

[8] P. S. R. Diniz, Adaptive Filtering: Algorithms and Practical
Implementation, Norwell, MA, USA, Kluwer Academic Press,
1997.

[9] P.S.R. Diniz and M. G. Siqueira, “Fixed-point error analysis of
the QR-recursive least square algorithm,” IEEE Transactions on
Circuits and Systems — Part 11, v. 42, pp. 334-348, May 1995.

[10] M. G. Siqueira, P. S. R. Diniz, and A. Alwan, “Infinite Preci-
sion Analysis of the Fast QR Decomposition RLS Algorithm,”
Proceedings of the IEEE International Symposium on Circuits
and Systems, London, UK, 1994,

[11] M. D. Miranda, L. Aguayo, and M. Gerken, “Performance of
the a Priori and a Posteriori QR-LSL Algorithms in a Limited
Precision Environment,” Proceedings of the IEEE International
Conference on Acoustics, Speech, and Signal Processing, Mu-
nich, Germany, April 1997.

[12] C. Samsom and V. Reddy, “Fixed Point Error Analysis of the
Normalized Ladder Algorithm,” IEEE Transactions on Acous-
tics, Speech, and Signal Processing, v. 31, pp. 177-1191, Octo-
ber 1983.

[13] N.E. Hubing and S. T. Alexander, “Statistical Analysis of Ini-
tialization Methods for RLS Adaptive Filters,” IEEE Transac-
tions on Signal Processing, v. 39, pp. 1793-1804, August 1991.

José Antonio Apolinario Jr. was born in Taubaté, Brazil, in Jan-
uary 1960. He graduated from the Military Academy of Agulhas
Negras (AMAN), Resende, Brazil, in 1981, and received the B. Sc.
degree from the Military Institute of Engineering (IME), Rio de
Janeiro, Brazil, in 1988, and the M. Sc. degree from the University
of Brasilia (UnB), Brasilia, Brazil, in 1993, and the D. Sc. degree
from the Federal University of Rio de Janeiro (COPPE/UFRJ) in

1998, all in electrical engineering.

He is currently with the IME, heading the Department of Electrical
Engineering. He was a Visiting Professor at the Escuela Politécnica
del Ejército, Quito, Ecuador, in 1999 and 2000, and a Visiting Re-
searcher at the Helsinki University of Technology, Espoo, Finland,
in 1997. His research interests comprise many aspects of the digital
signal processing incluiding adaptive systems and speech and array
processing.

Dr. Apolindrio has organized the Rio de Janeiro Chapter of the IEEE
Communications Society, where he has been the Chapter Chair since
2001.

César Augusto Medina S. was born in Cuenca, Ecuador in De-
cember 1976. He received the Electronics Eng. degree from the
Army Polytechnical School (ESPE), Quito, Ecuador, in 2000. He
is currently with the Military Institute of Engineering (IME), Rio
de Janeiro, Brazil as a M. Sc. student in eletrical engineering. His
interests comprise aspects of the digital signal processing, adaptive
filters, and speech processing.

Paulo S. R. Diniz was born in Niterdi, Brazil. He received the Elec-
tronics Eng. degree (Cum Laude) from the Federal University of Rio
de Janeiro (UFRJ) in 1978, the M.Sc. degree from COPPE/UFRJ
in 1981, and the Ph.D. from Concordia University, Montreal, P.Q.,
Canada, in 1984, all in electrical engineering.

Since 1979 he has been with the Department of Electronic Engi-
neering (the undergraduate dept.) UFRJ. He has also been with
the Program of Electrical Engineering (the graduate studies dept.),
COPPE/UFRJ, since 1984, where he is presently a Professor. He
served as Undergraduate Course Coordinator and as Chairman of the
Graduate Department. He is one of the three senior researchers and
coordinators of the National Excellence Center in Signal Process-
ing. He has also received the Rio de Janeiro State Scientist award,
from the Governor of Rio de Janeiro state.

From January 1991 to July 1992, he was a visiting Research As-
sociate in the Department of Electrical and Computer Engineering
of University of Victoria, Victoria, B.C., Canada. He also holds
a visiting Professor position at Helsinki University of Technology.
From January 2002 to June 2002, he was a Melchor Chair Pro-
fessor in the Department of Electrical Engineering of University
of Notre Dame, Notre Dame, IN, USA. His teaching and research
interests are in analog and digital signal processing, adaptive sig-
nal processing, digital communications, wireless communications,
multirate systems, stochastic processes, and electronic circuits. He
has published several refereed papers in some of these areas and
wrote the books ADAPTIVE FILTERING: Algorithms and Practi-
cal Implementation, Kluwer Academic Publishers, Second Edition
2002, and DIGITAL SIGNAL PROCESSING: System Analysis and
Design,” Cambridge University Press, Cambridge, UK, 2002 (with
E. A. B. da Silva and S. L. Netto).

He was the Technical Program Chair of the 1995 MWSCAS held
in Rio de Janeiro, Brazil. He has been on the technical committee
of several international conferences including ISCAS, ICECS, EU-
SIPCO and MWSCAS. He has served Vice President for region 9
of the IEEE Circuits and Systems Society and as Chairman of the
DSP technical committee of the same Society. He is also a Fellow
of IEEE (for fundamental contributions to the design and implemen-
tation of fixed and adaptive filters and Electrical Engineering Edu-
cation). He has served as associate editor for the following Journals:
IEEE Transactions on Circuits and Systems II: Analog and Digital
Signal Processing from 1996 to 1999, IEEE Transactions on Signal
Processing from 1999 to 2002, and the Circuits, Systems and Signal
Processing Journal from 1998 to 2002. He was a distinguished lec-
turer of the IEEE Circuits and Systems Society for the year 2000 to
2001.

133



